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On rough continuity and rough I -continuity of real
functions

Amar Kumar Banerjee12 and Anirban Paul3

Abstract. In this paper, we study the rough continuity of real valued
functions of real variables and then we discuss some important properties
of rough continuity. Then we study the idea of rough I -continuity of
real valued functions and find the relation between rough I -continuity
and rough continuity. We also introduce the notion of rough (I1,I2)-
continuity and rough I ∗-continuity of real valued functions and discuss
some properties of these two types on continuity.
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1. Introduction

The notion of statistical convergence of sequences of real numbers was given
independently by Fast [13] and Steinhaus [26] as a generalization of ordinary
convergence. Then over the years a lot of development was made in this area
(see [14, 28]). The notion of I -convergence of the sequences of real numbers
which is a generalization of the notion of statistical convergence was given by
Kostyrko et. al. [19] using the structure of the ideal I of subsets of the set
of natural numbers. Another type of convergence which is closely related to
I -convergence is the notion of I ∗-convergence given by Kostyrko et. al. [17].
It is seen in [19] that these notions are equivalent if and only if the ideal satisfies
the property (AP). Several works were done in recent years on I -convergence
(see [7, 6, 8, 5, 9, 21, 22, 23]).
The notion of rough convergence of sequences in a finite dimensional space was
introduced by Phu [25] in 2001. In 2013, S. K. Pal et. al. [24] introduced the no-
tion of rough ideal convergence using the concepts of I -convergence and rough
convergenc. Later in 2014, E. Dündar and C. Çakan [11] introduced the idea of
of rough I -convergence in normed linear spaces independently. Then further
works in this direction were carried out by several authors [1, 2, 3, 12, 10, 15, 16].
In [4], V. Baláz̆ et. al. introduced the notion of I -continuity of functions
f : R 7→ R as a generalization of the statistical continuity of the functions
introduced by J. C̆erven̆anský in [27]. In their paper, V. Baláz̆ et. al. [4]
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introduced the notion of I -continuity, (I1,I2)-continuity and I ∗-continuity
of real valued functions, where I , I1, I2 are the ideals on the set of natural
numbers. It is observed from [4] that I -continuity and ordinary coincide for
any admissible ideal I . This motivates us to investigate where such results
continue to hold for the case of rough I -continuity.
In our present work, using the concept of rough convergence of real sequences
and I -continuity of real valued functions we have first introduced the notion
of rough continuity and then extend the notion of rough continuity to rough
I -continuity of real valued functions. Furthermore the concepts of rough
(I1,I2)-continuity and rough I ∗-continuity of real valued functions of real
variables were also introduced here. Then we have discussed some properties
of these ideas and have found out relations between them. Also we have fur-
ther verified how far some of the results which are true in case of I -continuity,
(I1,I2)-continuity and I ∗-continuity continue to hold in case of rough I -
continuity, rough (I1,I2)-continuity and rough I ∗-continuity, where I , I1,
I2 are ideals on the set of natural numbers. Like in the case of continuity and
I -continuity, we have shown that the concepts of rough continuity and rough
I -continuity are equivalent for any nontrivial admissible ideals I .
Before going to the main results we will recall some basic definitions and notions
which will be needed in sequel.

2. Preliminaries

Throughout our discussion R, N will denotes the set of all real numbers
and set of all natural numbers, respectively. I , I1, I2 denote the nontrivial
admissible ideals of the set of N unless otherwise stated.

Definition 2.1. [13] Let K be a subset of the set of natural numbers N and
let us denote the set Ki = {k ∈ K : k ≤ i}. Then the natural density of K is

given by d(K) = lim
i→∞

|Ki|
i

, where |Ki| denotes the cardinality of the set Ki.

Definition 2.2. [13] A sequence {xn}n∈N of real numbers is said to be statis-
tically convergent to x if for any ε > 0, d(A(ε)) = 0, where A(ε) = {n ∈ N :
|xn − x| ≥ ε}.

