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Growth of (o, 3,v)-order solutions of linear differential
equations with entire coefficients
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Abstract. The main aim of this paper is to study the growth of
solutions of higher order linear differential equations using the concepts of
(a, B,7v)-order and (a, B, y)-type. We obtain some results which improve
and generalize some previous results of Kinnunen [22], Long et al. [27]
as well as Belaidi [3], [4].
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1. Introduction

Throughout this paper, we assume that the reader is familiar with the
fundamental results and the standard notations of the Nevanlinna value distri-
bution theory of entire and meromorphic functions and the theory of complex
linear differential equations which are available in [I4] 23], [35], [36] and therefore
we do not explain those in detail. Let f be an entire function defined on C. The
maximum modulus function M (r, f), the maximum term (7, f) and central

+oo

index v(r, f) of f(2) = > a,z™ on |z| = r are defined as M (r, ) = ) lax lf (2)],
n=0 z|=r

w(r f) = mg()){{|an|r”} and v(r, f) = max{n: u(r, f) = |a,|r"™} respectively.

When f is a meromorphic function, one may introduce another function 7" (r, f)
known as Nevanlinna’s characteristic function of f(z), playing the same role as
M (r, f) defined by

T, f)=m(r,f)+N(rf), r>0

with

1 27 )
m(r, f) = 5/0 log™ | f (re?)] a8,

and

N('I",f):

/Tn(t’f);n(o’f)dt—&-n(O,f)logr7

0

1Department of Mathematics, Laboratory of Pure and Applied Mathematics, University
of Mostaganem (UMAB), B. P. 227 Mostaganem-(Algeria),
e-mail: benharrat.belaidi@univ-mosta.dz, ORCID iD: jorcid.org,/0000-0002-6635-2514
2Corresponding author
3Rajbari, Rabindrapally, R. N. Tagore Road, P.O. Krishnagar, P.S. Kotwali, Dist-Nadia,
PIN-741101, West Bengal, India,
e-mail: tanmaybiswas_math@Qrediffmail.com, ORCID iD: orcid.org/0000-0001-6984-6897


https://doi.org/10.30755/NSJOM.16382
mailto:benharrat.belaidi@univ-mosta.dz
https://orcid.org/0000-0002-6635-2514
mailto:tanmaybiswas_math@rediffmail.com
https://orcid.org/0000-0001-6984-6897

124 Benharrat Belaidi, Tanmay Biswas

where logt z = max (0,logz) for > 0, and n (¢, f) is the number of poles
of f(z) lying in |z| < t, counted according to their multiplicity. To study
the generalized growth properties of entire and meromorphic functions, the
concepts of different growth indicators such as the iterated p-order (see [22],29]),
the (p, ¢)-th order (see [19, 20]), (p,q)-¢ order (see [30]) etc. are very useful
and during the past decades, several authors made close investigations on the
generalized growth properties of entire and meromorphic functions related to
the above growth indicators in some different directions. The theory of complex
linear differential equations has been developed since 1960s. Many authors have
investigated the complex linear differential equation

(1.1) L(f) = fP(2) + Apma () f 5D (2) 4+ -+ Ar(2) £/ (2) + Ao(2) £(2) = 0

and achieved many valuable results when the coefficients Ag(z), ..., Ax—1(2)
(k>2)in are entire functions of finite order or finite iterated p-order or
(p, q)-th order or (p,q)-¢ order; see ([1, [2], [7], [8], [9], [10], [L3], [16], [22],
(23], [221, [251, [26], [30], [31], [32], [341).

Chyzhykov and Semochko [II] showed that both definitions of iterated p-
order and the (p,q)-th order have the disadvantage that they do not cover
arbitrary growth (see [I1, Example 1.4]). They used more general scale, called
the ¢-order (see [11]) and the concept of p-order is used to study the growth
of solutions of complex differential equations which extend and improve many
previous results (see [3, 4, 111, 21]). Extending this notion, Long et al. [27]
recently introduce the concepts of [p, q] ,-order and [p, ¢ ,-type (see [27]) and
obtain some interesting results which considerably extend and improve some
earlier results. For details one may see [27].

On the other hand, Mulyava et al. [28] have used the concept of («, 5)-order
or generalized order of an entire function in order to investigate the properties
of solutions of a heterogeneous differential equation of the second order and
obtained several remarkable results. For details one may see [2§].

The main aim of this paper is to study the growth of solutions of higher order
linear differential equations using the concepts of (a, 8,~)-order and («, 3,7)-
type. In fact, some works relating to study the growth of solutions of higher
order linear differential equations using the concepts of («, 8, v)-order have been
explored in [5] and [6]. In this paper, we obtain some results which improve
and generalize some previous results of Long et al. [27] as well as Belaidi [3],
[4]. Further, we give an answer to the problem of Chyzhykov and Semochko
([, Remark 1.11).

2. Definitions and Notations

We denote the Lebesgue linear measure of a set F C [0, +00) by m (F) =
[dt, and the logarithmic measure of a set E C (1,+00) by my (E) = [4.
F E

Furthermore, let throughout this paper F represents a set of finite logarithmic
measure, I represents a set of infinite logarithmic measure and F' represents a
set of finite linear measure in proof of our results. For z € [0,+00) and k € N
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where N is the set of all positive integers, define iterations of the exponential and
logarithmic functions as expl*! z = exp(exp[k_l] x) and log[k] T = log(log[kfl] x)
with convention that log[O] r=ux, log[fl] z =expz, expld z = z and expl~l z =
logz. Now, let L be a class of continuous non-negative on (—oo, +00) functions
a such that a(z) = a(xg) > 0 for < ¢ and a(x) T 400 as zg < x — +o00.
We say that o € Ly, if & € L and a(a+b) < ala)+a(b)+c for all a,b > Ry and
fixed ¢ € (0,400). Further, we say that o € Lo, if « € L and a(z + O(1)) =
(I1+o0(1))a(z) as x — +oo. Finally, a € Lg, if « € L and a(a+b) < a(a)+a(b)
for all a,b > Ry i.e., « is subadditive. Clearly L3 C L;.

