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On weakly (2, J)-ideals of commutative rings

Adam AnebrﬂEI,
Najib Mahdou?| and Youssef Zahirf]

Abstract. Let R be a commutative ring with nonzero identity. In this
paper, we introduce the notion of weakly (2, J)-ideals as a generalization
of (2, J)-ideals. A proper ideal I of R is called a weakly (2, J)-ideal if
whenever a,b,c € R and 0 # abc € I, then ab € I or ac € Jac(R) or
bc € Jac(R). Besides giving various examples and properties of weakly
(2, J)-ideals, we investigate the relations between weakly (2, J)-ideals and
other classical ideals such as (2, J)-ideals, weakly J-ideals, weakly (2, n)-
ideals and weakly 2-absorbing primary ideals. Finally, we characterize
weakly (2, J)-ideals of the trivial ring extensions and amalgamation of
a ring along an ideal to construct non-trivial and original examples of
weakly (2, J)-ideals.
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1. Introduction

Throughout this paper, all rings are assumed to be commutative with
nonzero identity and all modules are nonzero unital. For any ring R, by v/0gr
and Jac(R), we denote the nilradical and the Jacobson radical of R, respec-
tively. In 2017, Tekir et al., [I7] introduced the concept of n-ideals. A proper
ideal I of R is said to be an n-ideal if whenever ab € I and a ¢ /0Oy, then
b € I. In [I6], Tamekkante and Bouba introduced a generalization of the class
of n-ideals called (2,n)-ideals. A proper ideal I of R is called a (2,n)-ideal
if whenever a,b,c € R and abc € I, then ab € I or ac € \/Or or bc € /0.
They proved that an ideal I of R is (2,7n)-ideal if and only if I is a 2-absorbing
primary ideal and I C /O (see [16, Theorem 2.4]). In [5], Anebri et al. gen-
eralized the concept of (2,n)-ideals to ¢-(n, N)-ideals. Let J(R) be the set of
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all ideals of R and let ¢ : J(R) — J(R) U {0} be a function. A proper ideal
I of R is called a ¢-(n, N)-ideal if z1---xny1 € I\ ¢(I) for some elements
Z1y...,Tnt1 € R, then 21 ---2, € I or the product of z,41 with (n — 1) of
Z1,...,Ty, is in /0g. So, a proper ideal I of R is weakly (2,n)-ideal if and
only if I is ¢o-(2, N)-ideal, where ¢o(I) = 0. In [I4], Khashan and Bani-Ata
introduced the notion of J-ideals as a generalization of n-ideals in commuta-
tive rings, as follows: a proper ideal I of a ring R is said to be a J-ideal if
whenever a,b € R with ab € I and a ¢ Jac(R), then b € I. In [I§], Yildiz
et al. introduced (2, J)-ideals in a commutative ring. A proper ideal I of R is
called a (2, J)-ideal if abc € I for some a,b,c € R, then ab € I or ac € Jac(R)
or be € Jac(R). Moreover, Khashan and Celikel defined weakly J-ideals [15].
A proper ideal I of R is called a weakly J-ideal if whenever a,b € R with
0#abeland a¢ Jac(R), then b € I.

Some of our results use the R(+)M construction. Let R be a ring and
M be an R-module. Then R(+)M, the trivial (ring) extension of R by M,
is the ring whose additive structure is that of the external direct sum R & M
and whose multiplication is defined by (r1,m1)(re, ms) := (r172, r1me + ramy)
for all 71,79 € R and all mi,mys € M. The basic properties of trivial ring
extensions are summarized in the books [12, [I3]. Trivial ring extensions have
been studied or generalized extensively, often because of their usefulness in
constructing new classes of examples of rings satisfying various properties (see
for instance [11, 2], B} 4} [10]).

In this paper, our aim is to introduce a generalization of the concept of
(2, J)-ideals in commutative rings with a nonzero identity. For this, firstly with
Definition we introduce the notion of weakly (2, J)-ideal of R as follows:
a proper ideal I of R is called a weakly (2, J)-ideal if whenever a,b,c € R
and 0 # abe € I, then ab € I or ac € Jac(R) or be € Jac(R). Moreover, we
observe the relations between this new class of ideals and others that already
exist. Namely, the weakly J-ideals, the weakly (2,n)-ideals and the weakly
2-absorbing primary ideals (see Remark Example Example and
Example . Furthermore, we prove that if I; or I, is a weakly J-ideal of R,
then Iy I and I) NI are weakly (2, J)-ideals (see Corollary. Also, we give
a new characterization of local rings in terms of weakly (2, J)-ideals. The third
section deals with the transfer of weakly (2, J)-ideals to the pre-mentioned ring
extensions in particular cases. At this point, we construct non-trivial examples
of weakly (2, J)-ideals.