Let I be a collection of subsets of a set S. Then I is called an ideal on S
if (i) A,B ∈ I ⇒ A ∪B ∈ I and (ii) A ∈ I and B ⊂ A ⇒ B ∈ I [20].
An ideal I on S is called admissible if it contains all the singletons, that is,
{s} ∈ I for each s ∈ S. I is called nontrivial if S /∈ I and I ̸= ϕ [20]. From
the definition it follows that ϕ ∈ I .
If S = N, the set of all positive integers then I is called an ideal on N. We
will denote by Fin the ideal of all finite subsets of a given set S.
If I is a nontrivial ideal on S, then the class F (I ) = {M ⊂ N :
there exists A ∈ I such that M = N \ A} is a filter on S, called the filter
associated with I .

Definition 2.3. [19] An admissible ideal I ⊂ 2N is said to satisfy the condition
(AP) if for every countable family of mutually disjoint sets {A1, A2, · · · } be-
longing to I there exists a countable family of sets {B1, B2, · · · } such that the
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symmetric difference Aj∆Bj is a finite set for each j ∈ N and B =

∞⋃
j=1

Bj ∈ I .

Several examples of countable family satisfying (AP) are seen in [19].

Definition 2.4. [19, 18] Let (X, || · ||) be a normed linear space and I ⊂ 2N

be a nontrivial ideal. A sequence {xn}n∈N of elements of X is said to be I -
convergent to x ∈ X if for each ε > 0 the set A(ε) = {n ∈ N : ||xn − x|| ≥
ε} belongs to I . The element x is here called the I -limit of the sequence
{xn}n∈N.

It should be noted here that if I is an admissible ideal then usual conver-
gence in X implies I -convergence in X. If Id denotes the class of all A ⊂ N
with d(A) = 0, then Id is nontrivial admissible ideal and Id-convergence co-
incides with the statistical convergence.

Definition 2.5. [17, 19] Let (X, || · ||) be a normed linear space and I ⊂ 2N

be a nontrivial ideal. A sequence {xn}n∈N in X is said to be I ∗-convergent to
x if there exists a set M = {m1 < m2 < · · · < mk < · · · } in F (I ) such that
the subsequence {xmk

}k∈N is convergent to x i.e., lim
k→∞

||x− xmk
|| = 0.

It is seen in [19] that I ∗-convergence implies I -convergence. If an admis-
sible ideal I has the property (AP), then for a sequence {xn}n∈N in a normed
linear space X, I -convergence implies I ∗-convergence.

Definition 2.6. [25] Let {xn}n∈N be a sequence in a normed linear space
(X, || · ||) and r be a non-negative real number. Then {xn}n∈N is said to
be rough convergent of roughness degree r to x or simply r-convergent to x,
denoted by xn

r−→ x, if for all ε > 0 there exists N(ε) ∈ N such that n ≥ N(ε)
implies ||xn − x|| < r + ε and x is called rough limit of {xn}n∈N of roughness
degree r.

For r = 0, Definition 2.6 reduces to the definition of usual convergence of
sequences. Here x is called the r-limit point of {xn}n∈N, which is usually no
longer unique (for r > 0). So we have to consider the so called r-limit set

(or shortly r-limit) of {xn}n∈N defined by LIMrxn := {x ∈ X : xn
r−→ x}. A

sequence {xn}n∈N is said to be r-convergent if LIMrxn ̸= ϕ. In this case, r is
called a rough convergence degree of {xn}n∈N.

Definition 2.7. [11] A sequence {xn}n∈N in a normed linear space (X, ||·||)
is said to be rough I -convergent to x, denoted by xn

r−I−−−→ x provided that
{n ∈ N : ||xn − x|| ≥ r + ε} ∈ I for every ε > 0.

Here r is called the roughness degree. If we take r = 0, then the definition
of rough I -convergence reduces to I -convergence. In general rough I -limit
of a sequence {xn} may not be unique for the roughness degree r > 0. So we
have to consider the so called rough I -limit set of a sequence {xn}n∈N which

is defined by I − LIMrxn := {x : xn
r−I−−−→ x}. A sequence {xn}n∈N is said to

be rough I -convergent if I − LIMrxn ̸= ϕ.
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Definition 2.8. [9] A sequence {xn}n∈N in a normed linear space (X, || · ||) is
said to be rough I ∗-convergent of roughness degree r to x if there exists a set
M = {m1 < m2 < m3 < · · · < mk < · · · } ∈ F (I ) such that the subsequence
{xmk

}k∈N is rough convergent of roughness degree r to x i.e., for any ε > 0
there exists a N ∈ N such that ||xmk

− x|| < r + ε for all k ≥ N and we write

xn
r−I ∗

−−−−→ x.

