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The multiplicity of solutions to a new class of superlinear
fractional Schrodinger-Poisson systems

Hamza Boutebba EEI, Hakim Lakhal E| and Kamel Slimani E|

Abstract. The purpose of this article is to establish the multiplicity of
distributional solutions to a new class of fractional Schrédinger-Poisson
systems of the following form

—div° (Vu) + V(2)u + K(x)d¢u = g(z,u)  in R,
—div® (VP ¢) = K (x)u? in R,

where 0,8 € (0,1), 40+ 28 > 3, and div’ (V?) denotes the distributional
Riesz fractional derivative. First, we introduce the latter operator and
investigate their natural functional space. Then, we pose the given prob-
lem in that space. By using variational methods, based on the symmetric
mountain pass theorem under certain assumptions imposed on g, K and
V', we investigate the existence of infinitely many distributional solutions.
Some new results are acquired which enrich the previous conclusions on
this topic.
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1. Introduction

The nonlinear problems involving fractional elliptic operators have been
extensively investigated by many authors in the previous years, it has become
a very active and interesting research area, both form a pure mathematical
standpoint and for the concrete applications. Indeed, these types of operators
could serve as mathematical models for various problems in physics, biology,
mechanics, obstacle problem and so on. For broad overviews of these topics,
we refer the readers to [5] 15l [7, 19 20, 2] and their references.
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Over the past few years, the search for a good concept to the nonlocal
operator has led many researchers to develop a variety of different definitions
of fractional derivatives operators. Particularly, the distributional Riesz frac-
tional derivatives, these operators have achieved an immense attention, and
many excellent results have emerged. On the other hand, the pioneering work
of Shieh and Spector of 2015 [I9] leads to a new class of fractional PDEs
and new problems in the calculus of variations based on distributional Riesz
fractional gradient, they proved that the fractional Laplacian coincides with
the composition of fractional divergence and fractional gradient. Furthermore,
they showed that the fractional gradient is an interesting object for the study of
fractional partial differential equations problems due to its intriguing structure
and properties analogous to the classical gradient, and also they introduced an
appropriate functional space to study this new class of fractional PDE prob-
lems. Since then, the fractional gradient has been the subject of extensive
research by an increasing number of authors, see e.g [4l [8 [15] 191 20, 23]. Fur-
thermore, this kind of operator satisfies three basic qualitative requirements as
stated in Silhavy paper [23], and has impressive applications in the theory of
electromagnetic fields [I], multidimensional processes [10], and in fractal media
7).

In last years, non local systems involving fractional Laplacian operators
have received the attention of several scholars, mainly the following fractional
Schrodinger-Poisson system

11 (—=A)u+ V(z)u+ K(z)pu = g(z,u) in R?
(1.1) (—A)P¢ = K(x)u? in R3,

which is used to study the solitary wave solutions for the fractional Schrodinger
equations. Recently, there have been many papers devoted to the study on
the existence of solutions to by means of variational tools and critical
point theory under different assumptions on V, K and g, see for instance [3]
for the existence and multiplicity of distributional solutions for when
g(z,u) = Ag(z,u). Furthermore, we call attention to the work of He and Lei
[12], where it was proved the multiplicity of non-trivial solutions for under
some assumptions on V and K with 0,8 € (0,1), 258 + 40 > 3, by exploiting
the symmetric mountain pass theorem. We notice that when K (z) = 1, Zhang
[25] considered the following system

19 (=AY u+V(r)u+ du = g(w,u) in R3,
(1.2) (AP = u? in R3,

where o, 8 € (0, 1), and established the multiplicity of solutions via the fountain
theorem. In recent years, a similar system like has been widely studied by
many authors, for instance, Kim et al [I3] for infinitely many solutions when
g(x,u) = Ag(x,u), Li [14] for non-trivial solutions when V(z) = 1, and Gao et
al [T1] for ground state non-trivial solutions when g(x,u) = g(u).

In this viewpoint, the present paper aims to improve the previous results related
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to and also we would like to improve the hypotheses required and to extend
the result in [I2] to our case considering the presence of distributional Riesz
fractional derivative instead of fractional Laplacian, and we give its consistency
with fractional Laplacian derivattive.

