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Entire solutions for quadratic trinomial partial
differential-difference functional equations in C"

Raju BiswasEﬂ and Rajib Mandaﬂ

Abstract. In this paper, we solve four certain quadratic trinomial par-
tial differential-difference equations for finite order entire functions in C".
Our results significantly improve some earlier results, mainly the results
due to Haldar and Ahamed (Entire solutions of several quadratic bino-
mial and trinomial partial differential-difference equations in C? [Anal.
Math. Physics 12(113) (2022)]). The earlier results were on C? whereas
our results are on C". We exhibit some examples to fortify our results.
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1. Introduction, Definitions and Results

By a meromorphic (resp. entire) function we shall always mean meromor-
phic (resp. entire) function on C. Value distribution theory of Nevanlinna for
meromorphic functions on C has been extensively applied to resolve growth,
value distribution (see, [16} 21 [44]), and solvability of meromorphic solutions
of linear and nonlinear differential equations (see, [17, [26] [42] [43]).

A meromorphic mapping f : C* — P! into the Riemann sphere P! with
f(C™) # oo is called a meromorphic function on C™. In other words, f is a
meromorphic function in C™ in the sense that f can be written as a quotient
of two relatively prime holomorphic functions. In particular, the entire func-
tion of several complex variables are holomorphic throughout C™. Considering
meromorphic function f on C™, we assume that the reader is familiar with the
standard notations and results such as the proximity function m(r, f), valence
function N (r, f), characteristic function T'(r, f), the first and second main the-
orems, lemma on the logarithmic derivatives etc. of Nevanlinna theory, see e.g.
[18] 22| [31] [36]. The exceptional sets are needed throughout the Nevanlinna
theory, as well as in this paper. Typically, it means considering the linear
measure m(E) := [, dt and the logarithmic measure I(E) := fEm[l,oo) 4t for
a set E C [0,00). Such a set E is always called an exceptional set if it is of

IDepartment of Mathematics, Raiganj University, Raiganj, West Bengal-733134, India,
e-mail: rajubiswasjanu02@gmail.com

2Corresponding author

3Department of Mathematics, Raiganj University, Raiganj, West Bengal-733134, India,
e-mail: rajibmathresearch@gmail.com


https://doi.org/10.30755/NSJOM.15512
rajubiswasjanu02@gmail.com
rajibmathresearch@gmail.com

80 Raju Biswas, Rajib Mandal

finite linear measure or of finite logarithmic measure. Trivially, I{(E) < m(E).
Hence E is of finite logarithmic measure whenever it is of finite linear measure.
However, the set E = U [n, n+ %] shows that the converse is not true. Given
a meromorphic function f, recall that a meromorphic function « is said to be
a small function of f, if T'(r,a) = S(r, f), where S(r, f) is used to denote any
quantity that satisfies S(r, f) = o(T(r, f)) as r — 00, possibly outside of a set
of r of finite linear measure.

We consider some notations from [I§], i.e., let .#Z(C™) (resp. &(C™)) de-
notes the set of all meromorphic (resp. entire) functions in C". We denote
by Mr(C"), A4 <>°(C™) and A45>°(C") (vesp. & (C"), E<=(C"), £x°(CM))
respectively the set of all transcendental meromorphic functions, finite order
meromorphic functions and finite order transcendental meromorphic functions
(resp. transcendental entire functions, finite order entire functions and finite or-
der transcendental entire functions) in C™. We denote the order of f € .#(C")
by p(f) such that

+
po(f) = limsup log” T(r, f) I(r,f) .
r—o00 log r
We define z +t = (21 + t1,22 + to, ..., 2n + t,) for any z = (21, 22,..., 2,) and
t=(t1,ta, ... tn).

Definition 1.1. Given a meromorphic function f(z) in C", f(z+c) is called a
shift of f and A(f) = f(z+c¢) — f(z) is called a difference operator of f, where
c(#0) € C".

A difference polynomial (resp. a partial differential-difference polynomial)
in f is a finite sum of difference products of f and its shifts (resp. of products
of f, partial derivatives of f and of their shifts) with all the coefficients of these
monomials being small functions of f.

Given three meromorphic functions f(z), g(z) and h(z), f"(z) + g"(z) =
h™(z) is called a Fermat-type functional equation over some function field,
where n € N. If the equation contains shifts or derivatives of the functions,
then it is called a Fermat-type differential-difference equation.

We now consider the Fermat-type functional equation
(1.1) f"(z)+¢"(2) =1, wheren € N.

The result due to Iyer [10] is the gateway to find out the non-constant solutions
of the Fermat-type functional equation . Actually, Iyer [I0] proved that,
for n = 2, all the non-constant entire solutions of on C are of the form
f(z) = cos(vp(z)) and g(z) = sin(y(z)), where 1(z) is an entire function. We
summarize the classical results on the solutions of the functional equation
in the following:

Proposition 1.2. (i)[12] The functional equation with n = 2 has the
non-constant entire solutions f(z) = cos(n(z)) and g(z) = sin(n(z)), where
n(z) is any entire function. No other solutions exist.

(1) [11, [12, [29] For n > 3, there are no non-constant entire solutions of
on C.
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Proposition 1.3. (:)[12] The functional equation with n = 2 has the

2w
1+w?

. . 2 .
non-constant meromorphic solutions f = 1+w2 , where w 1s an

arbitrary meromorphic function on (C.
(#9) [3, [I)] The functional equation with n = 3 has the non-constant mero-

morphic solutions f = 2p(h) (1 + pff)), g = 2p1(h) ( - %), where o(z)
denotes the Weierstrass elliptic o-function with periods wy and ws is defined as

Bo(z;wlaw2)=zi2+ > {( ! 5 — ! 2},

ity (o Fvw)” (uwn + vw2)

and g =

which is even and satisfying, after appropriately choosing wi and ws, (p')? =
403 — 1.
(#4¢) [11, [12] For n > 4, there are no non-constant meromorphic solutions of

on C.

The above conclusions were also extended to the case of several complex
variables (see [33]). The solutions of the Fermat-type partial difference equa-
tions was originally investigated by Li [23] and Saleeby [32]. In 2008, Li [24]
showed that meromorphic solutions f and g of the Fermat-type functional
equation f2 + g2 = 1 in C? must be constant if and only if 5 f and ag have
the same zeros (counting multiplicities). This shows the relatlonshlp between
existence of solutions and differential operator of solu‘cions.2 Furthern;ore, any
entire solutions of the partial differential equations (g—;l) + (3—;‘2) =1in
C? are necessarily linear [19]. In 2013, Saleeby [34] considered the quadratic
trinomial equations of the form

(1.2) f2+2afg+g®>=1, where a € C\ {£1}

2
and the associated partial differential equations (%) + 2« gz gZ + (%) =1

and proved the following results.

Theorem 1.4. [3]] The entire and meromorphic solutions of have the
following forms respectively

1) f= % (% + f}%), g= % (% - %), where h is entire on C";
2

— 2 —
(1) f = 7&1—0356’ g= 7(05_@2)5, where oy = —a+vVa? —1, a3 = —a—va? — 1
and B is a meromorphic function on C".

Theorem 1.5. [3]] The entire and meromorphic solutions of

ou Ou Ou ou 27 2
(%) + 2« %@+<8y) =1, (z,y)€C  anda e C\ {£1}

have the form u = ax + by + ¢, where a? + 2aab + b* = 1.

From the proof of this result, we observe that under the transformation
f= f(U +V)and g = \}i(U — V), the equation |i transforms into (1 +
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a)U?+(1—a)V? = 1, which is associated with an ellipse in C2. Also f2+2a.fg+
9> = (f — a19)(f — aag), where a1 = —a+ Va2 —1 and ap = —a — Va2 — 1.

Afterwards, Liu and Yang [27] have studied the existence of meromorphic
solutions of trinomial quadratic functional equations and obtained the following
results.

Theorem 1.6. [27] If o € C\ {0,£1}, then equation f(2)? + 2af(2)f'(2) +
f'(2)? =1 has no transcendental meromorphic solutions.

Theorem 1.7. [27] If a € C\ {0,+1}, then the finite order transcendental
entire solutions of the equation f(2)?+2af(2)f(z+c)+ f(z+c)? =1 must be
of order 1.