Here x is called the rough I ∗-limit of the sequence {xn}n∈N of roughness
degree r. For r = 0, we have the definition of ordinary I ∗-convergence of
sequences in normed linear spaces. Obviously rough I ∗-limit of a sequence in
normed linear spaces is not unique. Therefore we have to consider the rough
I ∗-limit set of the sequence {xn}n∈N defined as follows: I ∗−LIMrxn = {x ∈
X : xn

r−I ∗

−−−−→ x}.

Definition 2.9. [4] A function f : R 7→ R is said to be I -continuous at a
point x0 ∈ R, if I − lim

n→∞
xn = x0 =⇒ I − lim

n→∞
f(xn) = f(x0).

If f is I -continuous at each point of a set M ⊂ R, then f is called I -
continuous on the set M .
Also it was noted in [4] that I -continuity coincides with ordinary continuity
for every admissible ideal I . Also if f and g are I -continuous at x0, then
f + g and fg are I -continuous at x0.

Definition 2.10. [4] Let I1 and I2 be two admissible ideals. A function
f : [a, b] 7→ R is said to be (I1,I2)-continuous at x0(∈ [a, b]) if I1− lim

n→∞
xn =

x0 =⇒ I2 − lim
n→∞

f(xn) = f(x0) for every sequence {xn}.

A function f is said to be (I1,I2)-continuous on [a, b] if it is (I1,I2)-
continuous at each x ∈ [a, b].

We now give the definition of I ∗-continuity from [4] as follows:

Definition 2.11. [4] A function f is said to be I ∗-continuous at x0 if I ∗ −
lim
n→∞

xn = x0 =⇒ I ∗ − lim
n→∞

f(xn) = f(x0) for every sequence {xn}.

The relationship between continuity and I ∗-continuity of real valued func-
tion f is as follows:

Theorem 2.12. [4] If the ideal I has the property (AP ). Then f is I ∗-
continuous at x0 if and only if f is continuous at x0.

3. Rough Continuity

Definition 3.1. Let D ⊂ R. A function f : D(⊂ R) 7→ R is said to be rough
continuous at a point x ∈ D of roughness degree rx, if for every sequence
{xn} ⊂ D converging to x, there exists a non-negative real number rx such
that the sequence {f(xn)} is rough convergent of roughness degree rx to f(x).
If ρ = sup{rx : x ∈ D} exists finitely then f is called rough continuous on D
of roughness degree ρ.
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Remark 3.2. If a function is continuous at a point x then obviously it is rough
continuous at the point x of roughness degree zero i.e., rx = 0, but the converse
may not be true which can be seen from the next two examples. Thus if we
denote the set of all real valued continuous functions by C(f) and the set of
real valued rough continuous functions of roughness degree r by rC(f) then we
have C(f) ⊂ rC(f).

Example 3.3. Let us consider the function defined by

f(x) =

{
1, if x is rational

0, if x is irrational

. Then it is easy to see that f is rough continuous throughout R of roughness
degree ρ = 1. For, suppose x = a be arbitrary and let {xn} be a sequence
converging to a. Then for any ε > 0, we have either |f(xn)− f(a)| < 1 + ε or
|f(xn) − f(a)| < 0 + ε for all n ∈ N. Since this is true for any sequence {xn}
converging to a, thus the function considered above is rough continuous at a of
roughness degree ra = 1. Again as the point a is chosen arbitrarily, therefore,
the function f is rough continuous throughout R of roughness degree ρ = 1 .

Example 3.4. Let us consider the function f : R 7→ R such that f(x) = [x].
Obviously this function is not continuous for all integer values of x ∈ R. But
this function is rough continuous throughout R including all integers. For, let
{xn} be a sequence which is convergent to an integer x0. Then for arbitrary
ε > 0 there is a N ∈ N such that either |f(xn) − f(x0)| < 1 + ε or |f(xn) −
f(x0)| < 0 + ε for all n ≥ N . Hence f is rough continuous at x0 of roughness
degree rx0

= 1. Also since the integer x0 is chosen arbitrarily, it follows that
the function considered here is rough continuous of roughness degree ρ = 1
throughout R although it is not continuous at all integer points.