Motivated by the above discussion, we mainly study in the Bessel potential
space the following new class of fractional Schrédinger-Poisson systems

(13) {—diuﬂ(vau) FV(@)u+ K(z)du = g(z,u)  in RS,

—div® (VP ¢) = K (z)u? in R3,

with o, € (0,1), 40 + 28 > 3.

The starting concept of research pursued in [19] for the development of a gen-
eral theory for fractional PDEs involving the distributional Riesz fractional
derivatives, is the distributional Riesz fractional gradient V7. For 1 < p < o0
and u € LP (Rd) such that I1_, * u is well defined, the fractional gradient V”
can be characterized as (see [I5] [19])

u 0

(V"u)j - 61‘ 6%

— L ,xu, 0<o<1, 7=1,...d,

where i is defined as follows
Lj

0%u ow ow
<873’7w> = —(I1_, *u, 67@> = /(Il,g * u)ﬁjdx, Yw € C°(RY),
Rd
and I, denotes the Riesz potential of order o, 0 < 0 < 1:

),

v

(I *u) () = Cao / |u(yzl_ody7 with Cyo,:=7"
r—=y

~—

g
2

Furthermore, the fractional divergence div® and the fractional gradient V7 can
be written in finite integral form for sufficiently smooth vector ¢ and function
w ([8L [I5] 20]), respectively by

s h.o(x + h)
divp(z) = Odo'hm/ ‘h|d+a+1 Xe (0, h)dh

— Cus / (o(w) = o)) = .

Rd
- hu(xz + h)
Viu(z) = Odoehg%) WXE(Oyh)dh

~ Cu, / (o) — )]y
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where for € > 0, the characteristic function of {(z,h) : |h — x| > €} is xc(z, h).
It was observed in [I9] that for u € C§°(R?), the composition of div® and V7
coincides with the well known fractional Laplacian as follows:

(A = =D G par
(1.4) = —div?(V7u),
where the fractional Laplacian can be given ([9]), for o € (0,1) by
(x+y) +ulz—y) —2u(z)

o 1 2 U
(-ayu() = 563, N .

Rd

Moreover, for u,w € C§° (Rd), equation (1.4) means that the following holds

/V"u.V"wdz = /(—A)”u.wdw = /(—A)%u.(—A)%wdx,

Rd Rd Rd

which is useful for the weak formulation of PDEs involving fractional operator.
For full exposition of this fractional operator detailing its nice properties, we
refer the readers to [8) 15} [19] 20} 23].

Next, we require the assumptions on g, K and V:

(g1) : g € C(R® x R;R) V(z,u) € R® x R, and there exist constants C; > 0,
and p € ]2;2%[ such that

-1
l9(z, w)| < Cr(jul + [ul"),
where 2% = % is the fractional critical Sobolev exponent.
(92) : g(x, _u) = _g(x7u)a T e Rga u€eR.

(93) : ‘ 1|im Gl(j"f) = oo unifomly in € R3 and G(x,u) > 0 for all (x,u) €
Uu|—o0

u

R3 x R where G(z,u) = /g(ac,t)dt.

0
(g4) : There exist A > 0 and L > 0 such that

4G(z,u) < ug(z,u) + Nul® for ae. z€R>and V|u|l > L.

(K) : K(z) € Lwm75 (R3) U L®(R3), K(z) > 0 Vo € R3.

(V): V(z)eC (R3,R) , infyers V(x) >0, and for any Vj >0
meas {z € R? V(z) < Vo } < +oc.

The main result of this paper is as follows:

Theorem 1.1. Assume that system (L.3) satisfies (g1)-(g4), (K) and (V).
Then, (1.3) has infinitely many distributional solutions.
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The remainder of the paper is structured as follows. In the next section,
we state some preliminaries and we give the variational framework for studying
system ([1.3)). In Section 3, we use the symmetric mountain pass theorem to

prove Theorem
Notation: Throughout the paper we fix of the following notations.

-For any p € [1,00), L? (R?) is the Lesbesgue space with the norm Jull, =
1

([ o)’
J

-The letters C or C;, i = 1, 2... denote some positive constants.

2. Preliminaries and variational settings

Firstly, we introduce the variational framework for studying system (1.3),
and the complete introduction on fractional Sobolev space W°-2(R?) and Bessel
potential space L%?(R?) can be found respectively, in [J, [19].