In [27], Liu and Yang also showed that there exist finite and infinite order
meromorphic solutions of f(z)% + 2af(2)f(z +c¢)+ f(z +¢)? = 1.

In 2021, Chen and Xu [§] considered the following Fermat-type partial dif-
ferential functional equation

(1.3) <a1f(z)+agg—i> +(a3f(z)+a4g—zf?> =1

in C? and obtained the following result.

Theorem 1.8. [§] Let a1, as,as,a4 € C\ {0}. Then any transcendental entire
solution f(z1,z2) with finite order of must be of the following forms:

al a3
-z —_Z
— (2ot 2);

(1) f(z1,22) = im +ne

_ (as-Hal)eL(zHB . (ag—ial)efL(ZFB — Z— 1+ 322
([I) f(Zl,Zz) ~ 2(ara2a3—za1a4) 2(a1azaz—azaiaq) + ne ( 2 ); where
L(z) = a1z21 + az22, on = 24, ag = — i and n, B € C.

In 2022, Haldar and Ahamed [I5] considered the Fermat-type partial diffe-
rential-difference equation

2 2
(1.4) (alAf(z) + agg—zfl) + (agAf(z) + m?—i) =

in C? and obtained the following results.

Theorem 1.9. [15] Let ¢ = (c1,c2) € C?\ {(0,0)} and a1,az,a3,a4 € C such
that D = ajaq — agaz # 0 and a% + CLZ # 0. Then any transcendental entire
solution f(z1,22) with finite order of must be of the following forms:

(1) If co # 0, then f(z1,22) = ﬁ ((ag +iay)el@+A (g — ial)e*L(z)fA)
D (22), where ®(z2) is a finite order entire function in zo with period co, L(2)
oo, A € C satisfying e™(¢) = agtiar—(aatiaz)or _

asz+iaq

I+

121 + agzy with ay =
az—1ia;
az—ia1+(as— wz)oq
(II) If c; = 0, then f(z1,22) = 525 ((as + iay)el()+¥GE=)+A
—(ag —iay)e”LE=YEIZA) 4 §(25), where ¥(z3) is a polynomial in z3, ®(z2)

is a finite order entire function of zo only, L(z) = a1z1 + aoze with ay =
L(c) _ astiai—(astiaz)on az—iay

2 ag, A € C satisfying e = : =

az+iay az—ia1+(as—iaz)aq

21D
2+a2’

a+



Entire solutions for quadratic trinomial partial ...equations in C" 83

In [15], Halder and Ahamed considered the following trinomial partial diffe-
rential-difference functional equations

" (222) 420 (022 (asc 40 +0,52)
+ (asf(z +o)+as aaf()) .

(16) (85“) o (02 (warior + o 2L2)
(s 2LD) 21

(1.7) (a1f(z +¢))* + 2a (a1 f(z + ¢)) <a2§7{ +a3328£(;))
(w2

(1.8)  and  (a1f(z+)* +2a(arf(z + ) <a2ﬁ+a3a f(z))

821 62182’2
af | )\ _
+< 200 T 0202 ) !

in C? and obtained the following results.

Theorem 1.10. [15] Let ¢ = (c1,c2) € C? with ca # 0 and o # +1. Then any
tmnscendental entire solution of (-/ must be of the form

f(z) = N (B e EG=LOFB) _ By e=ULE)=LOFB)) yhere By = asa; +
ias A, By = agaq — iag Ay, L(z) = o121 + asze with ay(# 0), a2, B 6 C
1

satisfying teL(C) = AQB; and a3 A1 Ay = a2 By Ba, where A = Jite =
and Ay =

\/1+oz \/1704 :

Theorem 1.11. [15] Let ¢ = (c1,c2) € C? with co # 0 and o # +1. Then any

tmnscendental entire solution of (@ must be of the form

f(z) = 2fa2a1 (A el(L(Z)+B A2e*1(L(Z)+B))} where L(z) = 121 + Q929
. . . 2L(c) _ Ag(a4A1a§+ia2A2a1—a3.A1)

with a1(# 0),a9,B € C satisfying e 1 (as Aza?—iaa Ay FasAz) and

a%AlAz = (04./4105% + iazAgal — a3A1) (a4A2a% — ia2A1a1 + ag.AQ), where

Ay and Ay are given in Theorem [1.10,

Theorem 1.12. [15] Let ¢ = (c1,c2) € C? with ca # 0 and o # +1. Then any
transcendental entire solution of must be of the form

i) = (cosu(f}%c)w) n sin(L(i}%C)JrB))} where L(2) = a121 + anzs

) 2 .
with oy (# 0), az, B € C satisfying e>1(€) = % and a} = o} (aod + d3),
where Ay and As are given in Theorem [1.10,

Theorem 1.13. [15] Let ¢ = (c1,c2) € C? with ca # 0 and o # +1. Then any
transcendental entire solution of @ must be of the form
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f(z) = % (COS(L(T/);TL(EC)JFB) I sin(L(i}%c)JrB)), where L(z) = a1z + asz

) . ) . A2 s
with a1 (# 0), ag, B € C satisfying e**(¢) = % and ai = of (aja3 + a3),

where Ay and Ay are given in Theorem [1.10

If I = (ir,ig,...,0,) € Z% is a multi-index with length [I| = 7, ij,
then any polynomial P(z) in C™ of degree d can be expressed as P(z) =
Z|d1|=0 arzyt - 0zin ) where a; € C such that a; are not all zero at a time.

Now the results in [8), [I5] motivate us to improve and generalize further. This
can be done by the following ways:

(I) replacing “1” on the R.H.S. in — by the term “e9(*)” | where g(z)
is a polynomial;

(IT) considering more general forms of the differential-difference parts on the
L.H.S. in (L3)-(1.8) and

(IIT) also considering the generalized forms of (L.3)-(L.8) in C" (n > 2).

Note that, one can replace 1 on the R.H.S. in the functional equations —
by any finite order entire function, like, F'(z) such that F(0) # 0 and
attempt to generalize the results in[g| [I5]. Actually, for this kind of functions,
we can easily apply Lemma [2.4] given in the lemma section. In this paper, we
have considered e9(*) on the R.H.S. of equations — only. Thus keeping
all the above facts in mind, in this paper we consider the following quadratic
trinomial partial differential-difference functional equations in C":

(1.9) (alagi,:)> 2 + 2a (al 6;’;2)) (agf(z) +asf(z+c)+ a4%)

2
073

+ <a2f(z) +asf(z+c¢)+ as 32]‘(2)) — 9

2
0zi

(1.10) ai f3(z +¢) + 2aa1 f(z +c) (az 8(;;(1”2) + aga f(z))

022
Af(2) (=) \* _
+ <a2 s + a3 022 =e and

(L11) a2/ (= + o)+ 20a1 f(= + ) (maé[if) +asg ﬂz))

3 821 82’2
() IR _ e
+ <a2 82’1 + a3 82182’2 = ’

where a1, a9, a3,a4 € C\ {0}, @ € C\ {0,%£1} and g(z) is a polynomial in C™.
Furthermore, Theorems [1.8| and motivate us to investigate the solutions of
the following quadratic trinomial partial differential-difference functional equa-
tion in C™:

2
(1.12) (mAf(z) + az%) + 2a (alAf(z) + aQ(‘%fl) (agAf(z) + a4%)

af\* .
+(a3Af(z)+a43fo2) =)

where a1, a9, a3,a4 € C\ {0}, @« € C\ {0,%1} and g(z) is a polynomial in C™.
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Throughout the paper, we denote

1 1 1 1 ~
1.13) A, = + Ay = - and wy = -.
(113) A= ot o Ao = e ~ g Andwn ]; “
_ 1 2 2 _ o3 2 _ 2 _ 1 5
Then A1A; = SA—az) Af + A5 = 55 and A — A5 = i For entire

solutions of equation (1.9]), we obtain the following result.

Theorem 1.14. Let ¢ = (¢1,c¢a,...,¢,) € C*\ O with each ¢; is non-zero for
n>3,7=371¢#0, 7 =>",¢#0 and ar,az,a3,a4 € C\ {0}. Let
y1 = (22,23,...,2n), 51 = (C2,¢3,...,¢n) and f(z) € E5°(C™) satisfies .