Remark 3.5. From the above Example 3.4, it is clear that if we consider the
function f2(x) = f(x) · f(x) = [x] · [x] = [x]2, then it is easy to see that f2 is
rough continuous at the integer points 0 and ±1 of roughness degree 1 and the
roughness degree becomes lager than 1 at any integer points other than 0 and
±1. Hence f2 is rough continuous at every integer points other than 0 and ±1
of roughness degree grater than 1 although f(x) = [x] is rough continuous at
every integer points of roughness degree 1. Hence the roughness degree of the
function f2(x) = [x]2 is not the square of the roughness degree of the function
f .

Theorem 3.6. A real valued bounded function is always rough continuous for
some roughness degree.

Proof. Let D ⊂ R and f : D 7→ R be a bounded function. Let {xn} be a
sequence in D(⊂ R) such that it is convergent to x0 ∈ D. Again since the
function f is bounded, so {f(xn)} is a bounded sequence in R. Let M be an
upper bound of f . So for any sequence {xn} converging to x0, |f(xn)−f(x0)| ≤
|f(xn)| + |f(x0)| ≤ 2M < 2M + ε for ε > 0 and for all n ∈ N. So it follows
that f is rough continuous at x0.
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Converse of Theorem 3.6 is also true if we take D as a closed and bounded
interval of R. Thus we have the following theorem.

Theorem 3.7. If a function f : D(⊂ R) 7→ R is rough continuous of roughness
degree ρ and D is a closed and bounded interval, then the function f is bounded.

Proof. Suppose that the function f : D(⊂)R 7→ R is rough continuous of rough-
ness degree ρ. Let D = [a, b]. Suppose that the function f is not bounded.
Hence for every n ∈ N we have a xn ∈ D such that |f(xn)| > n. Now as D is
bounded so is the sequence {xn}n∈N. Hence by the Bolzano-Weierstrass Theo-
rem, this sequence has a convergent subsequence {xnk

}k∈N. Since D is closed,
let the subsequence {xnk

}k∈N converge to some x ∈ D. Since a ≤ xnk
≤ b,

therefore taking limit as k → ∞ we get a ≤ x ≤ b. As x ∈ D, let |f(x)| = M .
Since f is rough continuous of roughness degree ρ on D, therefore the sequence
{f(xnk

)} is rough convergent of roughness degree ρ to f(x). Thus for any
ε > 0 there exists a N ∈ N such that |f(xnk

) − f(x)| < ρ + ε for all k ≥ N .
Therefore |f(xnk

)| = |f(xnk
) − f(x) + f(x)| ≤ ρ + ε + |f(x)| = ρ + ε + M

for all k ≥ N . Take a natural number r such that nr > ρ + ε + M , and let
p = max{r,N}. Then |f(xnk

)| ≤ ρ + ε + M < nr ≤ np for all k ≥ p, in
particular |f(xnp

)| < ρ + ε +M < nr ≤ np. But |f(xnp
)| > np. This leads to

a contradiction. Therefore f is bounded.

Proposition 3.8. If functions f and g are rough continuous of roughness
degree r1x0

and r2x0
respectively at x0 then the function f + g is also rough

continuous at x0 of roughness degree r1x0
+ r2x0

.

Proof. Let f and g be functions rough continuous at x0 of roughness degree
r1x0

and r2x0
, respectively. Let ε > 0 be arbitrary and {xn} be a sequence

converging to x0. Then according to our assumption and by the definition of
rough continuity we have f(x0) ∈ LIM

r1x0 f(xn) and g(x0) ∈ LIM
r2x0 g(xn).

Thus there exists N1, N2 ∈ N such that |f(xn) − f(x0)| < r1x0
+ ε

2 and

|g(xn) − g(x0)| < r2x0
+ ε

2 for all n ≥ N1 and n ≥ N2 respectively. Let

N = max{N1, N2}. Now |(f +g)(xn)− (f +g)(x0)| = |f(xn)−f(x0)+g(xn)−
g(x0)| ≤ |f(xn)−f(x0)|+ |g(xn)−g(x0)| < r1x0

+ ε
2 +r2x0

+ ε
2 = r1x0

+r2x0
+ε

for all n ≥ N . Since ε > 0 is arbitrary, therefore it follows that f + g is rough
continuous at x0 of roughness degree r1x0

+ r2x0
.