Particularly, when « € L3, then one can easily verify that a(mr) < ma(r),
m > 2 is an integer. Up to a normalization, subadditivity is implied by con-
cavity. Indeed, if a(r) is concave on [0, +00) and satisfies a(0) > 0, then for
t e [0,1],

alte) = a(tz+ (1 —t)-0) > ta(z) + (1 — t)a(0) > ta(z),

so that by choosingtza%%ortzai%,
(a+b) = —— (+b)+—b (a+0b)
ala o a+baa a+baa
a b
<
< a(a+b(a+b))+a(a+b(a+b))

= a(a)+ad), a,b>0.
As a non-decreasing, subadditive and unbounded function, «(r) satisfies
a(r) <a(r+ Ro) < a(r) + a(Ryp)

for any Ry > 0, this yields that a(r) ~ a(r + Ry) as r — +oo.

Now we add two conditions on «, § and : (i) Always a € Ly, 8 € Ly and
v € Ls; and (ii) a(log” z) = o(Blogy(z))), p > 2, a(logz) = o(a(z)) and
o tkz) =0 (a Hz)) (0<k<1)asz— +oo.

Throughout this paper, we assume that «, 5 and 7 always satisfy the above
two conditions unless otherwise specifically stated.

Heittokangas et al. [I7] have introduced a new concept of g-order of an
entire and meromorphic function considering a subadditive function ¢. For
details one may see [I7]. Extending this notion, recently Belaidi et al. [5]
introduce the definition of the («, 8, y)-order of a meromorphic function in the
following way:

Definition 2.1. ([3]) The («, 8,7)-order denoted by 04,5, f] of a meromor-
phic function f is defined by
, a(logT (r, f))
O(a f] =limsup—————+
o] =lmeup=y (log~ (r))
By the inequality in [I4]

T(r, 1) < log" M7, f) < 1ot

_TT(R,f) (0<r<R)
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for an entire function f(z), one can easily verify that [5]
a(logT(r, f)) _ . a(log® M(r, 1))
O(a fl= hmsup— = hmsup—.
(e lf] = Timeur Blogvy(r))  rotee  Blogy(r))
Proposition 2.1. ([3]) If f is an entire function, then
o a(log® T(r, f)) . alog® M(r, /)
O(a(log),3,7) f] = limsup—————— = hmsup—
o3I =I5 oy ()~ VT 5 logy ()
where (a(log), B,7)-order denoted by o (4 (10g),8,7)f]-

J

Now to compare the relative growth of two meromorphic functions hav-
ing same non zero finite (a, 3,7)-order, one may introduce the definition of
(a, B,7)-type in the following manner:

Definition 2.2. The (a, 3,7)-type, denoted by T(a 5. [f], of a meromorphic
Junction f with 0 < 04, p.)[f] < 400 is defined by
. exp(a (log 7' (r, f)))
T(a,p,) | f] = limsup RPN
oo (exp (8 (log7y (r))))” 7

If f is an entire function with 045 [f] € (0,400), then the (a, 3,7)-type of
f is defined by

. exp(a(logi M(r, f)))
=1 .
T(aB,7) M L] pneep (exp (B (log y (r)))) =# 1]

Similar to Definition we can also define the (a(log), 8, v)-type of a
meromorphic function f in the following way:

Definition 2.3. The (a(log), 3,7)-type, denoted by T(a(10g),8,1)f], of a mero-
morphic function f with 0 < 0(4(10g),8,7)[f] < +00 is defined by

. exp(a(logm T(r, f)))
T(a(log),B,7) [f] = limsup T (aog),B,v) f]°
r—+oo (exp (8 (log~y (r)))) "

If f is an entire function with 0 (4 a0g),5,)[f] € (0,400), then the (a, B,7)-type
of f is defined by

. exp(a(log™ M(r, 1))
T(a(log).B.).M [f] = I:Tigo (exp (B (log 7 (T))))U((,(log))ﬁﬁ)[f] :

Proposition 2.2. ([5]) Let f1, fa be nonconstant meromorphic functions with
T (a,87) [f1] and o(a,5.)[f2] as their (o, B,7)-order. Then

(1) 0(0p 1 £ f2] S max{o(a,p4)[f1], 00,8y [f2]};

() (a5, [f1 - fo] < max{o(ap,9)[f1]s 00,51 f2l};

(iti) If oo, 1] # O@pmfe], then o) [fi £ fo] = max{o(a,p[f1],

(a8 2]}
(iv) If O(a,B,7) [fl] 7é O(a,8,7) [f2]; then

O (a,B,7) [f2 : f2] = maX{U(a,ﬁ;y) [fl]a O (a,B,7) [fQ]}
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Proposition 2.3. ([3]) Let f1, fo be nonconstant meromorphic functions with
O(alog),8,v) Lf1] and 0(aqog) g, f2] as their (a(log), B,v)-order. Then

(1) (at0g),8.7 1 + f2] < max{o(aqog),p.7 (1], O(atiog). 8. [f2l};

(”) U (a(log),B,v) [fl f2] S max{a(a (log),B,v) [fl] a(a (log),B,v) [fQ]}

(i) If 0 (a(log),8,y) [f1] # T(a(log),8,1) [ f2]; then

O (allog),8,7 [f1 £ fo] = max{0o(a(og),6,7) [f1], T (atiog), 5.1 [f2]};

(1) If 0(a(10g),8,7) 1] 7 O(a(log),8,1) [ f2], then
O (a(log),8.mf2 * f2] = max{o(a(iog),8,7) [f1], O (a(iog),6.m [f2]}-

By using the properties T'(r, f) = T'(r, %) +O0(1) and T'(r,af) = T(r, f) +
O(1), a € C\ {0}, one can obtain the following result.

Proposition 2.4. Let f be a monconstant meromorphic function with finite
(o, B,7)-order. Then

(i) 0(a,p 5] = O(apm [f] (f £0);

(i) O (a(iog),6.7) [F] = T(atog)s.f] (f #0);

(iii) If a € C\ {0}, then oo, p.y)[af] = 0(a,pf] and 7o gy [af] = Tap,9) [ f;
(iii) If a € C\{0}, then 0(a(iog).,p,7) [0f] = O(ati0g).6.1 [f] and Taqog) 5.7 [af] =
T(a(10g), 8.7 [f]-

Proposition 2.5. Let f1, fo be two nonconstant meromorphic functions. Then

the following statements hold:

(z) Ifo<o aﬂv)[fl} < O(a,8,y)f2] < 400 and 7o ) [f1] < T(a,p,4)[f2], then

(o871 £ 2] = Ta,p ) 1 - fo] = T(a,p.)f2];