Then the following circumstances arise.
(I) If g€ C and e9 = K € C\ {0}, then f(z) has one of the following forms:

(1)

-

‘e%log(_%3 Gaoly) + o5, ifaz+as #0,

az+tas’

Gl(yl)—"_%w—i_k@a ifa'2+a3:0a
f(z) =

where ko, ¢3, ¢4 € C with ¢3 + 2ap3ps + ¢ = K, w = > =12, Gilyr)
(resp. G2(y1)) is a finite order transcendental entire (resp. a finite order entire)

a1¢4 ; _
periodic function with period sy € C" 1\ Q and ¢35 = { aa? ’ Zizz I Zi ; 8:
(1)

(AlKleZ;L:z bizithnt1 Ay Koe™ Y2 bjzj—bn+1) 2

1) = e e ()
V2a
n e Z;}:2 bizj
(a1A2 + (1201141) K10J1€Zj:2 bjzj+bny1 (a1A1 + azclAz) Kow1 o
V2aia27 V2aia27 ’
where bj, K1,Ky € C for2 <j<n-+1, e2j=20i¢ — —Z—i = e~ Xi=2bi% gpd
o(y1) is a finite order entire function with period si;
A1K1623L=1 b Zj+bn+17A2K2e_ Z}L=1 bizj—bpi1 ©1 Jog _ay
(‘[3) f(Z) = ( V2a1by > t+em ( “3)¢(y1)f

where bj, K1, Ko € C for 1 <j <n+1 withb #0, K1 Ky = K, e2i=10i¢ =
ar (%51 — wp? ﬂ), e~ Xjm1bic; — a1 (%bl + 94b7 4 “—i) and Y(y1) is a

as ai as a
finite order entire periodic function with period si;

(II) If g(z) is a non-constant polynomial in C", then g(z) reduces to a linear
polynomial and f(z) has one of the following forms:

(1)

K3 lyn 411y @1 oe (92
F2) = B e Bt 4 B s(-3) gy )
ai
1 L 1
| K +K301 wie? Ti=2 izt 3bni
)
a2T1 a17T1
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where by, Ky, Ka, K3(# 0), K4,&(# 0) € C for2 < j <n+1 withw, = 37, 2j,

I3 L bje; — A K E+A Ko™t As K16+ A Ko ™h
ez 2j=2bi% = ,%7 KKy =1, K3 = 1€ 22 2 LKy = A2 1€ ﬁl 2§
and Yo(y1) is a finite order entire periodic function of period si;

(1I2)

Yoz
2% 1, ag

2K3 15y 4o, .1 e -2
f(z) _ - bSe% i sz]+ébn+1 +€EJ'=2 cj g( 3)\113(y1)’
101

where bj, K1, Ko, K3(# 0),K4,(# 0) € C for 1 < j < n+1 with by # 0,

_ ay Kuby _ asK332 _ asKs )\ — 337, bicy _ AIK EH A KT
KlKg—l, a3 K3 ) da, bl a1 ) =€ J ’K?’_—ﬂ )

K, = Ml&—\/%l&g_l and W3(y1) is a finite order entire periodic function with
period sy. Also g(z) = >0 bjzj + bpta;

(113)
A KyeXi=2bi%itnt Ay KoeXi=2 %% tdnn iog(-52)
2) = 71 + z1+em as/ P
1) V2a1 ' V2ay ' o)
_ (a1A2 + azc141) Kiws X2 bz bnt1 _ (a1 A1 + azc1Az) Kow: ezj=24%
V2a1a27 V2aiazm e~ dnt1
whgre bj,dj, Ki,Ko € C for2 < j <n+1 with K1Ky =1, eiabic — —Z—i,
e2i=2i¢ = —Z—i and ®3(y1) is a finite order entire periodic function with
period s1. Also g(z) = 215 (bj +dj)zj + bugr + dnya;
(11y)
E_nng‘z_"‘rbn-Pl Z_nzl djzjt+dni1 wy _ag
£lz) = A1 Kqz1e%5=2"3%] " AsKoe®i 373 —1—6"11 log( “g)\II5(y1)
V2a;1 V2a1dy
_(a142 +azc1Ay) Kywye>=i=2i% Tt
\/§a1a27’1 ’

where di(# 0),b5,d;, K1, Ky € C for2 < j < n+1 with K1 Ky =1, e2j=20i¢ =
—Z—z, e2j=19i¢ = Z—; (%dl — Z—jd% — Z—f and Us(y1) is a finite order entire

periodic function with period s1. Also g(z) = d1z1 + Z;LZQ(bj +d;)z; + by +
dnJrl;

(115)
f(z) = ArKyexi=1 %7t 4y Koz e2i=2 4%t +en 953 woy)
\/§a1b1 \/5(11
B (alAl + a261A2) KQW1€Z;L:2 djzjtdpia
\/§a1a2n ’

where by(# 0),b;,d;, K1, K2 € C for2 < j <n+1 with K1 Ko =1, e2j=15¢ =
o (%bl — Z—‘l‘b% - Z—?), eXi=2 %% = —2 and Ye(y1) is a finite order entire

periodic function with period s1. Also g(z) = b1z + Z?:z(bj +dj)z; + bpy1 +
dnJrl 5
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(11s)

n 2 s -z Xi2 %) a
f‘(z) _ AlKleE]‘:1 bjzj+bni1 n A2K262321 djzjtdny1 n ezi}:z c;_ log(fﬁ) Uy (yl)’
\/§a1b1 \/iald1

where bj,dj,Kl,KQ e C (1 <j<n+ 1) with by 7£ 0, dq 7é 0, K1Ky =1,
ay (fffn — %b% - %) = eXjm1bici @ (%Ch — Z—jd% _ ﬂ) = e2i=19% gnd

as ’ as al

Us(y1) is a finite order entire periodic function with period s1. Also g(z) =
Z?:l(bj +dj)zj + bpt1 + dntr

Note that Theorem [T.14] is the generalization of Theorems [I.10] and
The following examples related to Theorem [1.14] are reasonable.

Example 1.15. Let ¢ = (cy,c¢2,c3,¢4) € C* such that Z?:Q ¢; #0, a =3,
¢€=1,K; =2and Ky = 1/2. Then K3 = (5/2—6)/16 and K, = (5v/246)/16.

zo+z23+24 2
Clearly, f(z) = Kse1t3zt3zatizti 4 ooirares tos( 3)G(22,2’3,Z4) satisfies

(1.9) with a; =7 (1 < j <4) and g(z) = 221 + 322+ 23+ 524 + 7, where G is a
finite order entire function satisfying G(z2 + ¢2, 23 + ¢3, 24 + c4) = G(22, 23, 24)
and ecit3czticaties — (14 30v/2)/21.

Example 1.16. Let ¢ = (cy, co, c3,¢4) € C* such that co+c3+c¢4 # 0. Let a =
§,K1:2andK2:l ThenAlz\/g<§—i)andA2 \/;(é—l—%)

z1+220+4+3z93+4z4+7 zo+z3+2
Clearly, f(z) = (3= Z>€12\; P | eSrera P81 G 20, 23, 24)

4 (VBHiePrL T2 T AT o fes 1) witha; =741 (1<j<4)and g(z) =

163
321 4+ 322 + Tz3 + 924 + 15, where G is a finite order entire function satisfying

G(zo+co, 23+ 3,24 +¢4) = Gz, 23, 24), ecrH2eatdcatdes — _7/4 4 4\/3/4 and
ererteatdeatien — 91 /4 — i/3/2.

For entire solutions of equation (1.12]), we obtain the following result.

Theorem 1.17. Let ¢ = (¢q,¢a,...,¢,) € C*\ O with each ¢; is non-zero for
n > 3 and ay,as,a3,a5 € C\ {0} with a? + a2 + 2aaiaz # 0, i.e., (az3As —
a1A1)(a1As —agAy) #0. Let y = (a1a421 + azaszo, 23, -+ , 2n), s = (a1aqc1 +

a2a3C2,C3,+++ ,¢p) and f(z) € E5°(C™) satisfies . Then the following
circumstances arise.