Theorem 3.9. If a function f : D(⊂ R) 7→ R is rough continuous at an
arbitrary point x0 ∈ D of roughness degree rx0

, then the function (cf)(x) =
cf(x), where c is a non zero real number is rough continuous at point x0 of
roughness degree |c|rx0 .

Proof. Let a function f : D(⊂ R) 7→ R be rough continuous at an arbitrary
point x0 ∈ D of roughness degree rx0

. Suppose {xn} be a sequence converging
to x0 and c be a non zero real number. Then for an arbitrary ε > 0 there exists a
N ∈ N such that for the sequence {f(xn)} we have |f(x0)−f(xn)| < rx0

+ ε
|c| for

all n ≥ N . Now |cf(x0)−cf(xn)| = |c||f(x0)−f(xn)| < |c|(rx0
+ ε

|c| ) = |c|rx0
+ε

for all n ≥ N . Since ε > 0 is arbitrary, therefore cf is rough continuous at x0

of roughness degree |c|rx0
.



On rough continuity and rough I -continuity of real functions 15

Corollary 3.10. If f : D(⊂ R) 7→ R is rough continuous at x0 ∈ D of
roughness degree rx0

, then the function 1
f is rough continuous at x0, provided

that f(x0) is non zero.

Proof. Let f : D(⊂ R) 7→ R be rough continuous at x0 ∈ D of roughness degree
rx0

and {xn} be a sequence converging to x0 ∈ D. Also let f(x0) = L(̸= 0).
Now according to our assumption and by the definition of rough continuity,
the sequence {f(xn)} is rough convergent of roughness degree rx0 to f(x).
Also since the sequence {f(xn)} has a non empty rough limit set therefore
{f(xn)} is bounded, so let |f(xn)| ≤ M for all n ∈ N. Let ε > 0 be arbitrary.
Then by the definition of rough continuity of f there exists N ∈ N such that

|f(xn)− f(x0)| < rx0
+ ε for all n ≥ N . Now, | 1

f(xn)
− 1

f(x0)
| = |f(xn)−f(x0)|

|f(x0)f(xn)| <
rx0

+ε

|LM | for all n ≥ N . Hence it follows that 1
f is rough continuous at x0.

Note 3.11. Note that the roughness degree for rough continuity of 1
f depends

on the value of f at x0 and on M .

Connectedness of a set in case of continuous image is preserved. But this is
not true in case of rough continuity. We will justify our claim in the following
remark.

Remark 3.12. Let us consider the function f : [1, 3] 7→ R defined by f(x) = [x].
As we have seen in Example 3.4 that this function is rough continuous on [1, 3] of
roughness degree ρ = 1. But the image of the function is not an interval. Thus
connectedness may not be preserved by the rough continuity unlike continuity.

Example 3.13. Let us consider the function f on D = [−1, 1] by

f(x) =

{
0, x = −1

2x, x ∈ (−1, 1]

. Now obviously D is a compact subset of R. Also it is easy to see that f is
rough continuous on D, but f(D) = {0} ∪ (−2, 2] = (−2, 2]. Therefore f(D) is
not a closed set in R and hence it is not compact. Thus image of a compact
set under rough continuous function is not necessarily a compact set.

A constant function on D ⊂ R is continuous and so rough continuous of
roughness degree ρ = 0. On other hand if a function on D is rough continuous
of roughness degree ρ ̸= 0 then it can not be constant. Thus we have the
following theorem.

Theorem 3.14. If the roughness degree ρ of a function f is non zero, then a
constant function can not be rough continuous of roughness degree ρ.

Proof. Suppose that f : D(⊂ R) 7→ R be a function such that it is rough
continuous of roughness degree ρ, where ρ is non zero. Since ρ is non zero
therefore there exists a non zero Rx0

(≤ ρ) such that f is rough continuous at
some point x0 ∈ D of roughness degree Rx0

. Now as f is rough continuous at
point x0 of roughness degree Rx0

, therefore for any sequence {xn} converging
to x0, the sequence {f(xn)} is rough convergent of roughness degree Rx0

to
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f(x0). Thus for an ε > 0 we have a N ∈ N such that |f(xn)− f(x0)| < Rx0 + ε
for all n ≥ N → (i). Now since Rx0

is non zero, it follows from (i) that f can
not be constant.