2. Main results

We shall begin with the following definition.

Definition 2.1. Let R be a ring. A proper ideal I of R is said to be a weakly
(2, J)-ideal if whenever a,b,c € R and 0 # abc € I, then ab € I or ac € Jac(R)
or be € Jac(R).

We next collect some immediate classes of weakly (2, J)-ideals.
Remark 2.2. Let R be a ring. Then the following statements hold:
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1) Every (2, J)-ideal is a weakly (2, J)-ideal.

2) Every weakly J-ideal is a weakly (2, J)-ideal.

(1)
(2)
(3) Every weakly (2,n)-ideal is a weakly (2, J)-ideal.

(4) The intersection of any family of weakly (2,.J)-ideals of R is a weakly
(2, J)-ideal.

The following examples show that the converses of Remark (1), (2) and
(3) are not true in general.

Example 2.3. Consider the ideal I = (0) of the ring R = Zgo. It is clear
that I is a weakly (2, J)-ideal of R. However, I is not a (2, J)-ideal. Indeed,
2-3-5€l,but2-3¢ I and 2-5 ¢ Jac(R) and 3-5 ¢ Jac(R).

Example 2.4. Let R = Z(+)Z and I = 0(+)47Z. One can see that I is a weakly
(2, J)-ideal. But I is not a weakly J-ideal since (0,0) # (2,2)(0,2) € I and
neither (2,2) € Jac(R) nor (0,2) € I.

Example 2.5. Let R = k[[X]] be the ring of formal power series, where k is a
field, and let I = (X3). The fact that Jac(R) = (X) is the unique maximal ideal
of R gives that I is a weakly (2, J)-ideal of R. On the other hand, I Z /0g,
which implies that I is not a weakly (2, n)-ideal by [5, Proposition 2.3].

According to [6], a proper ideal I of R is called a weakly 2-absorbing primary
ideal if whenever a, b, ¢ € Rand 0 # abe € I, then ab € I or ac € VT or be € /1.

Proposition 2.6. Let R be a ring and I be a proper ideal of R. The following
statements hold:

(1) If I is a weakly (2, J)-ideal of R, then I C Jac(R).

(2) Assume that I is a weakly 2-absorbing primary ideal. Then I is weakly
(2, J)-ideal if and only if I C Jac(R).

Proof. (1) Note that the zero ideal is always a weakly (2, J)-ideal. We assume
that I # (0), so we can pick a nonzero element x € I. Since 0 #1-1-x € I,
then x € Jac(R) and hence I C Jac(R).

(2) Follows from (1). O

Theorem 2.7. Let R be a ring and I C K be proper ideals of R. If K is a
weakly J-ideal of R, then I is a weakly (2, J)-ideal.

Proof. Assume that 0 # abe € I for some a,b,c € Rand ab ¢ I. If a € Jac(R),
we are done. Suppose that a ¢ Jac(R). Since K is a weakly J-ideal, we have
bc € K and thus be € Jac(R), as desired. O

Corollary 2.8. Let R be a ring and I, I be two proper ideals of R. If I or
I, is a weakly J-ideal of R, then I1Is and Iy N Iz are weakly (2, J)-ideals.

Theorem 2.9. Let R be a ring. Then the following assertions are equivalent:
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(1) R is a local ring.
(2) Every proper principal ideal of R is a weakly (2,J)-ideal.
(3) Ewery proper ideal of R is a weakly (2, J)-ideal.

Proof. (1) = (2) Clear.

(2) = (3) Let I be a proper ideal of R and let a,b, ¢ € R such that 0 # abc € I.
Since 0 # abe € (abe) and (abc) is a weakly (2, J)-ideal, we have that either
ab € (abc) C I or ac € Jac(R) or be € Jac(R).