(”) If0 < O(a,8,7) [fl} O(a,8,7) [f2] = U(a,ﬁ,'y)[fl + fo] < +oo, then T(,B,7) [fiE

fg] < max{7(a,8,7)[f1], T(a,8,7)[f2]}. Moreover if 7o 5. [f1] # T(a,8,7)[f2], then
T(a,B, 'y)[fl + f2] = maX{Ta B, ’y)[fl] T(e,B,7) [f2]}

(iii) If 0 < 00,5 f1] = 0(a,8.1f2] = 00,87 [f1 - fo] <400, then T(a,p.)[f1 -

f2] < HlaX{T (a,8,7) [fl] (a,8,7) [fQ]} Moreover ZfT (a,8,7) [fl] 7é T(a,B,7) [fQ] then

Tapmlfi- ol = maX{T(aﬂw) (1], Tapm 2]}

Proof. (i) The definition of the (a, 8, ~)-type implies that for any given & > 0,
there exists a sequence {r,, n > 1} tending to infinity such that

T(ra, f2) 2 exp {0~ (10g((7(a, 5.9 [f2] — )(exp(Blog ()7 #0121 }

and for sufficiently large values of r

T(r, f1) < exp { @™ (10g((7(a, 5.7 [£1] + &) (exp (8 (log 7 () 7=#0 1)) }

We know that T'(r, f1 £ fa) > T(r, fo) — T(r, f1) — log 2, we obtain from above



128 Benharrat Belaidi, Tanmay Biswas

two inequalities that

T(rn, fi£f2) 2 exp{ ™" (1og (7(a 5. [fo] —2) (exp(Bllog ()72 ) ) |
—exp{a™ (10g ((7(a,s. [fi)+€) (exp(Bllog(ra)))) 0 4) ) | ~1og2

>exp{ ™" (10g (7, 2]~ 22) (exp(Bllogy(ra)))) 70 121) ) }

provided ¢ is such that 0 < 2e < 7(4 8,)[f2] = T(a,8,9)[f1]. It follows from
Proposition that O(a,8,y) 1 £ f2] = 0(a,8,4)[f2], and by the monotoncity of
«a and above, we obtain that

exp(a(log T(ry,, f1 £ f2)))
(exp (B (logy (Tn))))"wﬂ,w[flifz] > T(a,8,7)f2) — 2¢,

since e can be arbitrarily chosen such that 0 < 2 < 74 g,4)[f2] = T(a,8,9) [f1],
thus

(2.1) Ta,p) i £ f2] 2 T(a,5.4) [f2]-

It remains to prove the converse inequality. Indeed, by applying (2.1)) and since

(s f1 £ f2] = 0 )f2] > 0oy fi] = 08— fi]s

we get
(2'2) T(a,B,7) [fQ] = T(a,ﬁ,'y)[fl + fo— fl] > T(,B,7) [fl = f2]

We deduce from and that (g [f1 £ f2] = T(a,8,9)[f2]-

Now, we prove that 7(4,5,)[f1 - f2] = T(a,5,y)[f2]. By the property T'(r, fi -
f2) > T(r, f1) = T(r, f2) + O(1) and a similar discussion as in the above proof,
one can easily show that

(2.3) T 1+ f2] 2 T(a,5,7) [ f2]-

Since 0o, 11 fol = T(a,pm [F2] > 0w 1] = Oy () then by (2.3),
we get that

(.87 f2] = T(a,8,7) (f1 ) ) 2 T(ap) [f1 - fo

kS
fi
and therefore T(,8.7) [f1- fo] = T(,8,7) [f2].
(ii) The definition of the («, 3,7)-type implies that for any given € > 0 and
for all r sufficiently large, we have
(2.4)
T(Ta f’L)

< exp {0 (108((a ) [fi] + €)(exp (5 (log 1 ()75 FI) ] i = 1,2
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By the assumption 0 < 0(q,5,4)[f1] = 0(a,8,4)[f2] = (0,89 [f1 £ f2] < 400, we

get that
T(r, fi £ f2) < T(r, f1) +T(r, f2) + log 2

< exp {108 ((71a, 5. 1] + €) exp (8 (logy (1)) 011}

+exp { @™ (108((7(a, 5.1 [f2] + £)(exp (8 (log 7 ()70 1)} +1og
< exp {a ™ (log((max(7(a,5.) [f1], T(a,8.7) Lf2]) + 3¢)
X (exp (8 (log y (r)))) s PRI

By the monotonicity of o and above, we obtain that

X logT'(r, f1 +
e < o ) i ) + 3

Since € > 0 can be chosen arbitrarily, then we get that

(2.5) Tla, 8y Lf1 £ fo] < max{T(a g [f1], T(a,8,)[f2]}-

Without loss of generality, we may suppose 7(q,5,4)[f1] < T(a,8,7)[f2]. Then by
(2.5) and since oo 5. [f1 £ f2] = 0(a,8,9)[f1] = T(a,8,4)[—f1], it follows that

Tasmlfel = Tapylfi £ f2— fi]
< max{7ap[f1 £ fol. 7050 1]} = a5 1 £ f2]-

We deduce from ([2.5) and (2.6 that

T(a,8,y) f1 £ f2] = max{T(a . [f1], T(a,8,)[f2]}-

A

(2.6)

(iii) By a similar discussion as in the above proof and the fact that T'(r, f1- f2) <
T(r, f2) + T(r, f1), one can prove that

(2.7) T(ap f1 - fo] < max{T(a p)[f1]; T(a.8,7) [ f2]}-

On the other hand, if we suppose that (4 g.1)[f1] < T(a,8,7)[f2], then by (2.7)
and since 04,8, [f1 - f2] = 00,89 [f1] = T(a,8,7) (%), we get

1
g lfel = Ty (i )
1

< maX{T(a,B,'y) [fl . f2]7 T(,B,7) [fl]} = T(«,B,7) [fl . f2} .
It follows from (2.7)) and (2.8 that 74, 5.+ [f1- fo]=max{7(a. .1 [f1],T(a,8,7) [ f2]}-
O

(2.8)
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Corollary 2.1. Let fy, fo be two nonconstant meromorphic functions. Then
the following statements hold:

(Z) If0 < O(a,8,7) [fl] T(a,B,y) [fg] = 0(a,8,y) [flifg] < 400, then T(a,B,7) [fl] <
max{7(a,g,) 1 fol; T(a,8[f2]};