4. Rough I -continuity

Throughout this section we consider the ideal of subsets of N, the set of all
natural numbers.

Definition 4.1. A function f : D(⊂ R) 7→ R is said to be rough I -continuous
of roughness degree rI x at a point x ∈ D if for every sequence {xn} I -
converging to x, there exists a non-negative real number rI x such that the
sequence {f(xn)} is rough I -convergent of roughness degree rI x to f(x). Now
if ρI = sup{rI x : x ∈ D} exists finitely, we then call f is rough I -continuous
on D of roughness degree ρI .

If the I -roughness degree rI x of f at a point x ∈ D becomes zero, the
above definition is reduced to the definition of ordinary I -continuity of the
function at x. Obviously, for an admissible ideal I , rough continuity of a
function f implies that it is also rough I -continuous.

Theorem 4.2. Let I be a nontrivial admissible ideal on N. If a function
f : D(⊂ R) 7→ R is rough I -continuous at a point x ∈ D, then it is also rough
continuous at x.

Proof. Let I be a nontrivial admissible ideal on N and f : D 7→ R be rough
I -continuous at x ∈ D of some non zero roughness degree. If possible let the
function f : D(⊂ R) 7→ R be not rough continuous at x ∈ D. Then there is a
sequence {xn} converging to x but there does not exist any non negative real
number rx for which the sequence {f(xn)} is rough convergent of roughness
degree rx to f(x). Now since I is an admissible ideal therefore any sequence
{xn} which is convergent to x is also I -convergent to x. Since for the sequence
{xn} there does not exists any non negative real number rx for which the
sequence {f(xn)} is rough convergent of roughness degree rx to f(x), therefore
there exists an ε > 0 for which the set {n ∈ N : |f(xn) − f(x)| ≥ rx + ε} = N
and as I is a nontrivial ideal so N /∈ I . Therefore {f(xn)} is not rough I -
convergent of roughness degree rx to f(x), a contradiction. Hence the proof
follows.

Definition 4.3. Let I1 and I2 be two admissible ideals. A function
f : D(⊂ R) 7→ R is said to be rough (I1,I2)-continuous at x ∈ D, if for
every sequence {xn} I1-converging to x, there exists a non-negative real num-
ber r(I1,I2)x such that {f(xn)} is rough I2-convergent of roughness degree
r(I1,I2)x to f(x). Now define ρ(I1,I2) = sup{r(I1,I2)x : x ∈ D}. If ρ(I1,I2)

exists finitely, we then call f is rough (I1,I2) continuous of roughness degree
ρ(I1,I2) throughout D.

Clearly if the (I1,I2)-roughness degree of f at any point x ∈ D becomes
zero then rough (I1,I2)-continuity coincides with usual (I1,I2)-continuity of
the function f at x. Also it should be noted that the above definition reduces
to rough I -continuity if I1 = I2 = I .
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Theorem 4.4. Let I1 and I2 be two admissible ideals on N such that I1 ⊂
I2. Then a function f : D(⊂ R) 7→ R is rough (I1,I2)-continuous at a point
x ∈ D if and only if f is rough Ifin-continuous at x, where Ifin is the ideal
of all finite subsets of N.

Proof. Let the function f : D(⊂ R) 7→ R be rough Ifin-continuous at x ∈ D.
Therefore, for every sequence {xn} which is Ifin-convergent to x there exists
a non negative real number rIfinx

such that {f(xn)} is rough Ifin-convergent
to f(x) of roughness degree rIfinx

. Also let I1 and I2 be two ideals such that
I1 ⊂ I2. Let {xn} be I1-convergent to x. Since f is rough Ifin continuous,
it is rough continuous at x and so it is rough I1-continuous. So there exists
a non negative real number rx such that {f(xn)} is rough I1-convergent of
roughness degree rx to f(x). Since I1 ⊂ I2 it follows that {f(xn)} is rough
I2-convergent to f(x) of roughness degree rx.