(3) = (1) If M is a maximal ideal of R, then M is a weakly (2, J)-ideal and
thus M C Jac(R), as needed. O

Definition 2.10. Let I be a weakly (2, J)-ideal of a ring R. We say that
(a,b,c) is a J-triple-zero of I if abc =0, ab ¢ I, ac ¢ Jac(R) and be ¢ Jac(R).

Theorem 2.11. Let I be a weakly (2, J)-ideal that is not a (2,J)-ideal, then
I3 =0.

We need the following lemma before proving Theorem [2.11

Lemma 2.12. Let I be a weakly (2, J)-ideal of R. If (a,b,c) is a J-triple-zero
of I, then:

(1) abl = acl =bcl = 0.
(2) al?> =bI* =cI? = 0.

Proof. (1) Assume that abl # 0. Then abr # 0 for some element z € I.
Since T is a weakly (2,J)-ideal of R and 0 # ab(c + z) € I, we then have
a(c+ z) € Jac(R) or b(c + ) € Jac(R). This implies that ac € Jac(R) or
be € Jac(R), a contradiction. Thus abl = 0. Similarly, one can prove that
acl = bcl = 0.

(2) Suppose that al? # 0. So, there exist x,y € I such that axy # 0. From
(1), we have 0 # a(b + x)(c +y) € I, which gives that either a(b+ z) € I or
a(c+y) € Jac(R) or (b+x)(c+y) € Jac(R). Hence ab € I or ac € Jac(R) or
be € Jac(R), a contradiction. Consequently, aI? = 0. Similarly it can be easily
verified that bI? = cI? = 0. O

Proof of Theorem. Suppose that I is a weakly (2, J)-ideal that is not a (2, J)-
ideal of R. So there exists a J-triple-zero (a,b,c) of I. If I3 # 0, then zyz # 0
for some z,y,z € I. By Lemma[2.12] 0 # (a+2)(b+y)(c+ 2) = zyz € I. This
yields that (a+z)(b+y) € I or (a+z)(c+2) € Jac(R) or (b+y)(c+z) € Jac(R).
Hence ab € I or ac € Jac(R) or be € Jac(R), the desired contradiction. Thus
I?=0.

Corollary 2.13. Let R be a reduced ring and I be a nonzero proper ideal of
R. Then I is a weakly (2, J)-ideal if and only if I is a (2, J)-ideal.

Proof. Tt suffices to prove the “if” assertion. This, in turn, follows from the
fact that I C /0 for every weakly (2, J)-ideal I of R that is not a (2, J)-ideal.
This completes the proof. O
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The following example shows that a proper ideal I of R with the property
I? = 0 need not be a weakly (2, J)-ideal of R.

Example 2.14. Let R = Zgo and I = (30). It is clear that I3 = (0). Since
0#£2-3-5€1,2-3¢1,2-5¢ Jac(R) and 3-5 ¢ Jac(R). Hence I is not a
weakly (2, J)-ideal of R.

Proposition 2.15. Let R be a ring such that \/Ogr is a J-ideal and let I be
a proper ideal of R. Then I is a weakly (2,J)-ideal of R if and only if I is a
(2, J)-ideal of R.

Proof. Assume that I is a weakly (2, J)-ideal of R. Let a,b,c € R such that
abc € I. If 0 # abc, we are done. We may assume that abc = 0. As \/0g is a J-
ideal of R, we have that either a € Jac(R) or be € \/0g and thus ac € Jac(R) or
be € Jac(R). It follows that I is a (2, J)-ideal of R. The converse is obvious. [J

Definition 2.16. Let I be a proper ideal of a ring R, and let I, I and I3 be
ideals of R such that 0 # I1IoI3 C I. We say that I is free J-triple-zero with
respect 111213 if (a, b, ¢) is not a J-triple-zero of I for every a € I1, b € I and
(S 13.

Theorem 2.17. Let R be a ring and I be a weakly (2, J)-ideal of R and suppose
that 0 £ 111513 C I for some ideals I1, I, I3 of R such that I is free J-triple-
zero with respect to Iy I3I3. Then I11s C I or I113 C Jac(R) or I3I3 C Jac(R).

To prove this theorem, we need the following lemma.

Lemma 2.18. Let I be a weakly (2, J)-ideal of a ring R, K be a proper ideal
of R and let a,b € R such that abK C I and (a,b,c) is not a J-triple-zero of T
for every ¢ € K. Then either ab € I or aK C Jac(R) or bK C Jac(R).