(it) If 0 < 0(a,p,7) [ f1] = U a8 f2] = 0(a,p.9) [f1-f2] < o0, then 7(q,6,4)[f1] <
max{T(a,,@,’y)[fl f2], T(a,/i,’y)[fQ]}

Proof. The proof follows immediately from Proposition Indeed, since

0(ap i £ fo] = 0(ap)f2] = 00,5~ f2];
then

T(,8,7) 1] = Ta.py lfe £ f1 = fa] < max{7(a 5. [f1 T fo], T(a,8.y) [f2]}-

Similarly, since 0(q,g.1)[f1 - f2] = O(a,8.9)[f2] = T(a.8,7) ( ) then

1
(a8 1] = T(a,6,7) <f1 : fz) < max{7(a,5,)[f1 - fo], T(a,8,7) [f2]}-

f2
O

Proposition 2.6. Let f1, fo be two nonconstant meromorphic functions. Then
the following statements hold:

(i) If 0 < 0(aqog),snf1] < Olagog).syf2] < +00 and Tiagog),p,y)[f1] <
T(a(log),8,v) Lf2]s then Taqog),p,4) [f1 £ f2] = Ta(iog),8.1)[f1 - f2] = T(atiog),8,v) [f2];
(i) If 0 < O(a(iog),8,y) 1] = T(atog),8,1)[f2] = T(atog),s,yf1 £ fo] < +o0,
then T(a(log),8.)[f1 £ fo] < max{7T(a(10g).5,y)[f1]; T(a(og),8,1)[f2]}- Moreover if
T(a(log).8.7) [11] # T(atog).8.7) [f2], then Ta(og).p.y) [f1 £ fo] =max{T(a(10g),8,7) [f1];
T(a(log),8,7) [ f2]};

(i) If 0 < 0(agiog),8.) /1] = (atog).8,m[f2] = O(ati0g),8.)f1 - f2] < oo,
then Tia(og),8,y) /1 - f2] < max{T(a(0g),8,4) 1], T(alog).8,)[f2]}. Moreover if
T(a(og).8.7) [11] # T(a(0g),8.7) [f2]; then T(a(iog).5.4) [f1- fo] = max{T(a(10g),8,7) [/1];
T(a(log),8.) /2

Corollary 2.2. Let fy, fo be two nonconstant meromorphic functions. Then

the following statements hold:

(i) If 0 < 0(a0g),8.1 1] = T(aqog),8,7)[f2] = F(atiog),8,7) [f1 £ fo] < +00, then
T(a(log) 6.7 Lf1] < MaX{ T(a(10g),8,7) |1 £ fo]; Tatiog) 5.7 [F2]};

(27’) If0 < O (a(log),B,7) [fl} = O(a(log),B,7) [fQ] = O(a(log),B,7) [fl : f2] < 00, then

T(a(log),8,y) Lf1] < Max{T(a(10g),8,1)[f1 - f2]; T(a(log).8,y) [f2]}

The proofs of Proposition 2.6 and Corollary [2.2] would run parallel to that
of Proposition [2.5] and Corollary -, respectively. We omit the details.

3. Main Results

In this section we present our main results which considerably extend the
results of Kinnunen [22], Long et al. [27] as well as Belaidi [3], [4]. Moreover,
the results obtained give an answer to the problem of Chyzhykov and Semochko
([, Remark 1.11).



Growth of (a, 8, 7)-order solutions of linear differential equations 131

Theorem 3.1. Let Ag(z), A1(2),..., Ax—1(z) be entire functions. Then all
nontrivial solutions f of (1.1)) satisfy

sup{a(a(log)ﬁm [f] | L(f) = 0} = sup{a(aﬁm [A]} | j = O, ceey k — 1}

Theorem 3.2. Let Ag(z), A1(2), ..., Ax—1(2) be entire functions, m = max{j
Oas)Aj] > A §=0,...,k—1}. Then (L.1) processes at most m entire linearly
independent solutions f with o(aa0g),8,7)[f] <A

Theorem 3.3. Let Ag(z), A1(2),...,Ax—1(z) be entire functions such that
O(a,8,7)[A0] > max{o, p.)[A;], 5 =1,....,k—1}. Then every solution f(z) % 0
of (L.1) satisfies o(a(iog),5,v) [f] = 0(a,5,v) [Ao]-

Theorem 3.4. Let Ag(z), A1(2), ..., Ax—1(2) be entire functions. Assume that
max{o(a,g)[A4;],7 =1,....k = 1} < 0(a,8,y)[Ao] = 00 < +00
and
max{7(a,p,7),MA5] : 0(a,87)[A5] = 00,84 [A0] > 0} < T(a,8.4),1[A0] = s
Then every solution f(z) # 0 of satisfies 0(a(10g),8,y) f] = O(a,8,7)[A0]-
By combining Theorem [3.3]and Theorem 3.4] we obtain the following result.
Corollary 3.1. Let Ag(2), A1(2), ..., Ak_1(2) be entire functions. Assume that
max{0(q,g,)[A;],7 =1,....k =1} < 00,8,y [Ac] = 00 < +00,
or
max{0 (a5 [A45],7 =1,k =1} < 0(a,.4)[A0] = 00 < +00 (0 < 09 < +00)

and
max{7(a,p.9).1A5] : O(a,8.7)[Aj] = O (a5, [A0] > 0}
< T(a,p),MAo] = Tar (0 < 7ar < +00).

Then every solution f(z) # 0 of (L.1) satisfies 0 (a(10g),8,7)[f] = T (a,8,)[A0]-
Remark 3.1. Theorems 3.1 are counterparts of Theorems 1.8-1.10 of

Chyzhykov and Semochko [11] for the (a, B,)-order.
4. Some Lemmas
In this section we present some lemmas which will be needed in the sequel.

Lemma 4.1. Let f be a meromorphic function of order o(4(og),8,4)[f] = 0,
k € N. Then, for any given € > 0,

7 »
m ( f) — Ofexp {a™"((0 + £)8 (logy () }),

outside, possibly, an exceptional set F C [0,400) of finite linear measure.
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Proof. Let k = 1. The definition of (4 (10g),8,7)[f] implies that for any given
€ > 0, there exists ry > 1, such that for all r > rq,

(4.1) T(r, f) < expl® {a~!((c +€)B (logv (1)) } -

It follows from (4.1)) and the lemma of logarithmic derivative and the condition
a(log? 2) = o(B(log ¥(z))) as & — +oo that

m <'r, J;I) = O(logT(r, f) + logr)
(4.2) = Of(exp{a ' ((c+¢)Blogy(r)}), ré¢F,

where F' C [0, +00) is of finite linear measure.
Now, we assume that for some k € N,

(k)
(43)  m ( ff) = 0 (exp{a™ (0 + )8 (log 7 ()}), r ¢ F.