(1) If g€ C and 9 = K € C\ {0}, then f(z) has one of the following forms:
(Iy) f(z) = @li=U2, 4 Q(y), where ¢1, o € C with ¢? + 2ap1 g + ¢ =

aza3
G(y) is a finite order transcendental entire function satisfying asas a(y) =

aiaq 852( Y and

G _
(y + S) al a2as3 al al 821

b2 _aspr —ande a1 0G(y) |

as az2as3 as 822 ’

Gly) — LB o (E + Cl) _ 22 06@)
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(asAy — a1 Ag)KyeXi=1%%ittnt1 _ (a3 Ay — ay Ay) Ko™ 2i=15% ~bnt1
V2(azazby — a1asbs)

where bj(l <ji<n+ 1),K1,K2 € C with K1 Ko = K, asazby — aijagbs 75 0,
U(y) is a finite order entire function with

f(z) =

+¥ (y),

ov(y) oV(y)

. az OV (y)
—Z = qqay L7 \JJ
(92’1

and U(y + s) — U(y) = _ 0%y

azas3
82’2 ay 321 as 822

AlSO ezyzl bjCj _ 1 = asbo A1 —ashy Ao and e 27:1 bjCj _ 1 = asbi A1 —asbs Ao
alAg—a;;Al a1A1—a3A2

(II) If g(z) is a non-constant polynomial in C", then g(z) reduces to a linear
polynomial and f(z) has one of the following forms:

lzyz bizi+ib,
(I) f(z) = HasKazarKoe? =L 50 B 4y (y), where bj(1 < j < n +1),

(azazbi—aiasbsz)

K1, Ko, K3, Ki, (£ 0) € C with KKy = 1, Ky = 2SIt e, o

2
—1
%, asKs3 — a1 Ky # 0, asaszby — ajasbs # 0 and ha(y) is a finite
order entire function satisfying a2a33%272(1y) = a1a48g27z(2y) and

ha(y + ) — ha(y) = 202K Z @0 Ky vinsigonyy a2 Oh2(y)

az2a3b1 — ai1asbs a1 Oz
15 o _
Also g(2) = 301 bjzj +bny1 and e? Ljmabics 1 = aaloba—aa faby
(1I)
azAr — a1 As Kyexi=1bi%itbni1 asAz — a1 Aq Koe2i=14jzjtdni1
fz) = | ) ( ) +x (),

V2(a2a3by — arasbs) V2(azasdy — arasds)

where b, d;, K1, Ko € C for1 < j < n+1 with K1 Ky = 1, asazbi —aiasbs # 0,
asazdy — ayjagds # 0 and x(y) is a finite order entire function with

X Y) az 0x(y) as Ox(y)
s d _ = _RIAY) MO
4243 821 araa 622 an X(y + S) X(y) aq 82:1 as 822
Also g(2) = Z;;l (bj +dj) zj + bny1 + dnya, eXi=1bi% _ 1 = %

and 62?:1 dej _ — a4d2A2—a2d1A1
- a1 A1 —azAs ‘

The following example shows that the forms of the solutions in Theorem

[[-17) are precise.
Example 1.18. Let a = —%7 Ki=1and K9 =1. Then 4; = \/g(—g - )
and Ay = \/g(§+%) Let a; =as=a4 =1, a3 = —1 and ¢ = (¢1,¢2,¢3) €

2
C? be such that e2c1t3catdes _ 1 — % — %z and ebertTezt2es _ 1 =1 4 24/3;.

Clearly f(z) = fe?s1t3ztizats o L batT2a+22:13 gatisfies (1.12) with g(z) =
Tz1 4+ 1029 + 623 + 8.

NS
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For entire solutions of equation ([1.10f), we obtain the following result.

Theorem 1.19. Let ¢ = (¢1,¢2,...,¢,) € C"\ O and a1,az2,a3 € C\ {0}. Let
f(z) € E°°(C™) satisfy ' Then the following circumstances arise.

(I) If g€ C and e9 = K € C\ {0}, then f(z) has one of the forms:

z) = A1K1€ZJ 1bJ(Z'_CJ)+b"+1+A2K28 21t (i) b where b 1 <3<
V20, 5 J
. n by b1)A
n+ 1)K, Kz € Cwith by # 0, K1Ky = K, X5 te = (wbitabih
a1A1

L7 y -
(T when each ¢;’s is non-zero for n > 3, otherwise f(z) is of the

form f(z) = ﬁ (A1K1€P(Z_C) +A2K26_P(2_C)), where P(z) is a polyno-

mial satisfying ePeto)=P(z) — 41 (“ {a P(z) + (8(1;(12)) } + azaP(z)> and

Ao ay azl a; Oz

GP()-Pete) _ A (as [ (0P@)? _ 2P | _ wmoPe) .

Az a 021 8zf a; 0z ’
(II) If g(z) is a non-constant polynomial in C™, then f(z) has one of the fol-
lowing forms:
(IL) f(z) = Zse , where K, Ko, K3,& € C\ {0} such that K1 K, = 1,
K; = Ml&—fﬂ{"‘&_l, AK€+ A1Koé~t = 0 and g(2) is a non-constant

g9(z—c)
2

polynomial in C" with 2a; =5 g(z) + as (agz(f)) + 2as & g(z) =0;

(IL) f(z) = Hae? Eﬁ=1”j<2f‘°‘f>+§”"+l, where bj,Kl,Ka,Kg@é 0), Ka(# 0),£(#
0)€C for 1 <j <n+1 withby £0, KiKyp =1, Ky = 2080 j,
A2K15_‘7§1K2£ 1’ e? Zj 1036 = Iigi (2‘7;21[) + a3 b2) and g(z) = Zl bjzj +bn+1;

]:
when each ¢;’s is non-zero for n > 3, otherwise f(z) is of the form of (II;),
where g(z) is a polynomial satisfying <2'ff agz(f) + 1= {(aagz(f)> + 282 (z) })

_ K, 9Gto—g(=)

= K—‘;e 2 5
AK SEJ 1 bj(z5— )+bn+1+A K eEJ 1 dj(z5—cj)tdppr

(113) f(Z) = S \/§a12 2 ’ where bjadijla

KoeCforl1<j<n+1withb #0,d #0, KjKy = 1, eXi=1ti% =

% e dic; — (asdf;%)fh and g(z) = 0 (bj + d;)zj + bas1 +

dn+1, when each ¢;’s is non-zero for n > 3, otherwise f(z) is of the form

flz) = % (A1 K179 + Ay Koem2(Z9)) where v, (2) (k = 1,2) are poly-
2

nomials satisfying etz = o (cu {8 T+ (g%’l“) }—l— ngl’f) with

o] = Al/Ag = a;l.

Remark 1.20. In partlcular, if we choose g(z) = 0 in Theorem then K =1
and (L.10) becomes (L.7)). If K; = K> = 1 and n = 2, then from (I) of Theorem

[1.19] we have
2 . 2
cos (Z] 1di(zj —¢j) + d3) . sin (Z].ZI dj(z; —¢j) + d3)
2(1+ a)as 2(1 — a)as

(114) f(2) =

)
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where b; = id; € C for 1 < j < 3 such that dy # 0, af — d3 (a3d} + a3) = 0
203" djc; _ (azdi—ia VA2

and e** =1 %% = 7((12(11“&2)14%.

improvement of Theorem

In this sense, Theorem [1.19|is a significant

The following example related to Theorem [1.19]is reasonable.

Example 1.21. Let ¢ = (c1,c0,¢3,¢4) € C*\NO, a = 3, £ = 1, K; =
2 and Kp = 1. Then K3y = 220 and K, = 2ZE. Clearly, f(z) =
w\g#e%{?’(zl_Cl)+2(z2_02)+5(z3_03)+7(Z4_C4)+1} satisfies the equation (|1.10) with
9(2) =321 + 222 + 523 + Tzu + 1, a1 = 2,02 = T,a3 = 3,b1 = 3,02 = 2,b3 =
5,by = 7,bs = 1 and ez Bert2e2t5es47es) — 69(43 — 304/2)/56.

For entire solutions of equation (1.11]), we obtain the following result.

Theorem 1.22. Let ¢ = (c1,¢2,...,¢,) € C"\ O and a1,a2,a3 € C\ {0}. Let
f(z) € E°(C™) satisfy (m Then the following circumstances arise.