Proof. Assume that ab ¢ I, aK ¢ Jac(R) and bK ¢ Jac(R). So, aky ¢ Jac(R)
and bky ¢ Jac(R) for some ki,ky € K. As I is a weakly (2,.J)-ideal and
(a, b, k1) is not a J-triple-zero of I, we have bk; € Jac(R). Similarly, we obtain
aks € Jac(R). Now, since ab(ky + k2) € I and (a,b, k1 + k2) is not a J-triple-
zero of I, we conclude that either a(k; + k2) € Jac(R) or b(ky + k2) € Jac(R),
and so either aky € Jac(R) or bk € Jac(R), a desired contradiction. O

Proof of Theorem. Suppose that I1Is € I, I1I3 € Jac(R) and I3I3 € Jac(R).
Take j; € I and jo € I3 such that j1I3 € Jac(R) and joIs € Jac(R). By
Lemma we have j1j2 € I. On the other hand, the fact that I1Io & I
implies that there are a € I; and b € Iy such that ab ¢ I. Also, by Lemma
we have that either als C Jac(R) or blz C Jac(R).

Case 1: Suppose that als C Jac(R) and bl3 € Jac(R). Since j1bI5 C I and
Jils € Jac(R) and bls Z Jac(R), we obtain that j1b € I. Moreover, by Lemma
we conclude that (a + j1)b € I and hence ab € I, a contradiction.

Case 2: If al3  Jac(R) and bl3 C Jac(R), then we have a contradiction by
a similar argument.

Case 3: Assume that als C Jac(R) and bl3 C Jac(R). Since ji(b+ j2)I3 C T
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and neither j1 I3 C Jac(R) nor (b+j2)I3 C Jac(R), we conclude that ji (b+7j2) €
I and hence ji1b € I. Similarly, we can see that aj, € I. Moreover, since
(a+71)(b+j2)I5 C I and neither (a+ j1)I5 C Jac(R) nor (b+ j2)I3 C Jac(R),
we get (a + j1)(b+ j2) € I and thus ab € I, which gives a contradiction. It
follows that either I;1 1o C I or I1 I3 C Jac(R) or IxI3 C Jac(R).

3. Extension of weakly (2, .J)-ideals

Proposition 3.1. Let I and K be two proper ideals of a ring R with K C I.
Then the following statements hold:

(1) If I is a weakly (2,J)-ideal of R, then I/K is a weakly (2,J)-ideal of
R/K.

(2) IfI/K is a weakly (2,J)-ideal of R/K and K is a weakly (2, J)-ideal of
R, then I is a weakly (2, J)-ideal of R.

Proof. (1) Assume that K # (a + K)(b+ K)(c+ K) € I/K for some (a +
K),b+K),(c+K)e R/K. So,0# abc € I. As I is a weakly (2, J)-ideal, we
then have ab € I or ac € Jac(R) or be € Jac(R). This yields that ab+ K € I/K
orac+ K € Jac(R)/K C Jac(R/K) or bc + K € Jac(R/K). Thus I/K is a
weakly (2, J)-ideal.

(2) Let a,b,c € R such that 0 # abc € I. If abc € K, then by hypothesis
ab € K C I or ac € Jac(R) or bc € Jac(R). If abe ¢ K, we must have
K # (a+K)(b+K)(c+K) € I/K. By hypothesis, we obtain that ab+K € I/ K
orac+ K € Jac(R/K) or be+ K € Jac(R/K). Since K C Jac(R), then ab € T
or ac € Jac(R) or be € Jac(R), as required. O

Theorem 3.2. Let R be a Noetherian ring such that (0) is a (2, J)-ideal. Then
I is a (2,J)-ideal of R if and only if I C Jac(R) and I/I" is a weakly (2,J)-
ideal of R/I™ for every positive integer n.