Since N (r, f*)) < (k +1)N(r, f), we deduce
T(r, f®) = m(r, f®) + N(r, f)
m (r f(k)) +m(r, f)+ (k+1)N(r, f)
) f ) b
(k+1)T(r, f) + O (exp {a" ' ((c + )5 (log v (r))) })

O (exp {a™((o +£)8 (log 7 (1))} -
It follows from and . that

k)’
m (T, f(kﬂ)) =m <7“, Uk)) = O(log T(r, f*) 4+ logr)

IN

IN

(4.4)

IN

7 7®

= O (exp{a((0 +2)B(logy (r)}),r ¢ F.
Thus

( f(lc+1) ) ( f(k-‘rl f(k)
mi\r mi\r milr
5 T ) (n7)

= (exp{a (o +¢)B (log (r )))})7 ré¢F.

IA

O

Lemma 4.2. ([13,123]) Let g : [0,4+00) — R and h : [0, 4+00) — R be monotone
nondecreasing functions such that g(r) < h(r) outside of an exceptional set E
of finite linear measure or finite logarithmic measure. Then, for any d > 1,
there exists ro > 0 such that g(r) < h(dr) for all r > r.

Lemma 4.3. Let f be a meromorphic function. Then ooz [f'] = (a8, [f]-
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Proof. Set 0(4,p,)[f] = 0. From the definition of (c, 8,7)-order, for any given
€ > 0, there exists ro > 1, such that for all r > rq,

log T'(r, f) < a™'((0 +¢€)B (log 7y (1)))-

Obviously, T'(r, f') < 2T(r, f)+m (r, f7/) By the lemma of logarithmic deriva-

tive (p. 34 in [14]) and the condition a(log®® z) = o(B(logy(z))) as & — +oo,
we have

log T'(r, f') log T'(r, f) +1og {O (logr +1log T (r, f))} + O (1)
logT(r, f) + log (logr) + loglog T (r, f) + O (1)
a”!((o+4e) B (logy (r))), r ¢ F,

where F' C [0, +00) is a set of finite linear measure. By Lemma ford =2
and all » > rg, we have

log T'(r, f') < a™" (0 + 4e) B (logy (21))) .
Therefore, by using v(2r) < 2y(r) and B(x+0(1)) = (1+0(1))5(z) as x — 400

a(logT(r, f') < (0 + 4e) B (logy (2r)) < (0 +4e) B (log (27 (r)))

= (0 +4¢) B (log2+1logvy(r)) = (o +4¢) (1 +0(1))8 (log~(r)).

By the arbitrariness of ¢ > 0, we get that o(q,5.)[f] > 0(a,8.)[f']-

On the other hand, we prove the inequality o( g)[f] < 0(a,8,1)[f']. The
definition of o(4,5,4)[f'] = o’ implies that for any given above € > 0 and for all
r sufficiently large, we have

T(r, f') < exp{a((0" +e)B (logy (1))}

Since T(r, f) < O(T(2r, f') +logr), r = 400 (cf. [36]), then by using v(2r) <
27(r), B(m—l—g(l)) = (1+0(1))B(z) and a(log? ) = o(B(log y(x))) as x — +oo,
we can get that

T(r, f)

IAINCIA

O (exp {a™ ' ((¢/ +¢)B (log¥(2r)))} + logT)

exp {a™" (0" + 2¢)f (log 7(27")))}

exp{a™! (0" +2¢) (14 0(1)) B (log(r)))} ,

ice., logT(r, f)) < a™* ((0" +2¢) (14 0(1)) B (log (7)),
a(logT (r, f)) < (o' +2¢) (1 +0(1)) B (log7(r)), r — +oo.

Since e > 0 is an arbitrary number, we obtain that o 5. [f] < 0" = 0(a,5,4)[f']
and therefore oo g 4)[f'] = 0(a,,)[f]. Hence the proof follows.

ININ A

Remark 4.1. In the line of Lemmal[{.3 one can easily deduce that

I (alog), 8.7 f'] = O(ation).s.m [f];

where [ is a meromorphic function.
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Lemma 4.4. ([15,[18,[33]) Let f be a transcendental entire function, let 0 <
§ < 4 and z such that |z| = r and |f(z)| > M(r, f)v(r, f)"5t0. Then there
exists a set E C Ry of finite logarithmic measure such that

7o) = (12D) o ose)

holds for integer m > 0 and r ¢ E, where v(r, f) is the central index of f.

Lemma 4.5. ([23, p. 10]) Let P(2) = a,2™ + apn_12""1 + - + a1z + ag be
a polynomial, where a, # 0. Then all zeros of P (z) lie in the disc D(0,r) of

radius

Lemma 4.6. Let f be a meromorphic function with oo g )[f] = 00 € (0, +00).
Then for all p (< oy), there exists a set I C (1,400) of infinite logarithmic
measure such that o (logT (r, f)) > uB (log~y (r)) holds for all r € 1.

ak

Qn

r<14 max (
0<k<n—1

Proof. The definition of (a, 8,7)-order implies that there exists a sequence

(R; );;O‘f satisfying

Ne _ g oy “losT(Ry, f)) _
<”j)RJ<RJ“’ A g (®y)

From the equality above, for any given e € (0,009 — ), there exists an integer
j1 such that for j > ji,

(4.5) a(log T(R;, £) > (o0 — 2)3(10g1(R;).
Since p < og — €, there exists an integer j, such that for j > js,
o—c_Allsr((1+3)R))
1 B(logy(R;)) '

It follows from this inequality and (4.5) that for j > j3 = max{j1,j2} and for
any r € [Rj (1 + %) Rj}

a(logT (r,f)) > alogT(Ry, f)) > (00 —€)B(logv(R;))
oo —¢ PB(logv(R;)) oo (r
= T " logr () B (logy (r))
o9 —¢€ B(logy(R;))
H ﬁ(log’y((l—l—%) R;

> pB(logy(r)).