(I) If g€ C and e9 = K € C\ {0}, then f(z) has one of the forms:

Y0 _1bj(zj—cj)Fbpiy YR _1bj(zj—ci)—bpi1 .
f(z) _ Ai1K emi=t7d ©3Tn }13 s Kpe >i=1"7 cj)=bn . where bj(l <<
1

1), K1, Ky € C with by # 0, K1Ky = K, eXi=1%% = 7(“31’1”;3;1’1“1 —
m, when each ¢; is non-zero for n > 3, otherwise f(z) is of the
form f(z) = f%m (AlKleP(zfc) +A2K267P(Z76)), where P(z) is a polyno-

mial satisfying eFGte)=P() = AL (as {QQP(Z) 4 9P(2) ap(z)} + aiLP(Z)) and

Ay \ay | 021022 Oz1 Oza ay 0z

eP(2)—P(z+c) — Az (ag [OP(x) OP(z) _ 92P(2) | _ ay OP(2) .
A \ay 0z1 Ozo 0z1029 ay Oz ’

(I1) If g(z) is a non-constant polynomial in C™, then f(z) has one of the fol-
lowing forms:

(IL) f(z) = f—f’eg(?c), where K1, Ko, K3,§ € C\ {0} such that K1 Ky = 1,
K; = L\gﬂ(g{l, AK€ + A1 K6~ = 0 and g(2) is a mon-constant

2
polynomial in C™ with 2az 8g§f) + as 6g§f) agZ) + 2a3 ngéz =0;

(IL) f(z) = Koz ZimbsGame)tabors where by, Ky, Ky, Ks(# 0), Ka(# 0),

E(#0)€C for 1 <j<n-+1 withb, #0, K1K2=1,K3=%f;ﬂ<25‘1,

Ky = —AzKlgtglKQF and e* Zi=1bi¢% = Ilgi <2a1b1+ b1b2) and g(z) =

Z?Zl bjz;j + bny1, when each ¢; is non-zero for n > 3, otherwise f(z) is of the
form of (II,), where g(z) is a non-constant polynomial satisfying
Ks (ﬂ 99(2) | as {ag(z> 99(2) | 9 0%9(x) }) = Rtg=e)

K4 2CL1 6z1 4(11 821 822 821822

SNy bi(zj—cj)tbnt SNy dj(zj—cj)tdpq
(1) f(z) = Afae tAs Koe ™I , where b;, dj, K1,

V2a1
Ky eCforl<j<n+1withb #0,d #0, K1K2 =1, eE:-—lb*Cj =
(a3b1b2+a2b1)A1 eli—14i% = (azdidatazdi)As and g b —|—d
ayAs a1 Ay

bnt1 + dnt1, when each c¢; is non-zero for n > 3, otherwzse f{ 18 of the form
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f(z) = #al (A1 K179 + Ay Koer2(Z9)) | where v, (2) (k = 1,2) are poly-
nomials satisfying eVxZTe)— () = o (“3 {8‘215’;2 gZ’l‘ O } gZ’“> with

[e%1 :Al/Ag :Ozgl

Remark 1.23. In particular if we choose g(z) = 0 in Theorem_, then K =1
and (|1.11)) becomes (1.8]). If K7 = K2 = 1 and n = 2, then from (I) of Theorem
1.22] we have f(z) is in form of (1.14) with b; =id; € C for 1 < j < 3 such

i dje sdy—iaz) A :
that di # 0, a? — d? (a3d3 + a) = o and 2 Zi-1dici — % In this

sense, Theorem [T.22] is a significant improvement of Theorem

The main tool of this paper is to consider both difference and differential
operator in the functional equations by making use of Nevanlinna theory and
the recent result on difference logarithmic derivative lemma of several complex
variables [7], [20]. For recent development of the topic, we refer to the articles
[1, 2, [ 4, [5, O] T4] and references therein.

2. Some Lemmas

In the above section, we have studied some recent significant contributions
related to transcendental entire solutions of some binomial and trinomial partial
differential and differential-difference functional equations in several complex
variables [8, 13} 28], 28] 37, 38|, 40, [41] [39]. Note that, all the researchers used
the following lemma to prove their results.

Lemma 2.1. [30] If g and h are entire functions on C and g(h) is an entire
function of finite order, then there are only two possible cases: either

(i) the internal function h is a polynomial and the external function g is of finite
order; or else

(i) the internal function h is not a polynomial but a function of finite order,
and the external function g is of zero order.

Remark 2.2. Clearly the Lemma holds on C but researchers used Lemma
to prove the results on C". We think Lemma [2.1] may be true on C" but it
should be proved on C™ before it is used. To avoid this kind of ambiguity, we
use here some other supplementary results in C”.

The following are relevant lemmas of this paper and are used in the sequel.
Lemma 2.3. [[18], Lemma 3.1 ] Let f; # 0 (j = 1,2,3) be meromorphic

functions on C™ such that f1 is not constant, and fi + fo + f3 = 1, and such
that

3
> {Na(r,05 £5) + 2N (r, £5)} < XT(r, f1) + O(log™ T(r, f1)) holds,

Jj=1

where X < 1 is a positive number. Then either fo =1 or f3=1.
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Lemma 2.4. [22, [31, [36] For an entire function F' on C™, F(0) # 0 and put
p(np) = p < oo. Then there exist a canonical function fr and a function
gr € C" such that F(z) = fr(2)e9"). For the special case n = 1, fr is the
canonical product of Weierstrass.

Lemma 2.5. [[I8], Lemma 8.58 | If g is a transcendental entire function on
C™ and if f is a meromorphic function of positive order on C, then fog is of
infinite order.

Lemma 2.6. [[I8], Lemma 3.59 | Let P be a non-constant entire function in
C™. Then, order(e?) = deg(P) :4fPis qpolynomzal,
400 : otherwise.

Lemma 2.7. [[18], Theorem 1.106 | Suppose that ag(z),a1(2),...,an(2) (n >
1) are meromorphic functions on C™ and go(2), g1(2), - .., gn(2) are entire junc-
tions on C™ such that g;(z) — gr(2) are not constants for 0 < j < k <
n. If the following conditions Z?:o a;(2)e%®) = 0 and T(r,a;) = o(T(r)),
Jj=0,1,...,n hold, where T(r) = min T(r,e% %), then a;(z) =0 (j =

0<j<k<n
0,1,2,...,n).

Lemma 2.8. [[6], Lemma 3.2] Let f be a non-constant meromorphic function
on C". Then for any I € Z1, T(r,0" f) = O(T(r, f)) for all r except possibly
a set of finite Lebesgue measure, and where I = (i1,1z,...,1,) € Z} denotes a

multiple index with |I| =iy +ig+---+in, Zy = NU{0}, and &' f = 5 ollly

zyt Oz

3. Proofs of main theorems

Proof of Theorem .14l Let f € &;7°°(C") satisty (1.9), where g(z) is a
polynomial in C™. Now the following circumstances arise.

(I) Suppose g € C and e = K € C\ {0}. Let a4 Bgz(f) = %(U +V), a2 f(2) +

asf(z+c) + a4828£(;) = %(U — V), where U,V € &<*°(C"). Now 1) can
be written as

A+a)U’+(1-a)V’=K
(3.1) = (Vi+aU+ivi—aV) (Vi+aU —ivV1—aV) =K.

As U,V € &<°(C"), so V1 + aU £iy/1 —aV € &<°°(C") and have no zeros
in C™. So in view of the Lemma from (3.1)), we have

VItaU+ivi—aV = Kief® and v1+alU —iv1 faV:ng*P(Z),

where K, Ko € C\ {0} such that K; Ko = K and P(z) is an entire function in
C™. Thus, we have

P(2) —P(2) P(z) _ —P(z)
(32) Vi4aU= Kie J;ng and vV1—aV = Kic QiKze .