In the sequel for o € (0, 1), the vector space of fractional differentiable functions
S92(R%) is defined for u € C§°(R?) as the closure of C§°(RY) with the norm

2 2 o112
(2.1) [ullso.2 = llully + [V7ull3.

By Theorem 1.7 in [19], it is exactly the Bessel potential space L%?(R?) defined
for o € Ry by

LO?RY ={u:u=Gy*f forsome fe L*(R?)},
where the Bessel potential G, is defined by (see [19] 21])

1 TOO a2 i oo
— e e ST gy
(4m)=1(3) Jo

Gy(z) =

The norm of L72(R%) is |jul|p-2 = ||f||2 if u = G4 * f.
Now, we summarize the main properties of L%2(R%) (see [19]).

Theorem 2.1. 1. For o € (0,1), we have
HO’(Rd) _ WU,Q(RCZ) _ LJ,Q(Rd) — SO’,Q(RCZ).

2. Ifo >0 and 2 < q < 2%, then L%%(R%) is continuously embedded in
L(RY).

Remark 2.2. o Though our working space involves ||Vul,, we will not
separate the Bessel potential space L7%(R?) from the fractional Sobolev
space H(R?) despite the fact that L°%(R?) is topologically compatible
with H°(RY), and the norm in the two spaces being equivalent given by

D).

o As stated in [19], the natural setting for solving system (1.3) involving
the distributional Riesz fractional gradient, is the Bessel potential space
L72(RY).
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The space D?2(R?) is defined by
D72(RY) = {u € L% (RY) : Vou e LQ(Rd)} ,
which is the completion of C$°(RY) with respect to the norm

lull pee = ( / Voultdr)

Rd

and the inner product

(U, W) po2 :/(V"u.vaw)dx.
R4

Now, we introduce the work space of (|1.3) as

E={uecL? (Rd) : /(|V‘7u|2 + V(z)u?)de < oo p
Rd
under the norm
Jull? = [ (97ul® +V (o) uf*)
Rd
and the inner product

(u, w) = / (VouVow+V (z) uw)dz.
Rd

By assumption (V'), clearly we have ||u| = ||u|| -2, and we have the following
embedding property of E.

Lemma 2.3. [22] E is compactly embedded in L? (R?) for ¢ € [2,2%), and
continuously embedded in L1 (Rd) for q € [2,2%].

The previous definitions of D”2?(RY) and E, coincide with any standard
definitions found in the literature.
Now, we state the theorem which proves the solvability of linear fractional
PDEs with variable coefficients.

Theorem 2.4. [19] Let Q C R? is an arbitrary bounded open set. Assume that
v € L%2(R?) and h € L*(Q), such that I, _, * v is well defined and A : R? —
R4 with coefficients bounded and measurable such that

A(z)yy < Alyl* and A.ly|* < A(z)y.y

For all z,y € R? and A, A > 0. Then, there is a unique u € L7%(R%) such
that

A(x)VJu.V"wdm:/ gwdz,

R4 R4

for every w € L72(R?) and u = v in RN\Q.
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In this work, we will use the above theorem only for the mapping A which
maps any vector in R? onto the identity matrix I. Also, in this paper, we
restrict the work space to dimension d = 3.

Lemma 2.5. [J] For any o € (0,1), D%%(R3) is continuously embedded into
L% (R3), that is, there is Cy > 0 such that :

2

25

/|u|2;dx < C'g/\V”u|2dx, u eD? (R3).
3 R3

For any u € L7%(R?), the linear operator £, : D??(R3) — R defined as

L, (w) = /K(x)qudx,
RS

is well defined on D?2(R®) and continuous. Indeed, for K € L7353 (R3)
using the Holder inequality, (K), Lemma and Lemma we obtain

IN

Lo (w)] KN s lulls

451253 20

[|w 23

(2.2)

IN

2
Cllull™ 1wl ps.2-

While for K € L°(R3), we derive that

2
La)] < 1Kl g, ol
2
(2.3) < O ||w||Dﬁ,2-

Therefore, set

n(u, w) = /Vﬂu.vﬁwd:p, Yu,w € DP?(R3).
R3
Thus, the Lax-Milgram theorem implies that there is a unique ¢? € D2 (R3)
such that £, (w) = 7 (¢, w) for every w € D2 (R?), that is,