Proof. 1t suffices to prove the converse. Suppose that abc € I for some a, b, c €
R. If abc ¢ I™ for some n > 2, then I # (a + I")(b+ I")(c+ I™) € I/I". As
I/1™ is a weakly (2, J)-ideal of R/I™, we conclude that (a4 I")(b+1") € I/I™
or (a+ I")(c+I™) € Jac(R/I™) or (b+ I")(c+ I") € Jac(R/I™). Which
implies that ab € I or ac € Jac(R) or be € Jac(R) since I" C Jac(R). Now,
we assume that abc € I™ for all n. Since R is Noetherian and I C Jac(R), the
Krull intersection theorem implies that abc € Ny>1I™ = 0. Therefore, ab = 0
or ac € Jac(R) or be € Jac(R). This completes the proof. O

Proposition 3.3. Let R be a ring, I and J be two weakly (2, J)-ideals of R.
Then I + J is a weakly (2, J)-ideal of R.

Proof. Since I C Jac(R) and J is a proper ideal, we then have I +.J is a proper
ideal of R. On the other hand, I NJ and I/(I NJ) are weakly (2, J)-ideals of
R and R/(I N J), respectively. From the isomorphism (I +.J)/J = I/(INJ)
and Proposition [3.1(2), we conclude that I + J is a weakly (2,.J)-ideal, as
needed. O
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Proposition 3.4. Let R = Ry X Ry be a decomposable ring. Let Iy be a nonzero
proper ideal of Ry and Iy be a nonzero ideal of Ry. The following assertions
are equivalent:

(1) I x I is a weakly (2, J)-ideal of R.
(2) I, is a J-ideal of Ry and I3 is a J-ideal of Rs.
(3) I1 x I is a (2, J)-ideal of R.

Proof. (1) = (2) Since I; x I is a weakly (2, J)-ideal, then I; and I are
proper ideals of Ry and Rs, respectively. Now, we will show that I5 is a J-ideal
of Ry. Suppose that ab € I> for some a,b € Ry and take 0 # ¢ € I;. So,
(0,0) # (4,1)(1,a)(1,b) € I; x Is. By assymption, we have (i,1)(1,a) € I x I
or (4,1)(1,b) € Jac(Ry X Ry), which gives a € I or b € Jac(Rs). Similarly, we
prove that I is a J-ideal of R;.

(2) = (3) By [18] Theorem 3].

(3) = (1) Clear. O

Proposition 3.5. Let Ry, Ro, Rs be rings. If I is a weakly (2,J)-ideal of
R=R; X Ry X Rg, then I = (0,0,0).

Proof. Assume that I = I; x Iy x I3 # (0,0,0). Then there is a nonzero
element (a,b,c¢) € I. Hence (0,0,0) # (a,1,1)(1,b,1)(1,1,¢) € I, and so
(a,1,1)(1,b,1) € I. This implies that I3 = R3, which contradicts the fact
that I C Jae(R). Thus I = (0,0,0). O

Remark 3.6. By Proposition we can see that the zero ideal of a decompos-
able ring R = Ry X Ry X Ry is a weakly (2, J)-ideal that is not a (2, J)-ideal.

Proposition 3.7. Let R be a ring and S be a multiplicatively closed subset of
R. If I is a weakly (2, J)-ideal of R such that INS =, then S~'I is a weakly
(2, J)-ideal of ST1R.

Proof. Assume that 0 %%5 € S~ for some e, %, € S7!R. So, there exists
v € S such that 0 # vabc € I. As I is a weakly (2, J)-ideal, we get vab € I
or vac € Jac(R) or be € Jac(R). Thus 2% € S7'T or 2£ € S~'Jac(R) C

t

Jac(ST'R) or 2£ € Jac(ST'R), which implies that S~'7 is a weakly (2,.)-

t

ideal of S™1R. O

Theorem 3.8. Let R be a ring, M be an R-module and I be a proper ideal of
R. Then:

(1) I(+)M is a (2,J)-ideal of R(4+)M if and only if I is a (2, J)-ideal of R.
(2) I(+)M is a weakly (2,J)-ideal of R(+)M if and only if I is a weakly

(2, J)-ideal of R and for every J-triple-zero (a,b,c) of I, we have ab €
Ann(M), ac € Ann(M) and be € Ann(M).
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Proof. (1) Follows from [I8, Proposition 6] because I égi;%