Since U,V € &<*°(C"), so in view of Lemmas and we get from
(3-2) that P(z) is a polynomial in C™. The following cases arise separately.
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Case 1. If P(z) is constant, then from (3.2), we have /T + aU and /1 — aV
are both constants, say ¢; and ¢, respectively, where ¢1, o € C with ¢? +¢3 =

K. Thus

af(z) 1 b1 d2 \ _ N
(3:3) M0z _\/§<\/m+m>_¢3ad
’f 1 ¢ b B
(3.4) af(z) +a:f(z+¢) +as 922~ V2 \Vita JVi-a) be

where ¢3, ¢4 € C with ¢2 + 2ad304 + ¢7 = K. From and ., we have
flz+c¢)=—-2f(2)+ % Since % = ¢— we express f( ) as
£2) Gl(y1)+ ¢4w+l€0, ifas + a3z =0,
z) = wy
67 _“33G2 y1) & if as + a3 ;é 0,

aztag’

where ko € C, w = 370 25, 7 = 30165 # 0, 1 = 37 5¢ # 0, Gi(y)
(resp. G2(y1)) is a finite order transcendental entire (resp. a finite order

entire) periodic function in zy,z3,--- , 2, with period s; € C*" 1\ O and
a1 : _
¢3: #7 }fa2+a3_07
0, lf a2 —+ as 7£ O

Case 2. If P(z) is a non-constant polynomial in C"™, then from (3.2), we get

(3.5) ‘giz) - \/% (AlKleP(z) +A2K2e*P<Z)) and
1 al
?r 1 P(z) —P(2)
(3.6) agf(z)+a3f(z+c)+a4a—zf—ﬁ (AgKle + A1 Koe )7

where Ay, A are in (1.13]). Differentiating partially with respect to z; on both
sides of the first equation of (3.5)), we get

9%f(2) 1 IP(2)
3.7 = A1 K eP®) — Ay Kope P&)) 2222
(3.7) 022 V2ay ( e e ) 0z
From (3.6) and (3.7, we deduce that
) A2 . a4A1 BP( )) P(2)
(3.9) 0af () + asfe 4 0) = Ko (2 = UL OPE)) o
A1 a4A2 8P( )) —P(z2)
K> .
- (\f - V2a1 0z ‘

Differentiating partially (3.8]) with respect to z1, we get

a28f(z) af(z—i—c) — K" Az OP(2)  as/y (3P(z)>2 aay y
0z1 0z1 \/i 0z1 \/§a1 0z1 \/5(11

39) 82P(z)> Ky <a4A2 9°P(z) A1 0P(z)  asAs (ap(z)) > .

62% ﬁal azf ﬂ 821 ﬁal 821
From and (| -, we get

AK
(3.10)  M(2)ePB)=PEH0) 4 N(z)emPE=Pl+e) AiKi e 2Pt =
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where

_ a1 [(A20P(z) as (OP(2) 2 _ %82P(z) _az
(3'11) M(Z) - as <A1 821 al ( 821 al azf ail and

o CLle a4A2 02P(Z) aP(Z) a4A2 (’)P(z) 2 CLQAQ
(3.12)  N(z) = as K1 <a1A1 022 0z a1Ad; \ Oz a1 Al )

From (3.10)), it is clear that both M (z) and N(z) are not simultaneously identi-
cally zero, otherwise we arise at a contradiction. Let M;(z) # 0 and Ny(z) = 0.

Then from (3.10)), we get

_ A2 K> _op
M P(2)—P(z+c) _ 2P(z+c) =1
1(z)e 1K

(3.13) = M, (z)e" ™ — %efﬂzﬁ%) — Pt =,

From (3.13), it is easy to see that P(z) — P(z+c) is a non-constant polynomial,
otherwise e~2P(*%¢) ig identically a constant, which contradicts the fact that
P(z) is a non-constant polynomial. Also, P(z) + P(z + ¢) is a non-constant
polynomial. In view of Lemma and , we get M;(z) = 0, which is
a contradiction. Similarly, we get a contradiction whenever M(z) = 0 and
N(z) # 0. Therefore, M(z) # 0 and N(z) #Z 0. Since e~ PP+ and
e~2P(=+¢) are not identically constants and it is easy to see that

N (T,M(Z)ep(z)_P(Z+c)) - N (T7N(Z)6—P(z)_p(z+c))

A K _ 24c z)—P(z+c
N (T’_A?Kie 2P(z+ )) - N (T,O;M(Z)ep( )—P(+ ))

A2 K.
. ) —P(2)—P(2+¢)\ _ L A2hR2 _2P(z4c) _
= N (0N (e ) =N (1m0 =GR — s ().
where £(z) is either %6_213(’“_0) or N(z)e P)=PE+e)  In view of Lemma

and , we get

(3.14) M(2)eP@=PERD) = 1 o (PEFI=PE) = pr(y),

In view of (3.10) and (3.14)), we obtain

— — A2K2 —9op P(z)—P A1 K1
1 P(z)—P(z+c) (z+c¢) (=) (z+e) — N .
(3.15)N(2)e = 1K e =e = LK, (2)

From and (3.15), it is clear that P(z 4+ ¢) — P(z) is a constant, say k.
Since each ¢; is non-zero for n > 3, it is easy to see that P(z) = Z?Zl bjzj +
91(t) + bpt1, where g1 (t) is a polynomial in ¢ := dyz1 + da22 + . .. + dy 2, such
that dicy +deca + ...+ dpe, =0, b;,d;, b1 € C (1 <4 <n). From 7 we
have

aqd] "(t) — @2 _ 93 37 bjes
a1 ay aq

A a
(b digi (1) = = (by + dig; () -
1 a
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By comparing the degrees on both sides, we get that deg(g:(¢)) < 1. For
simplicity, we still denote P(2) = 377 b zj + byy1, where b; € C (1 < j <

n+ 1) such that 377, bjc; = k. From and ( -7 we deduce that
(3.16) e

where b; € C (1 <j <n+1). Now we will discuss the following two cases.
Sub-case 2.1. If by = 0, then from (3.5) and -, we get ay = *as and
(3.17)

fz) =

1 n n
\/5 (AlKlerzg bjzj+bni1 + AQKQB_ ijz bjzj_b"+1> 21+ @(yl)’
ai

where ®(y;) is a finite order entire function of zg, 23, - - , z,. Using (3.16]) and
(13.17), we get from ([3.6) that

a2®(y1) + as®(y1 + s1) =

(a1A2 + azec1 A1) Ky =7

J=2bjzj+bnp1
V2a;
(0rAr+ a2 4) Ks 5 0oyt
V2a,

+

We express ®(y;) as

@1 jog(— 22 A A K np
B(y)=enr ! s( “§)¢(y1) (@l t a0 dy) L exi=2bizithn1
\/511111271
(@A tasciAo) Ko _sn g,

wie
V2aiazm

where 71 = >0, ¢; and ¢(y1) is a finite order entire periodic function with
period sj.
Sub-case 2.2. If by # 0, then from (3.5)), we get

(3.18) f(z) =

\/51 b (AlKleE?:l bizitbnir _ Ay Kpe 2= bjzj_b”“) + ¥ (y1),
a101

where W(y;) is a finite order entire function of 22, 23, ,2n. Using (3.16) and
3.18]), we get from 1) that U(y; + 1) = —2U(y;). If az + a3 = 0, then
V(y1) is a finite order entire periodic function Wlth period s1. If ag + az # 0,

. ﬂlog(,ﬂ) n
then we express ¥(y;) as ¥(y;) = e™ “/9¢(y1), where 1 = >0, ¢,

¥(y1) is a finite order transcendental entire periodic function of 29, 23, , 2,
with period s; € C"~ 1\ O.