(2.4) /Vﬁqﬁg.vﬁwdx: /K(x)uzwdx.
R3 R3

Therefore, ¢ is a weak solution of —div” (VP¢l) = K(x)u?. Moreover, for
z € R3, we have

$U2
(25) o) =5 [ EA gy,
2, [z =yl
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which is called S-Riesz potential (see [21]

)
cg = 2_25F <5 2 )
T (B)

where

Taking w = ¢ in ([2.2)-(2.4), we get
(2.6) 65 s < Cllull

Substituting ¢ in (1.3]), then (T.3]) can be reduced to this fractional Schrodinger
equation

(2.7) —div® (Vou) + V(2)u + K(2)¢Pu = g(z,u), zcR>.

Whose solutions can be obtained by seeking critical values of the energy func-
tional @ : F — R

(2.8) @ (u) = %/<|V"u\2+V(x)u2)dx+i/K(z)gbﬁuzd:rf/G(x,u) dz.
R3 R3 R

Moreover, if we take w = ¢ in (2.2)-(2.4) again, and by (2.6) we obtain
[ E@oiar < ul? 6 s

(2.9) < Cull*

Hence, ® is well defined in E and ® € C'(E,R), and for all u,w € E,

(2.10) <@ (u),w >= /(V“u.vaw + V(z)uw + K (z)¢Puw — g (z, u)w)dz.
]RS

Definition 2.6. 1. (u,¢) € E x D??(R?) is a distributional solution of
if u is a distributional solution of (2.7)).

2. w is a distributional solution of (2.7) for any w € E, if
/ (Vou.Vow + V(z)uw + K(z)¢huw — g (x,u) w)dz = 0.
R3

Now, we introduce the Cerami condition, which was established by Cerami
[6]. Assume that ® € C1(E,R).

Definition 2.7. The functional ® satisfies the Cerami condition ((C), condi-
tion for short) at level ¢ € R, if any {u,} C E satisfying

D(up) = ¢ and || (un)|(1+ |Junl]) = 0 asn — oo.
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possesses a convergent subsequence.
We choose {e;} an orthonormal basis of space E and define X; = Re;,
V=0 Xi Zr=0F,X, kel

Evidently, we have E =Y, ® Z.
To prove our main result, we need the following symmetric mountain-pass
theorem [I§].

Theorem 2.8. Assume that E = Y, & Zy is a Banach space where Y is
finite dimensional, let ® € C*(E,R) be even and ®(0) = 0, satisfies the (C),
condition, if

(i) there exist constants p,§ > 0 satisfying @ ‘339 Nz = 0, where B, is the open
ball in E of radius p about 0 and 0B, is its boundary,

(ii) for any finite dimensional subspace E C E, there is C = C(E) > 0 such
that ®(u) <0 on E \ Be,

then, ® has an unbounded sequence of critical points.

3. Proof of Main Result

Lemma 3.1. ® satisfies (C), condition for every ¢ € R on E, if (91)-(g4) and
(V) hold.

Proof. For c € R, let {u,} be the (C), sequence in E, that is
(3.1) c=®(uy) +0,(1) and (P (uy),u,) = on(1),

where 0,(1) — 0 as n — oco. First, we argue by contradiction to verify that
{un} is bounded in E. Assume that ||u,| — oo as n — co. Consider a sequence
{vn} C E such that v, = Tury- Then it is obvious that |lvn || = 1. Hence, there

is a subsequence {v,} (we still write it as v, ) such that v,, = v in E as n — oc.
We have by Lemma [2.3] as n — oo that,

(32p, v ae. in R® and v, -ov in LP (RB) for 2<p<2’.
There are two possible cases.
Case v(z) # 0 in R%. Set A9 = {z € R®:v(z) # 0}. Thus meas(4) > 0.
Since ||uy| — 0o as n — oo and by (3.1]), we get
c=D(up) + o,(1)

1 1
(33) = g+ Z/K(m)q&ﬁﬂuidm— /G(m,un)das—f—on(l).
R3 R3

Since ||up|| — oo as n — oo, we derive

1
(3.4) /G(m,un)d;v > 3 [tn|® = ¢4 0,(1) = 00 as n — oo.