(2) Suppose that I(+)M is a weakly (2, J)-ideal of R(+)M and let a,b,c € R
such that 0 # abc € I. So, (0,0) # (a,0)(b,0)(c,0) € I(+)M. By the hypothe-
sis, we have (a,0)(b,0) € I(+)M or (a,0)(c,0) € Jac(R(+)M) or (b,0)(c,0) €
Jac(R(+)M), which implies that ab € I or ac € Jac(R) or be € Jac(R) since
Jac(R(+)M) = Jac(R)(+)M. Thus, I is a weakly (2, J)-ideal. On the other
hand, take a J-triple-zero (a,b,c) of I. We first prove that ab € Ann(M).
Suppose not. Then there is m € M such that abm # 0. Moreover, the fact that
(0,0) # (a,0)(b,0)(c,m) = (0,abm) € I(+)M implies that (a,0)(b,0) € I(+)M
or (a,0)(¢,m) € Jac(R(+)M) or (b,0)(c,m) € Jac(R(+)M), a contradic-
tion. Hence ab € Ann(M). Similarly, one can verify that ac,bc € Ann(M).
For the converse, suppose that (0,0) # (a,m1)(b,ms)(c,m3) € I(+)M and
(a,m1)(e,mg) ¢ Jac(R(+)M) and (b,ma)(c,m3) ¢ Jac(R(+)M). Then, two
cases are possible:

Case 1: If 0 # abc, then ab € I and hence (a,mq1)(b,mg) € I(+)M.

Case 2: If 0 = abe. Suppose that ab ¢ I, then (a,b,c) is a J-triple-zero of
I. This implies that (a,m1)(b, ms2)(c,m3) = (0,0), a contradiction. So, ab € I
and thus (a,mq)(b,ma) € I(+)M. This completes the proof. O

Remark 3.9. Let R be a ring, M be an R-module and N be an R-submodule of
M. In general, an ideal of the form I(+)N need not be a weakly (2, J)-ideal of
R(+)M, where [ is a weakly (2, J)-ideal of R. Indeed, we take R = Z3o, I = (0)
and N = (15). So, I is clearly a weakly (2, J)-ideal of R. However I(+)N is
not a weakly (2, J)-ideal of R(+)R since (0,0) # (2,1)(3,0)(5,0) € I(+)N,
(2,1)(3,0) ¢ ()N, (2,1)(5,0) ¢ Jac(R(+)R) and (3,0)(5,0) ¢ Jac(R(+)R).

2,
3,

Let R and S be two rings, J be an ideal of S and f : R — S be a ring
homomorphism. In this setting, we can consider the following subring of R x S:

Roa! J={(r,f(r)+3j)| r € Rand j € J}

called the amalgamation of R with S along J with respect to f. This construc-
tion has been first indroduced and studied D’Anna, Finocchiaro, and Fontana
in [7,®)]. In particular, if I is an ideal of R and idg : R — R is the identity ho-
momorphism on R, then R J = Ri<® J = {(r,r+j)| r€ Rand j € J} is
the amalgamated duplication of R along J (introduced and studied by D’Anna
and Fontana in [9]). See for instance [I1].

For all ideals I of R and ideals K of S, set:

Inad J={(r,f(r)+4)| r€Tandjec J},

K ={(rf(r)+j)|r€R, jeJand f(r)+j € K}.

Lemma 3.10. [8, Proposition 2.6] Let R and S be a pair of rings, J be an
ideal of S and f: R — S be a ring homomorphism. Then, the set of mazximal
ideals of R <! J is Maz(R <! J) = {M s J | M € Maz(R)}U{Q’ | Q ¢
Max(S)\V(J)}, where V(J) denotes the set of all prime ideals containing J.
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Theorem 3.11. Let R and S be a pair of rings, J be an ideal of S and
f: R — S be a ring homomorphism. Let I be a proper ideal of R. Then the
following statements hold:

(1) If I </ J is a (2,J)-ideal of R <! J, then I is a (2,J)-ideal of R.
Moreover, the converse is true if J C Jac(S).

(2) If I =<f J is a weakly (2,J)-ideal of R </ J, then I is a weakly (2,J)-
ideal of R and for a J-triple-zero (a,b,c) of I, we have (f(a)+1)(f(b) +
J)(f(c)+k) =0 for every i,j,k € J. The converse is true if J C Jac(S).

Proof. (1) Tt suffices to apply [18, Proposition 6] since I 22 (I)Z;j.