(II) Suppose g(z) is a non-constant polynomial in C™. Let a; 9/(z) %(U +

0z1
V), a2f(2) +asf (z+0) +as T = (U~ V), where U,V € §<(C"). Now
(1.9) can be written as
<\/1+ocU .\/1—aV> <\/1+aU m‘/) )

PO R ——Te) =) o)
e 2 e 2 2 e

(3.19)

(&
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As U,V € &<=(C™), so Vlj('“)U +1 Vlﬁv € &7°°(C™) and have no zeros in

C™. So, in view of Lemma and 7 we get
Vi+aU J/1—aV P(2) VitaU J/1—aV
= K1€ and

9(z) t 9(2) 9(2) — 9(z)
e 2 e 2 e e 2

— KQG_P(Z)

bl

where K1, Ko € C\ {0} such that K; K =1 and P(z) is an entire function in
C™. Thus, we have
(3.20)
Kien(®) 1 K, er2(2) K.en() _ Koerz(2)
vVi+aU = 1 + Hac and v1—aV = L¢ 2¢

2 2i ’

where v1(2) = P(z) + @ and v2(z) = —P(z) + #. Since U,V € &< (C"
and ¢(z) is a non-constant polynomial in C", so in view of Lemmas
and we get from that P(z) is a polynomial in C™. Thus from ([3.20)),
we deduce that

71(2) v2(2) 7(2) _ v2(2)
(321) alm — L (K1€ + Kze + Kie ' Kse )
02 V2 2V1+a 2/T—a
1 R :
= E (AlKle’h( ) 4 AgKope2( )) and
(3.22) a2 f(z) +asf(z+c) + a4ﬂ = — (A2K1671(z) + A1K2672(Z))
aZ% \/§ )

where Aj, Ay are in ([1.13)). Differentiating partially with respect to z; on both
sides of the first equation of (3.21)), we get

32f(z) _ AlKle"/l(Z)agliz(lz) + A2K2672(z)3’é27?
82% \@al

Using (3.23)), we deduce from ([3.22) that

(3.23)

(3.24) asf(2) + asf(z +c) = K;e® (% - il/%ill 3212(12’))
va(z) Al _ a4A2 8’72( ))
w0 (- G )

Differentiating (3.24]) partially with respect to z1, we get

82’1 82’1 \/5 821 \/5(11 821 \/Eal x

A1 972(2)  asAs (372(2))2 _asAz 3Pa(2)
\/5 0z \/§a1 0z \/§a1 82% '

ROM ww+@_mw@<&amamm<mm02aml

(3. 25)72( )> + Fpe™™) <
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From (3.21)) and (3.25)), we obtain

AIKIGM(Z) + A2K26W2(Z) A1K1671(Z+C) + A2K26“/2(Z+C)
as + a3

\/ial \/5(11
= gem® [ A20mn(z)  asds (371(2))2 _aads Pn(z)
B V2 021 V24, \ 0= V2a; 0zf
Ko [(AL072(2) _ asds (aw(z))Q _ads Pa(z) |
V2 0z 24 \ Oz V2ar 023 )T
(3.26) My (2)671(2)*71(2+C) + Nl(z)e'vz(Z)*’Yl(erC) _ As Ko g2zt —m1(z+e) — 1,
A1K1
where
ar (A2 0v1(2)  as (01(2)\° a1 Pni(z)  az
.2 M == == - = e R o oA
(3 7) 1(2) as (A1 821 al 821 al 62% al and

o CL1K2 872(2’) CL4A2 8’72(2) 2 _ a4A2 82’)/2(2) azAz
(3.28) Ni(z) = ( Py i = el B

a3K1 821 B a1A1 82’1

We will discuss the following cases.
Case 1. If e72(3+¢)=7(3+¢) g 3 constant, i.e., y2(2+¢) — 71 (2 +c) is a constant,
say k € C. Then fP(z+c)+MfP(z+c)—@ =k= P(z+c) =%,
a constant. From and , we have

9(z)

7]
(329) alaiz;fl = ng 2

0% f a(2)
andagf(z)+a3f(z+c)+a4@:K46 z,
1

where K3 = M1§+—\%2K2§_17 K, = 142K1§+—\21K2€_1’ e 5 — £(#0). If K3 =0,

then by Case 1 of (I), f(z) is easily obtainable. Therefore we consider K3 # 0.
From (3.29)), we deduce that

a1 (K4 0g(2)  asK3 <8g(z))2 Ky 9%g(z) agKg) _ ew

a3K3 7 821 4a1 82’1 B

3.30)
( / 2a1 023 a1

9(z+e)—=g(2)
pl

Since ¢(z) is a non-constant polynomial, from 1D it is clear that e
must be a constant, i.e., g(z + ¢) — g(z) is a constant, say K5 € C. By using
similar arguments as Case 2 of (I), we have g(z) = Z?Zl bjz; + bpy1, where

bj e Cfor1 <j<n+1 with 2?21 bjc; = Ks. From (3.29) and (3.30), we

deduce that

(3.31) of _ ﬁ€%2?=1bjzj+%b"+l
82:1 a1
ar  (Kyby  agl3 o aoK3\ _ iy g
(3.32) and 0k < 5 ta, by o )= €22 .

The following cases arise separately.
Sub-case 1.1. If b; = 0, then from (3.31)) and (3.32), we get

K. n 4
f(z) = 7321@% T2 bizit b 4 W1 (y1) and e Ximabies = —az/as,
a
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where Wy (yp) is a finite order entire function of 23, z3. .., z,. From (3.29)), we
deduce that asWq(y1) + as¥i(y1 + s1) = 4(‘111{4';?201&) 1 3 X520zt 3bnt1 We
express Vq(yp) as

\1’1(?11) = e% IOg(7%>W2(y1) _ (1(4 + K3Cl) (JJ16% Z?:z bjzj+%bw,+1’

a27T1 a171

where 71 = 2?22 ¢;, ¥a(y1) is a finite order entire periodic function of 29, 23, . . . , 25,
with period s; € C*~1\ O.
Sub-case 1.2. If by # 0, then from (3.31)), we deduce that

2K ol
(3.33) f(z) = albi’ezz S LIRS

where go(y1) is a finite order entire function of zs,23,...,2,. Using (3.32),
(3.33) and from the second equation of (3.29)), we deduce that go(y1 + s1) =

w1
—a292(y1). We express ga(y1) as ga(y1) = eﬁlog(_
> i—a ¢ ¥3(y1) is a finite order entire periodic function with period s;.
Case 2. Suppose e72(3+¢)=71(2+¢) jg non-constant. From , it is clear that
both M;(z) and Ni(z) are not simultaneously identically zero, otherwise we
arrive at a contradiction. Let M;(z) # 0 and Ny(z) = 0. Then from (3.26]), we
have

ﬁ)\Ilg(yl), where 71 =

A K
M (e =mGre) _ 4282 eie)—mi(zt+e) — 4
1(2)e AK€ ’
A K
(3.34) ie., My(z)em(®) — ﬁw(”c) —emta =,

From (3.34)), it is clear that 1 (z) — v1(z + ¢) is not a constant. We also claim
that v2(z + ¢) — 71(%) is not a constant. If not, let v2(z +¢) — 11 (2) = k =
Y2(z + ¢) = 71(2) + k. Then from (3.34)), we have

A K zZ)— zZTc
(Ml( ) - Az k) N =mte) — 1

which is a contradiction, since v;(z) — v1(z + ¢) is not a constant. By using
Lemma and , we get My (z) = 0, which is a contradiction. Similarly,
we get a contradiction when M;(z) = 0, N1(z) # 0. Hence Mi(z) # 0 and
Ni(z) # 0. Since e72(*+€)=m(z+¢) js non-constant and it is easy to see that

N(r, Mi(z)e vl(Z)—71(2+C)) N(r, Ni(2)e v2(z)— “/1(Z+C))

A2K2 _
- N 72(Z+C) Y1 (2+c) 0; M Y1 (2) =71 (2+¢)
( AlKl T ! ) )

- AsK.
= N, 0 Ny ()€ =40y _ (T 0; 422 - 71(Z+C))

s A2K2 e2(z+e) =71 (z+e)
A K1

N———
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In view of Lemma and (3.26)), we get that either M (z)e7(z)~m(z+e) =1
or Ny(z)er2()—mn(zte) = 1,
Sub-case 2.1. Let M;(z)e"(*)=711(>+¢) = 1, From (3.26)), we have

A1 K,
As Ko

where M;(z), N1(z) are given in (3.27) and (3.28]) respectively. From above
two relations, we have both 1 (z) —v1(z+¢) and y2(2) —y2(2+¢) are constants,
say &1 and & respectively, where &1, € C. By using similar arguments as
Case 2 of (I), we have v1(2) = Y27, bjzj +bny1 and 72(2) = Y27, djzj +dnta
with Z?:l bjCj = —51, Zr‘l_l dej = —52. ThUS,

=

N, (2)6’72(2)—72(24-0) =1,

ar (Acp _aap2 _ az) = o271 bi¢
(3.35) os ot = ) = ’

a (Arg _aag2 _ as) = o3 7o djcy

a3z \ Az ay 1 ay ) — )

From (3.21)), we have

of

(3:36) o

= (ALK TS bt 4 Ay e et ) /(4/2ay).