R3
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Combining (2.9) and (3.3), we obtain for n large enough that the following
holds

1 1
(Sf)G(x,un)dx +c—o,(1) = 3 un||® + Z/K(x )oh uldr < = HunH4
R3 3

Moreover, the assumption (g3) implies that there is ug > 1 such that G(z,u) >
lul* for all # € R® and |u| > ug. By means of (g1), we derive that there is
C > 0 such that |G(z,u)| < C for all (z,u) € R® x [—ug, ug]. Hence, there is
Co € R such that G(z,u) > Cy for all (z,u) € R3 x R. Thus

G(‘T7 un) B CO

3.6
(30 ]

The assumption (gs) implies that

(3.7) lim Gz, un) = lim G(xi’in)\vnﬁ = 00,

n—o0 ||un||4 n—oo |y,

for all x € Ag. Thus, we see that meas(Ag) = 0. Indeed, suppose that
meas(A4g) # 0, combining with (3.4))-(3.7) and the Fatou lemma and taking
into that Ag have a finite measure, we infer that

3 [ G(x,up)dx

§ = liminf 4R3
4 nooo [ G(x,up)dr +c—o,(1)
R3
3G(z,un)
Z lim inf ﬁdl’
e 1wl
RS
> hminf/G(I’uz dx—hmbup
W T \unu
0
> limlnf/G(m’un);CO
n— oo

(3.8)

Y%
—
g
5
=8

Q
&
= $
Y
I
—
:
)]
s
T
S
u
8
|
3

which is a contradiction. This means that v(z) = 0 for a.e. z € R3.
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Case v(z) = 0. From (g4), one has

c+1 > @(un)—i@)’(un),un)

= (DY g [ (LG ) )
( /

1 A
> =5 [l
R3
1 A
> Dl = 5 ol ual?,
which implies
c+1 1 A 2
—= 27— 7l
[
Since ||u,|| — oo as n — oo, then
1
2
||U71||2 Z Xa

which shows that v(z) # 0, then we arrive at contradiction in any cases. Hence,
{un} is bounded in E.

Next, we verify that u, has a convergent subsequence. Up to a subsequence,
we have that u, — u in E, from Lemma [2.3{ we conclude u,, — u in L? (R?),
for all 2 < p < 2% . Clearly, we have

(3.9) (@ (un) — @ (u) ,up —u) = 0 and  |ju, — ul|3 =0 asn — oco.

For K € L*(R3), from (K) and the Hélder inequality we infer

o Nunll a2 [Jun —ull 12 —0
3-28 3+28 3+28

[ K@% (w — w | < K |7,
3
as n — o0o. Thus, we deduce that

rl /K(m) (68 wn — Phu) (un — u) dz

< K(2)¢h wn (up — u)dz
/

(3.10) + /K(:r)qﬁgu (up —u)dz| =0 as n — oo.
R3
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For K € Li75 (R?), we can prove similarly as in [16] (see Proposition 2.4)
and [24] (see Lemma 2.1), that

n—oo
R3

lim [ K(2)¢7 w, (u, —u)de = /K(x)(bgu (Up, — u) dx.
R3
According to (g1) and the Holder inequality, we obtain

l/kg<x,un>Afgcrno><un——u>dx

3

-1 -1
< C1 (llunlly + lullg) n = ully +Cs (Jlwnlly ™ + ™)l = wll,

C (llunll + llull) lun = ull, + C (Ilun\\p*1 + HUIIZH) l[tn —ull, =0
as n — oo. Thus
e =l = (@ (un) = ' (), — )
/K (b — ¢bu) (up — u)dx

JF/(!J(Jﬂ,un)*g(x,u))(un—u)dx%Oeaus n — o0.

R3

Therefore, {u, } converges strongly in F. O

Lemma 3.2. Suppose that (g1),(g3) and (V') are satisfied. Then, for any finite
dimensional subspace E C E, we have

D(u) = —o0, |ul| = 00, € E.