Conversely, let f be not rough Ifin-continuous at x. So there is a sequence
{xn}, Ifin-convergent to x but {f(xn)} is not rough Ifin-convergent to f(x).
So for each non negative r, a suitable ε > 0 be chosen such that the inequality
|f(xn)− f(x0)| ≥ r + ε holds for n = 1, 2, · · · . Then {xn} is I1-convergent to
x but {f(xn)} is not rough I2-convergent to f(x), since the set A(ε) = {n ∈
N : |f(xn) − f(x)| ≥ r + ε} = N /∈ I2 for every non negative real r. So f is
not (I1,I2) continuous at x. Hence if f is (I1,I2) rough continuous at x, it
is rough Ifin continuous at x.

Theorem 4.5. Let I1 and I2 be two ideals on N such that I1 \ I2 ̸= ϕ. If
the function f : D(⊂ R) 7→ R is constant then f is rough (I1,I2)-continuous
of any non zero roughness degree on D.

Proof. Suppose that the function f : D(⊂ R) 7→ R is a constant function and
let x ∈ D. Let a sequence {xn} in D be such that it is I1-convergent to
the point x in D. Now since f is constant, for any ε > 0, we have {n ∈ N :
|f(xn)− f(x)| ≥ r + ε} = ϕ ∈ I2 where r is any non negative number. Hence
f is rough (I1,I2)-continuous at x of roughness degree r(I1,I2)x

= r ≥ 0.

The converse of Theorem 4.5 is not true in general as shown in the following
example.

Example 4.6. Let us consider the function f defined as

f(x) =

{
1, if x is rational

0, if x is irrational
.

Now let us take two ideals I1 and I2 such that I1 \ I2 ̸= ϕ. Let x ∈ R be
arbitrary and {xn} be a sequence I1-convergent to x. Now as |f(xn)−f(x)| ≤
1 < 1 + ε for all n ∈ N and for any ε > 0, therefore the set {n ∈ N : |f(xn) −
f(x)| ≥ 1 + ε} = ϕ ∈ I2. Hence f is rough (I1,I2)-continuous of roughness
degree 1 although it is not a constant function.

Definition 4.7. A function f : D(⊂ R) 7→ R is said to be rough I ∗-continuous
at a point x ∈ D if for every sequence {xn}, I ∗-converging to x, there exists
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a non negative real number rI ∗
x for which the sequence {f(xn)} is rough I ∗-

convergent of roughness degree rI ∗
x
to f(x). Now if ρI ∗ = sup{rI ∗

x
: x ∈ D}

exists finitely, then f is called rough I ∗-continuous of roughness degree ρI ∗

throughout D.

Clearly, if for any point x ∈ D the roughness degree ρI ∗ becomes zero,
then the rough I ∗-continuity becomes I ∗-continuity of the function f at x.

Theorem 4.8. If a function f : D(⊂ R) 7→ R is rough I ∗-continuous at a
point x0 ∈ D, then it is also rough I -continuous at x0.

Proof. Since for a sequence {xn} of real numbers I ∗-convergence implies I -
convergence and rough I ∗-limit of {xn} implies that it is also a rough I -limit,
the theorem follows immediately.

The converse of Theorem 4.8 is also true if we have an ideal I which has
the property (AP).

Theorem 4.9. Let I be an ideal such that it has the property (AP). Then if
a function f : D(⊂ R) 7→ R is rough I -continuous at a point x0 ∈ D, then it
is also rough I ∗-continuous at x0.

Proof. We know that if an ideal I has the property (AP) then for a sequence
{xn}, I -convergence implies I ∗-convergence. Again if an ideal I has the
property (AP), then rough I -limit of {xn} of some roughness degree r is also
a rough I ∗-limit of {xn} of same roughness degree r. So the proof follows.

References

[1] Arslan, M., and Dündar, E. On rough convergence in 2-normed spaces and
some properties. Filomat 33, 16 (2019), 5077–5086.

[2] Arslan, M., and Dündar, E. Rough statistical convergence in 2-normed
spaces. Honam Math. J. 43, 3 (2021), 417–431.

[3] Arslan, M., and Dündar, E. Rough statistical cluster points in 2-normed
spaces. Thai J. Math. 20, 3 (2022), 1419–1429.
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