Y

)) uB (logy (1))
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Set I = +ﬁc [Rj7 (1 + %) Rj]. It is easy to show that [ is of infinite logarithmic

J=Js
measure,
(1+%)R]‘
dr dr 1
I:: _— = —_— = 1 1 - — .
i [ [ (1) oo
I J=J3 R; J=7J3

O

We can also prove the following result by using similar reason as in the
proof of Lemma [4.6]

Lemma 4.7. Let f be an entire function with o4, 5.)[f] = 00 € (0,+00) and
T(a,8,7),mLf] € (0,400). Then for any given w < T(q g~),m|f], there exists a
set I C (1,+00) of infinite logarithmic measure such that for all T € I,

exp {a(log® M(r. 1))} > w (exp {8 (log 7 (M)

Lemma 4.8. ([16]) Let f be a solution of (1.1), and let 1 < p < +00. Then
for allO <r < R, where 0 < R < 400,

E_1 27 T
mp(r, [P <C [ > | Aj(se) |77 dsdo +1 | ,
=0 "9 "o

where C' > 0 is a constant which depends on p and the initial value of f in a
point zg, where A; # 0 for some j =0, ...,k — 1, and where

27

v £ = 5= [ (Qog” | e v

0

The following logarithmic derivative estimation was found in [I2] from Gun-
dersen.

Lemma 4.9. ([I2]) Let f be a transcendental meromorphic function, and let
& > 1 be a given constant. Then there exists a set E C (1,+00) with finite
logarithmic measure and a constant B > 0 that depends only on &, and i, j,
0<i<j<k-—1, such that for all z satisfying |z| =r ¢ [0,1]U E,

10)] < p {TE)

()

Lemma 4.10. Let Ay(z), A1(2),..., Ax—1(2) be entire functions. Then every
nontrivial solution f of (L.1)) satisfies

r

(log€ 1) log T(er, f) }” .

O (a(log),B,7) [f] < max{a(ayﬁﬁ) [Aj] 7 =0,1,...,k — 1}.
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Proof. Set
w = max{o(a,g,)[A4;]:7=0,1,...k =1}

By the definition of o4 g,)[A4;], for any given & > 0 and for sufficiently large
r’

(4.6)  M(r,A;) <exp® {a ((w +¢e)B(logy ()}, j=0,1,...k — 1.
By Lemma E 8 for p =1 and -, we have

k—1
T(r, f) = m(r, f) <2xC | 1+ rM(r, A;)

j=0
<2rC (1 + kr expl? {a ' ((w +¢)B (logy (r)))})

(4.7) < expl {a ! (@ +2¢)B (logy (1)) } -
Therefore, we get from (4.7) and Proposition that

O (a(log),B,7) [f] < max{a(a,gﬁ) [Aj] :7=0,1,....k — 1}.

5. Proof of the Main Results

Proof of Theorem Set T = sup{o(a(og),8.f] | L(f) = 0} and
F = sup{a(a,ﬂm [A]] | j = 0, ceny k— 1}

First we prove that F < Y. If T = 400, it is trivial. Hence we just consider
the case of T < 4o00. Let f1(2), f2(2), ..., fr(z) be a solution base of with
O(allog),8,y) Lfi] < +00, j = 1,.. k. It is clear that W = W(fi, f2,..., fx) # 0
by the properties of the Wronski determinant

It follows from Proposition [2.2] Proposition [2.4] and Lemma [4.3] that

I (a(iog),5,m W] < +00.
By the properties of the Wronski determinant ([23, p. 55]),

Ap—s(2) = =Wi—s((f1, for s fo) - WTE s € {1, ..., k},

where
i ok
fl(jfl) . flgj_.l)
Wj(fhf?v"‘afk): 1(J) fk(;j)
(G+1) f(j+1)
1 k
(k.71) . ' (k;l)
1 k




Growth of (a, 8, 7)-order solutions of linear differential equations 137

In view of Proposition we can conclude that o(q(iog),8,1)[4i] < 400, i =
0,1,....,k — 1. By Lemma to fi,i=1,...,k

O]
m(r7 f} ) O(exp {a T—|—€)ﬁ(log’y(r)))}), 1=1,2,..,k, r¢ F.

We now apply the standard order reduction procedure (|23 p. 53-57]). Let us

denote
= (13)

A =1 and Vl b fﬂ ie., (1 (= 1)) = v1. Hence,

!
l m)_ (I—1—m)
5.1 ) = (m)( 1=0,..,k
( ) f mZ::O m fl S ’
Substituting ([5.1]) into (1.1)) and using the fact that f; solves (|1.1)), we obtain
(5.2) V%k_l) + A17k_2(z)uik_2) +-+ A o(2)r1 =0,
where
gt j+1+m Flom
A=A+ Z ( )Aj+l+m L j=0,.,k—2
m=1 m f
By T < 400 and Lemma [4.3] the meromorphic functions
d (fi+1(z)) .
5.3 (2) = — [ £ =1,.,k—1
( ) 1/17](2’) dZ ( fl(z) y J ) ) )

form a solution base to (5.2)) of finite (a(log), 8, y)-order.
Next, we claim that

(5.4) m(r,A;) = (exp {a (T+e)p (log'y(r)))}) ,i1=0,., k=1, ré¢F,

when
(5.5)
m(r, Ay ;) = O (exp {a ' (YT +¢)B(logy (r)}), j=0,...k—2, r¢F.

In fact, we prove it by induction on i following [23]. By (5.2), for j = k — 2, we
have Ay o = Ap_1 + k% By Lemma and || we get that

m(r, Ag—1) < m(r,Al,kz)_ym( ?) +0(1)

= O(exp {a T'f'f)ﬁ (IOg'Y(T)))}) :

We assume that

(5.6) m(r,4;) =0 (exp{a ' (YT +e)Blogy (r)}), i=k—1,..k—L
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Since

F
fi’

At k—(42) = Ak—@41) T Z )Aerkll

m=1

by Lemma (5.5) and (5.6, we obtain that

m(r, Ap_qy1y) < m(r, Ay p—aqa) +m(r, Ap—1) + -+ m(r, Ap)

AV Y
(5.7) +m ( f1> +m (r, T +0(1)
= (exp {a (T +¢)s (logv(r)))}) ,r ¢ F.