(2) By a similar argument, we can see that if I </ J is a weakly (2, J)-ideal
of R><? J, then I is a weakly (2, J)-ideal of R. Now, let a,b,c € R such that
(a,b,c) is a J-triple-zero of I and let ,j, k € J. Suppose that (f(a)+1)(f(b) +
9)(f(e) +k) # 0. So, (0,0) # (a, f(a) +1)(b, f(b) +j)(c, f(c) + k) € I/ T
and hence (a, f(a) + §)(b, f(b) + j) € I <! J or (a, f(a) + i)(c, f(c) + k) €
Jac(R <! J) or (b, f(b)+7)(c, f(c)+k) € Jac(R >/ J), a desired contradiction.
Now, we will prove the converse under additional hypothesis that J C Jac(S).
Assume that (0,0) # (a, f(a) +14)(b, f(b) + j)(c, f(c) + k) € I f J for some
(a, f(a)+1), (b, f(b) +7), (c, f(c) + k) € Re<! T with (a, f(a) +4)(c, f(c) + ) ¢
Jac(R <! J) and (b, f(b)+i)(c, f(e)+k) ¢ Jac(R >/ J). So, by hypothesis, we
have abc € I and ac ¢ Jac(R) and bc ¢ Jac(R). Then two cases are possible:
Case 1: If 0 # abc then ab € I and thus (a, f(a) +)(b, f(b) +4) € [ < J.
Case 2: Assume that 0 = abe. If ab ¢ I, then (a,b,c) is a J-triple-zero of I,
which implies that (a, f(a)+)(b, f(b) +7)(c, f(c) + k) = (0,0) a contradiction.
It follows that ab € I and thus I >/ .J is a weakly (2, J)-ideal, as required. [J

Corollary 3.12. Let R be a ring and let I and J be proper ideals of R.

(1) If I > J is a (2,J)-ideal of R < J, then I is a (2,J)-ideal of R. The
converse is true if J C Jac(R).

(2) If I J is a weakly (2,J)-ideal of R < J, then I is a (2,J)-ideal of R
and for a J-triple-zero (a,b,c) of I, we have (a+14)(b+j)(c+k) =0 for
every i,7,k € J. The converse is true if J C Jac(R).

In the following example, we prove that the condition J C Jac(S) can not
be discarded in the proof of the converse of Theorem [3.11

Example 3.13. Let R := Z(+)Z4 and J = 27Z(+)Z4. It is clear that I :=
0(+)Z4 is a (2, J)-ideal (and so is a weakly (2, J)-ideal) of R. However, I > .J
is not a weakly (2, J)-ideal (and so is not a (2, J)-ideal) of R < J since I <
J € Jac(R< J) (because ((0,1),(2,1)) € (IxJ)\ Jac(R < J)).

Theorem 3.14. Let R >/ J be the amalgamation of R and S along J with
respect to f, where f is an epimorphism. Let K be an ideal of S. Then:

(1) If K isa (2,J)-ideal of R >/ J, then K is a (2,J)-ideal of S. The
converse holds provided that J C Jac(S) and f~1(Jac(S)) C Jac(R).
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(2) Ifff is a weakly (2,.J)-ideal of R/ J, then K is a weakly (2, J)-ideal
of S and when (f(a) +4), (f(b) + 7), (f(c) + k)) is a J-triple-zero of K
with a,b,c € R and i,j,k € J, then abc = 0. The converse is true if
J C Jac(S) and f~1(Jac(S)) C Jac(R).

Proof. (1) Let z,y,z € S, say, x = f(a),y = f(b),z = f(c) for some a,b,c € R.
Assume that zyz € K and zz ¢ Jac(S) and yz ¢ Jac(S). So,
(a, £(@)(b, FB)) (e, £(e)) € K. By hypothesis, we get (a, f(a))(b, (b)) € &'
or (a, f(a))(c, f(e)) € Jac(R >f J) or (b, f(b))(c, f(c)) € Jac(R <! J). Sup-
pose that (a, f(a))(c, f(c)) € Jac(R >/ J), then ac € Jac(R). Since f is an
epimorphism, we then have xz = f(a)f(c) € Jac(S), a contradiction. Hence,
(a, f(a))(ec, f(c)) & Jac(R ><f J). Similarly, we obtain that (b, £(b))(c, f(c)) ¢
Jac(R </ J). Moreover, (a, f(a))(b, f(b)) € K’ and so zy € K. Thus K is a
(2, J)-ideal of S. For the converse, suppose that J C Jac(S) and f~1(Jac(S)) C
Jac(R). Take (a, f(a) + 4), (b, () ) (e, f(c) + k) € R </ J such that
(0, F(@)+)(b, F(B) +5)(e. S()+K) € K- So, (7(a) +i)(F(5) +7)(7(e)+h) € K.
As K is a (2, J)-ideal, we have (f(a)+14)(f(b)+4) € K or (f(a)+i)(f(c)+k) €
Jac(S) or (f(b) + 5)(f(c) + k) € Jac(S). If (f(a) +4)(f(b) + j) € K then
(a, f(a) +1)(b, f(b) +7) € K’ Now, we assume that (f(a) +¢)(f(c) + k) €
Jac(S). So, by hypothesis, f(ac) € Jac(S) and hence ac € Jac(R), which
implies that (a, f(a)+1i)(c, f(c) + k) € Jac(R </ J). Thus K isa (2, J)-ideal
of R/ J.