Proof. We argue indirectly, suppose that there is C' > 0 for some {u,} C E
and all n € N, such that ®(u,) > —C with ||u,| — co. Set v, = HZ—ZH, then
|lvn|| = 1. Passing to a subsequence, we may suppose that v,, — v in E. Since
dim(E) < oo, then v, — v € E in E, v,(x) — v(z) a.e. on R? and so |jv]| = 1.
Set Ag = {z € R®: v(z) # 0}. Thus meas(A4g) > 0, and we have |u, (z)| — oo
for a.e. x € Ay. From we get

4 [ G(z,un)
R3
im ———F—dzx
mmee ual
2[|un | + [ K (2)0f], upde — 4D (uy,)
(311) = lim L . dz < C,
e |

Ap
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for © € Ag. Thus, since we have |u,(x)| — oo, by similar arguments in (3.6)-
(3.8) and from (g1) and (g3) we infer that

4G n 4-G y 'n
(3.12) lim Lli)dm > lim / (mii)dx = 00,
e A Y
which is a contradiction with (3.11)). O

Corollary 3.3. Assume that (g1),(93) and (V) are satisfied. Then, there is a
constant C = C(E) > 0 for every finite dimensional subspace E C E such that

O(u) <0 forall ue E with ||lul| > C.

Lemma 3.4. For 2 < p < 2%, we have that

o’

= sup  lul[, >0 as k— o0
UEZ, ||lull=1

Proof. Clearly we have 0 < I'y11 < Tk, hence I'y = T' > 0 as k — oo. For any

k > 0, there exists u, € Zi such that [Jug| =1 and [juk||, > Tt Since the

embedding from F into LP(R?) is compact, and by definition of Zj,u; — 0 in
E, we obtain that uy — 0 in LP(R3). This proves that I' = 0. O

We can choose by Lemma an integer m > 1 such that

(3.13) ||u|| lully < <& llull® Vu € Zn,.

4C

Lemma 3.5. Let (91) and (V) hold. Then, there exist constants p,6 > 0
satisfying ® yaBpﬂZm >6>0.

Proof. For u € Zy,, by (g1) and (3.13)), choosing p := ||lu|| = %, we derive that

1 1
O (u) = 5/ <|V“u\2+V(x)u2)dx+Z/K(x)d)gu%x—/G(x,u) dx
R3 R3 R3

> = H I” - *H I5 - *II 54
1

> 2(0el® ~ ful?)
=2 _ 1

This is the desired result. O

Proof of Theorem 1.1 Let Y =Y, and Z = Z,,. Due to (go2), it is
obvious that ®(u) is even. Based on Lem Lemma and Corollary
1.3)

®(u) satisfies all conditions of Theorem Consequently, the system (1.3
possesses infinitely many distributional solutions.
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4. Conclusion

In this paper, we study a new class of fractional Schrédinger-Poisson sys-
tems. By applying the symmetric mountain pass theorem, infinitely many
distributional solutions were obtained. From our perspective, this paper is an
improvement for the study of fractional Schrédinger-Poisson systems. In addi-
tion, we give to readers an agile exposition of the distributional Riesz fractional
derivatives and some of their elementary properties.

Acknowledgement

The authors would like to express their sincere thanks to the referee, whose
comments and corrections greatly improved this paper.

References

[1] BALEANU, D., GOLMANKHANEH, A. K., GOLMANKHANEH, A. K., AND
BALEANU, M. C. Fractional electromagnetic equations using fractional forms.
Internat. J. Theoret. Phys. 48, 11 (2009), 3114-3123.

[2] BINLIN, Z., MoricA Bisci, G., AND SERVADEI, R. Superlinear nonlocal frac-
tional problems with infinitely many solutions. Nonlinearity 28, 7 (2015), 2247—
2264.

[3] BouTEBBA, H., LAKHAL, H., AND SLIMANI, K. Infinitely many distributional
solutions to a general kind of nonlinear fractional Schrédinger-Poisson systems.
J. Anal. 32, 2 (2024), 1079-1091.

[4] BouTeEBBA, H., LAKHAL, H., SLiMANI, K., AND BELHADI, T. The nontriv-
ial solutions for nonlinear fractional Schrédinger-Poisson system involving new
fractional operator. Adv. Theory Nonlinear Anal. Appl. 7,1 (2023), 121-132.

[5] Bucur, C., AND VALDINOCI, E. Nonlocal diffusion and applications, vol. 20
of Lecture Notes of the Unione Matematica Italiana. Springer, [Cham]; Unione
Matematica Italiana, Bologna, 2016.

[6] CERAMI, G. An existence criterion for the critical points on unbounded mani-
folds. Istit. Lombardo Accad. Sci. Lett. Rend. A 112, 2 (1978), 332-336 (1979).