We may now proceed as above to further reduce the order of . In each
reduction step, according to , we obtain a solution base of meromorphic
functions of finite (a(log), B,~)-order according to 7 and the implication
. to remains valid. Hence, we finally obtaln an equation of type
w' + B(z )w = 0, and w is any solution of the equation with o(q(10g),8,1)[w] <
+o00. Then

Yl k-1
m

m(r, B) :m(r,lllj;) O(exp{a (T +¢)8 (1ogfy(r)))}), r¢F.

Observing the reasoning corresponding to (5.4) and (5.5) in the subsequent
reduction steps, we see that

m(r,A;) = O (exp {a ' (YT +&)B(logy(r))}), 5=0,...k—1, r ¢ F.
It implies that
T(r,A;) = O (exp {a ' ((Y +e)B(logy (r)}), j=0,..k—1,r ¢ F.

By using Lemma [4.2)for d = 2, 4(2r) < 2y(r) and S(z+O(1)) = (1+0(1))B(z)
as r — +o00o, for sufficiently large r, we obtain that

T(r, Aj) = O (exp {a” (Y +¢)B(log 7(2r))) })
<exp{a™' T+25)ﬁ (log 2 +log vy (r)))}

= exp{a (T +2¢) (1 +0(1 ))B(logw( )))}

<exp{a (T + 3¢)8 (log~ (r } j= —1.
% < YT+ 3¢. By the arbitrariness of € > 0, we get that f < 1.
We next prove the converse inequality under the assumption that f < 4o0.
By Lemma there exists a set £ € Ry of finite logarithmic measure,
such that for all z satisfies |f(2)| = M(r, f) and |z| =r ¢ E,

Hence

(5.8) FO(2) = (”2”) (1+0(1)f(2), i =0,..., k.
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Now by substituting (5.8)) into (1.1]), we get that
v(r, /)F + A1 () (r, )11+ 0(1))

ot Zk_lAl(z)y(r, HA+o0(1)) + ZkAo(Z)(l +0(1)) = 0.

The Deﬁnitionof (a, B, 7v)-order, yields that for any given € > 0 there exists
ro > 1, such that for all » > g,

M(r, A;) < expl? {a ((F +¢)8ogy (r)},j=0,....k—1.
By Lemma |4.5] we get that

vir,f) < 14 max ’zk_jAj(z)(l—l—o(l))’

0<j<k—1

< 1+0SIJ11S21’§< X (2 Fiexpl® {aT ((F +¢)B (10g7(r)))}>
< 1+ 2rF expl? {a ' ((F +e) 5(log’y( )}
< exp? {a N ((F —|—2€)5 logy (1)}, r ¢ E.

It follows from [I8] p. 36-37] that

T(r, f) log M(r, f) <log u(r, f) + log(v(2r, f) +2)
v(r, f)logr + log(2v(2r, f))

expl?! {ofl ((F +2¢)B (log vy (r))) } log 7
+10g(26XP PH{a M (F +20)8 (10g7(2?”)))})
exp {a 1 ((F +3¢)8 (logy (r)))} + log 2
+6Xp{a ((F +2¢)B(logy(2r))) }
)B

< exp {Oé ((F +4¢)p (10g7()))}

Since € > 0 is an arbitrary number, we obtain that T < F. Thus, the theorem
is proved under the assumption that max{f,T)] < 4+oco. If only one of F or
T is finite, then by the previous proof we obtain a contradiction. Therefore,
either, T = F < +o0o0 or T = F = +o0. Thus, Theorem [3.1] follows.

VANVANNVAN

IA

Proof of Theorem By the assumption there exist two numbers \;
and A such that o g4 [Am] > Aand o4 p,4)[Al] <A < Aforl=m+1,.. k-
1.

Let f1,..., fm+1 be linearly independent solutions of (1.1)) such that

U(a(log),ﬁ,’y)[fi] <A i=1,...m+1.

If m = k — 1, then all fi,..., fr are of o(4(10g),3,y)[fi] < A, this contradicts
with Theorem Hence, m < k — 1. Applying the order reduction procedure
as in the proof of Theorem and using the notation vy instead of f with
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Ao, ..., Ao k—1 instead of Ay,..., Ax_1, and on the basis of general reduction
step, we obtain an equation of type

(5.9) u““ Dy Ajpia(z 2 k=D 4 L Ajo(z)y =0, =1,..,k—1,

where

k—l—j
I+1+ Vj-
(510) AJ 1= AJ 1,141 + Z ( n) AJ 1,l+14n 1’1

ne1 n ]11

and the functions

d -
va(z) = L (z/j 1,l+1(z)> =1, k],

dz \ vj_11(%)

dz \ vo,j—1(2)
tion base of in terms of the preceding solution base. We may express
and the m—th reduction steps by the following table. The rows correspond to
for vo(2),...,um(2), i.e., the first row corresponds to , and columns
from k to O give the coefficients of these equations, while the last column lists
those solutions with o (4 (10g),5,7)[f] < A.

vo(z) = f(2), vj(z) = & ( vi=1(2) ) , determine at each reduction step a solu-

k k-1 . m m—1 . 0 U(a(log),,é’,'y)[f]<)\
vo 1 Aor-1 - Aom Aom—1 - Ao V0,1500,m+1
U1 1 - Aim Aimar - Ao V1,150+5V1,m

Um—1 Am—1m Am—im-1 - Am—-10 Um-11,Vm—-12
Um, Am,m Am,m—l : Am,O Um,1

By Lemma, and (|5.10)), we see that in the second row, corresponding to
the first reduction step,

m(r, A1) = (exp{a (M +e)Blogy(r))}), l=m,...k—2,r¢&F,
while A\ + ¢ < X and
m(r, A1) # O (exp {a” (M + )8 (logy (1)) }) , 7 & F.
Similarly in each reduction step of implies that
(5.11) m(r,Aj;) = O (exp {a™ ((\ +¢)B (logy (r)}) , 7 & F,

whenl=m+1—j,....k— (j+ 1), i.e,, for all coefficients to the left from the

bold face coefficient AJ m—j, while for j =1,...,m

m(r, Ajm—;) # O (exp {a " (A +€)B(ogy (r)}), r ¢ F.
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In particular,
m(r, Am.0) #O(exp {oz (M +¢e)B (log’y(r)))}), ré¢F.