(2) It K is a weakly (2, J)-ideal of R </ J, then K is a weakly (2, J)-ideal
of S via similar arguments as in the proof of (1). Moreover, let a,b,c € R
and 4,7,k € J such that (f(a) + @), (f(b) + j),(f(c) + k)) is a J-triple-zero
of K. If abc # 0 then (0,0) # (a, f(a) + i)(b, f(b) + j)(c, f(c) + k) € K.
Since K’ is a weakly (2, J)-ideal, (a, f(a) + i)(b, f(b) + j) € K’ or (a, f(a) +
i)(c, f(c) + k) € Jac(R ><f J) or (b, f(b) + §)(c, f(c) + k) € Jac(R </ J). If
(a, f(a) +9)(b, f(b)+]) € K’ then (f(a) +9)(f(b) + j) € K, a contradiction.
Assume that (a, f(a)+i)(c, f(c)+k) € Jac(R </ J), so ac € Jac(R) and hence
f(ac) € Jac(S) because f is an epimorphism. Also, we have (f(a) +1)(f(c) +
k) € Q for all Q € Maxz(S)\V(J). Moreover, note that (f(a)+%)(f(c)+k) € Q,
where Q € Maz(S)NV (J). It follows that (f(a)+17)(f(c)+k) € Jac(S), a con-
tradiction. Similarly, we prove that if (b, f(b) + j)(c, f(c) + k) € Jac(R </ J)
then (f(b)+7)(f(c)+k) € Jac(S), we also have a contradiction. Thus abc = 0.
For the converse, suppose that (0,0) # (a, f(a)+i)(b, f(b)+7)(c, f(c)+k) € i
for some (a, f(a) +1), (b, f(b) + 7), (c, f(c) + k) € R</ J. Then two cases are
possible:

Case 1: If 0 # (f(a) +4)(f(b) 4+ j)(f(c) + k), then (f(a)+i)(f(b) +j) € K or
(fla)+0)(f(c)+ k) € Jac(S) or (f(b) +7)(f(c)+ k), which gives the result by
assumptions.

Case 2: Assume that 0 = (f(a) +)(f(b) +7)(f(c) + k). If (f(a)+4),(f(b) +
7),(f(e) + k)) is a J-triple-zero of K, then abc = 0 and hence (a, f(a) +
i)(b, f(b) + 5)(c, f(c) + k) = (0,0), a desired contradiction. Finally, we con-
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clude that K7 is a weakly (2, J)-ideal. This completes the proof. O
Corollary 3.15. Let R be a ring and let I and J be ideals of R.

(1) If I :={(a,a+i)|la€ R,j€J anda+j €I} isa(2,J) of Rx1J, then
I isa(2,J) of R. The converse is true if J C Jac(R).

(2) If T is a weakly (2,J) of R > J, then I is a weakly (2,J) of R and

when ((a+1),(b+j),(c+ k)) is a J-triple-zero of I with a,b,c € R and
1,7,k € J, then abc = 0. The converse holds provided that J C Jac(R).

The following example shows that the converse of Theorem 1) fails if
one deletes the hypothesis that J C Jac(S).

Example 3.16. Let R = Z(+)Z¢, S = Z and J = 27Z. Consider the canonical
epimorphism f : R — S defined by f(r,m) = r. Observe that K = (0) is

a (2,J)-ideal of S. However, K’ is not a (2, J)-ideal of R >/ J because
((2,0),0) € K\ Jac(R >f J).
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