[7] D’AVENIA, P., SicILIANO, G., AND SQUASSINA, M. On fractional Choquard
equations. Math. Models Methods Appl. Sci. 25, 8 (2015), 1447-1476.

[8] D’EL1A, M., GuLIAN, M., OLsON, H., AND KARNIADAKIS, G. E. Towards a
unified theory of fractional and nonlocal vector calculus. Fract. Calc. Appl. Anal.
24, 5 (2021), 1301-1355.

[9] D1 NEzza, E., Pavatuccl, G., AND VALDINOCI, E. Hitchhiker’s guide to the
fractional Sobolev spaces. Bull. Sci. Math. 186, 5 (2012), 521-573.

[10] GADELKARIM, J. J., MAGIN, R. L., MEERSCHAERT, M. M., CAPUANI, S.,
PaLomBO, M., KUMAR, A., AND LEOW, A. D. Fractional order generalization
of anomalous diffusion as a multidimensional extension of the transmission line
equation. IEEE journal on emerging and selected topics in circuits and systems
3, 3 (2013), 432-441.



Superlinear fractional Schrédinger-Poisson systems 121

[11]

[12]

[17]

[18]

[19]
[20]

[21]

Gao, Z., TanG, X., AND CHEN, S. Existence of ground state solutions of
Nehari-Pohozaev type for fractional Schrodinger-Poisson systems with a general
potential. Comput. Math. Appl. 75, 2 (2018), 614-631.

HEe, Y., AND JING, L. Existence and multiplicity of non-trivial solutions for
the fractional Schrodinger-Poisson system with superlinear terms. Bound. Value
Probl. (2019), Paper No. 4, 10.

KiM, J.-M., AND BAE, J.-H. Infinitely many solutions of fractional Schrédinger-
Maxwell equations. J. Math. Phys. 62, 3 (2021), Paper No. 031508, 14.

L1, K. Existence of non-trivial solutions for nonlinear fractional Schrédinger-
Poisson equations. Appl. Math. Lett. 72 (2017), 1-9.

Lo, C. W. K., AND RODRIGUES, J. F. On a class of nonlocal obstacle type
problems related to the distributional Riesz fractional derivative. Port. Math.
80, 1-2 (2023), 157-205.

MENG, Y., ZHANG, X., AND HE, X. Ground state solutions for a class of frac-
tional Schrédinger-Poisson system with critical growth and vanishing potentials.
Adv. Nonlinear Anal. 10, 1 (2021), 1328-1355.

OSTOJA-STARZEWSKI, M. Electromagnetism on anisotropic fractal media. Z.
Angew. Math. Phys. 64, 2 (2013), 381-390.

RaBiNnowiTz, P. H. Minimaz methods in critical point theory with applications
to differential equations, vol. 65 of CBMS Regional Conference Series in Math-
ematics. Published for the Conference Board of the Mathematical Sciences,
Washington, DC; by the American Mathematical Society, Providence, RI, 1986.

SHIEH, T.-T., AND SPECTOR, D. E. On a new class of fractional partial differ-
ential equations. Adv. Calc. Var. 8, 4 (2015), 321-336.

SHIEH, T.-T., AND SPECTOR, D. E. On a new class of fractional partial differ-
ential equations II. Adv. Calc. Var. 11, 3 (2018), 289-307.

STEIN, E. M. Singular integrals and differentiability properties of functions.
Princeton Mathematical Series, No. 30. Princeton University Press, Princeton,
NJ, 1970.

TENG, K. Multiple solutions for a class of fractional Schrédinger equations in
RY™. Nonlinear Anal. Real World Appl. 21 (2015), 76-86.

SILHAVY, M. Fractional vector analysis based on invariance requirements (cri-
tique of coordinate approaches). Contin. Mech. Thermodyn. 32, 1 (2020), 207—
228.

Yu, Y., ZHAO, F., AND ZHAO, L. Positive and sign-changing least energy solu-
tions for a fractional Schrodinger-Poisson system with critical exponent. Appl.
Anal. 99, 13 (2020), 2229-2257.

ZHANG, J. Existence and multiplicity results for the fractional Schrédinger-
Poisson systems.

Received by the editors July 16, 2023
First published online October 8, 202}



	Introduction
	Preliminaries and variational settings
	Proof of Main Result
	Conclusion