Applying Lemma to the coefficient A,, o with the constant X, and obtain
that

(5.12) T(r,Amo) >exp{a (A +e)B(logy(r)}, r— +oo, r €I

On the other hand, after the m—th reduction step, by (5.10) we have

(k m) (k—m—1)

/
12
m 1 m,1 m 1
Am,O = - - Am,k—m—l - - - Am 1
Vm,1 Vm,1 m,l

That implies by (5.11)) and Lemma that

m(r, Am,0) = O (exp {a (M +¢e)B (log’y(r)))}) , T ¢ F.

Since 0(a,8,4)[Vm,1] < A1, in view of Proposition Proposition and
Lemma we obtain that

N(r, Am,0) = (exp {a (M +¢)B (log vy (7")))}) ,r ¢ F.
Therefore,
T(r,Amo) =0 (exp{a"(\1 +€)B(logy(r)}),r¢ F.

By using Lemma [4.2)for d = 2, (2r) < 2y(r) and B(z+O(1)) = (1+0(1))B(z)
as ¢ — +o0o, for all sufficiently large r, we get that

T(r,Amo) = (exp {a (A1 +¢)B(log 'y(2r)))})
< O (exp{a (M +2) (1+0(1) Bllogv(r))})
(5.13) < exp{a (A +2¢)8 (logy (1))} -

Since € > 0 satisfies Ay +¢ < A, by (5.12) and (5.13), we obtain a contradiction
and this proves the assertion. Hence, there exist at most m linearly indepen-
dent solutions of (1.1)) with o(a(10g),8,v)[f] < A.

Proof of Theorem Let f be a nontrivial solution of ([L.1]). We denote
O(alog),8,y) Lf] = 01 and 0(4,g,4)[Ao] = 0. The inequality o¢ < o1 follows from
Theorem [3.2] when m = 0 and \ = 0.

To prove the conserve inequality, by Lemma[4.§| for p = 1 and the definition
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of (a, f,7)-order for any given € > 0 and sufficiently large r

k127r'r

m(r, f) < Z//|A (se® ’“stde—i—l
27 r )
< C |k _nax ’Aj(sew)’ﬁj dsdf + 1
0<j<k-1 {/
< o max [ (expP {07 (00 + )30 r()}) " ds
0
< /exp {a ((o0 + €)B(logy(s) }ds
0
< Cyroexp® {a (00 +€)B (log (1))}
< expm {ofl((ao + 2¢)f (logy (r)))} ,

where C7 > 0 is some constant. Therefore
a(logm T(r, f))
B (log (r))

By the arbitrariness of € > 0, we get that o7 < 0, and then the proof is com-
plete.

< g9 + 2.

Proof of Theorem Suppose that f is a nontrivial solution of (1.1)).
From (|1.1)), we can write that

)|

f ()
(5.14)  |Ao(z o

i)

Ao

+ --+A1(z)|’

If
max{o(aﬁﬁ)[Aj],j =1,.,k—1} < O(a,B,7) [Ag] = 0p < H00,

then by Theorem we obtain that
I (a(log).8.3) [f] = T(a,8.7)[Ao]-
Suppose that
max{a(aﬁﬁ) [A]],] =1,..,k— 1} = 0(a,,7) [Ao] =09 < +00

and
max{7(a,p,7).m45] : 00,81 [45] = 0(a,8.7)[40] > 0}
< T(a’ﬁﬁ)’M[Ao] =71Mm < Fo00.

First we prove that

01 = O(a(log),8:m f] 2 0(a,8,7[A0] = 00.
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Suppose the contrary o1 = 0(a(10g),8,y) f] < 0(a,8,v)[A0] = 00. By assumption
there exists a set K C {1,2,...,k — 1} such that

(05,7 A5 = T(ap Aol = 00, T p ), mAj] < Tiapy),m[A0) = Tars j € K
and
O (a3, ’Y)[A ] < O(a,8,7) [A()] j S {1, ,/{J — 1}\K
Thus, we choose A1 and )y satisfying
max{T(a7577)7M[Aj] ] S K} < )\1 < )\2 < T(a7[377)7M[A0] =TM-.
For sufficiently large r,

(5.15) |4;(2)| < exp®® {a™ (log(Mi (exp (8 (log 7 (1))} » j € K

and

|4;(2)] < exp® {a~ (log( i (exp (B (logy (1))))$)) }

(5.16) < expl {a~ (log(A1(exp (B (logy ()N}, 4 € {1,.. k = 1}\ K,

where 0 < { < 0. By Lemma[1.7] there exists a set I C (1,400) with infinite
logarithmic measure, such that for all r € I,

(5.17) |40 (2)] > expl®! {a™ (log(Aa(exp (8 (log ¥ (r)))7*)) } -

By Lemma there exist a constant B > 0 and a set F C (1,+00) having
finite logarithmic measure, such that for all z satisfying |z| = ¢ EU [0, 1],

‘f(j)(z)

8 < B[T(2r, )**, j=1,2,..., k.

By Proposition 2.1} for any given

€€ (O,max{/\zg)\l,ao—al}>

and sufficiently large |z| = r ¢ E U0, 1], we get that

f(j)(z)
f(2)

(5.18) < B (eXp[Q] {a (o1 + 5)ﬁ(log'y(2r)))})k+1 Li=1,. k.

Hence substituting (5.15)), (5.16)), (5.17) and (5.18) into (5.14]), for sufficiently

large |z| =r e T\ (FUI0,1]),

expl? {a~! (log(M2(exp (B (log v (r))))7°)) }
< kBexp? {a ™ (log(\ (exp (8 (log v (7))))7))}

X (exp[Z] {ofl(((n + 8)/8(10gW(27')))})k+1

B[T(2r, f)]F
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(5.19) < exp® {a™ (log((A1 + 2¢)(exp (8 (log 7 ()))7)) } -

Obviously, I\ (E U [0,1]) is of infinite logarithmic measure. By (5.19)), there
exists a sequence of points {|z,|} = {r,} C I\ (EU]0, 1]) tending to +oco such
that

exp[2] {ofl(log()\g(exp(ﬂ(log’y (rn)) }
< exp® {a (log((A1 + 2¢)(exp(3 (10g7( W)} -

From above we get that A\; > Ao. This contradiction implies

I (a(log), 5.7 f] 2 O (a,5.7[Ao]-
On the other hand, by Lemma we get that

O (a(log),8.mf] £ max{o p[A4;] 17 =0,1,....k =1} = 0(q,5,4)[Ao].

Hence every nontrivial solution f of (1.1]) satisfies o(q (10g),8,)[f] = T(a,8,7)[A0]-
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