The following cases arise separately.
Sub-case 2.1.1. If by = dy = 0, then from (3.35) and (3.36), we deduce that

A1 K, 62;:2 bjzj+bni1 A2K2€Z;L:2 djzj+dn41
3.37 z) = 21+ z1+ W and
(3.37)  f(2) o 1 Toan 1+ Ya(y1)
eXi=2%% = _q, /ag = e>i=2 %%

where Ws(y;) is a finite order entire function of z, z3, ..., z,. Using (3.37) in
B2, we get

n o
(a1 Az + azc1 Ar) Kpe>i=2bizjtbnia

a2¥a(y1) + asWa(yr + s1) = NG
al

+ (a141 + aze1 Az) Kpei=24i%itdnia

V2a,
We express ¥a(y;) as

T bizidb
a1 Az -|-CL261141)K1627:2 %5 Ton1 )

\/§a1a27'1

Ua(y1) = e%log(fﬁ)%(yl) !

n . .
(alAl + a201A2) K262.7’:2 d; Z]+d"+1w1

+
V2a1a27m

)

where 7 = 2?22 ¢; and W3(y;) is a finite order entire periodic function with
period s;.
Sub-case 2.1.2. If b = 0,d; # 0, then from (3.36)), we deduce that

A1K162?=2 bjzj+bny1 A2K282?=1 djzj+dn41

(3.38) f(z) o 21 Toards

+ \114(211)7
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where W4(y1) is a finite order entire function of zo, 23, ..., z,. Similarly, from
)

(13.22)) and (3.38]), we deduce that

n . .
(CLIAQ + a201A1) Klezj:’z bjzj+bny1
V2aias7

¢; and ¥5(y1) is a finite order entire periodic function with

w1 log

Va(y1) =em (7%)‘1’5(?/1) -

Wi,

where 71 = 37,
period s;.

Sub-case 2.1.3. If b; # 0 and d; = 0, then by using similar arguments as
Sub-case 2.1.2 of (II), we deduce from and that

Go1bjzi+bn je2 djzitdn

AlKleZ 16525+ bn 1 AQKQ@Z 25 Fdnt
V2a1b; V2a,

(a1A1 + ClgClAz) K1€Ej=2 djzj+dnia

V2aiasm

Ue(y1) is a finite order entire periodic function with period s;.
Sub-case 2.1.4. If b; # 0 and d; # 0, then from (3.36]), we deduce that

ALK e j=1bj%j+bn i1 A2K2€Z;1:1 djzj+dn41
\/5&1[)1 \/5&1(11

where W7 (y1) is a finite order entire function of 2, z3, . . ., z,,. Using (3.35) and
(3-36), we get from (3.24) that ge(y1 +s1) = —¢2g6(y1). We express ¥7(y1) as

f(2)

21

+e%log(7%)\ll6(yl) — w1,

(3.39) f(2) + Ur(y1),

n )
Xi—2 %

T log(—22
r(yy) = eZi=2" og( QS)\I’S(yl)7

where Wg(y;) is a finite order entire periodic function with period s; € C*~\Q.
Also g(2) = 3771 (bj + dj)zj + bny1 + dpta.
Sub-case 2.2. Let Nj(2)e?2(*)=711(+¢) = 1. From (3.26), we have

A1 K,
A K,

where Mj(z), N1(z) are given in and respectively. Therefore from
above two relations, we have both va(z) — v1(z + ¢) and v1(2) — ¥2(z + ¢) are
constants, say & and &, respectively, where &1,& € C. Now ~v1(2) — v1(z +
2¢) = (n(2) =72z +¢)) + (2(z +¢) =7z +20) = & + & and 72(2) -
72(2 +2¢) = (72(2) = 71(2 + ¢)) + (n(z + ¢) = 72(2 + 2¢)) = &1 + &. By using
similar arguments as Case 2 of (I), we have y1(z) = Z?Zl bjzj + bpt1 and
v2(2) = Z”-L:l djzj+dpy1 with Z?:l 2bjc; = —&1 —&a, Z?:l 2djc; = —&1 —&o.
From (3.40)), we have

(3.40) Ml(z)e'Yl(Z)_'YZ(Z+C) =1,

(3.41) (A—b -G f) i by thna s = 04K 0

From , it is clear that b; = d; for 1 < j < n. Therefore y1(2+c¢) —y2(2 +
c) = Z?:l b (Zj +¢j)+ bt — Z?:l b;(z; + Cj) —dp41 = bpy1 —dpy1, which is
a constant that contradicts the fact that e72(#+€)=71(2+¢) i non-constant. This
completes the proof. O
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It is worth mentioning that, if P(2) is a polynomial in C? such that P(z +
¢)—P(z) = &, where £ € C and ¢ € C?\ {(0,0)}, then P(z) must be of the form
P(z) = a1z1 + azz2 + p(t) + A, where ¢(t) is a polynomial in ¢ := dyz1 + d22
such that dyci+dace =0, a;,d;, A € C (1 < i < 2). Thus P(z2) is not necessarily
linear. But in C"(n > 3) the above conclusion may not hold. For example,
let P(2) = a12123 + asza23 and ¢ = (c1, ¢, c3) € C3 such that ¢; # 0, ¢y # 0,
cs =0 and a1¢1 + azce = 0. Then P(z + ¢) — P(z) is a constant, but we can’t
express P(z) as ajz1 + asza + ¢(t) + A. Thus in C*, if P(z + ¢) — P(2) is
constant, then we express P(z) as P(2) = >i_; a;2; + ¢(t) + A only when
each ¢; is non-zero, where ¢(t) is a polynomial in ¢ := ijl d;z; such that
Z;'lzl dej =0, a;,d;,AcC (1 <3< n)

Proof of Theorem [LL17. Let f € &;7°°(C™) satisfy (1.12), where g(z) is a

polynomial in C™. Now the following circumstances arise.
(I) Suppose g(z) is a non-constant polynomial. Let a;Af(z) + ag%z(f) =
LU +V), asAf(z) + aa¥E = (U — V), where U,V € £<%(C"). By

using similar arguments as in (H) of Theorem , we get

(3,42) alAf( ) + as 85‘2(1 ) \}» (AlKle’YI(Z) + A2K26’Y2(Z>) and
3f( ) _ 71(2) v2(2)
(3.43) asAf(z)+a 922 V3 (A Kie + A1 Kqe )
2

where Aj, Ay are in (1.13), K3, Ky € C\ {0} with K1 Ky =1, v1(2) = P(2) +
98 o (2) = —P(2) + g;) and P(z) is a polynomial in C*. From 1) and
(13.43)), we deduce that

af(z) — aia4 agij) _ a3A1\;§a1A2 Kle’“(z) + agAQ\;ialAl

2
Note that 8 f (z) = 322%2. Differentiating partially 1) and |I with
respect to 22 and z1 respectively, we get

(344) a2a3 K2672<Z).

2 A K en® oG g, g er2(2) 212(2)
(3.45) ai 0Af(2) +a 0 f(z) _ At 9z2 2 922 and
8Z2 822(921 ﬂ
2 Ao e (2) 971(2) + Ay Kope2(® 072(2)
(346) 38Af( ) + a4 6 f(Z) — 2 1 Oz1 1 2 0z1 X
0z1 021022 \/i
From (3.45) and (3.46)), we deduce that
8Af(z) 8Af(z) CL4A1 8’Y1 (Z) azAz 8’}/1(2’) (2)
_ — _ K 71
R ) V2 0z N 1

asAs Oy2(2)  azAi Oy2(z) Y2(2)
(3.47) +< Va 0m B om )T
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Using (3.44]), we get from (3.47) that
a1z —azAy KenG+e) o a14: —azAs Ko 20 | asA1 —a1As Kien®
V2 V2 V2
+(13A2\;§&1Al K2€’Y2(Z> _ <a4A1 6’}/1(2’) o a2A2 8’)’1(2)) K1671<z)

V2 0z V2 0=
n <a4A2 Oy2(2) a2y 872(2)) Kye™?®) =
V2 Oz V2 0=
el (=) (alAl — a3A2)K2 672(z+c) I eWZ(Z) —
en(zte) (a1A2 _ a3A1)K1 e (z+c) + 2(3)W =

(3.48) T1(2) 1,

where
r a4A1%(22) — azAzagliz(lz) — (a3A1 — alAg)
1(2) - a1A2 — a3A1
K> asAsz agi(z) — a2/, 8:;,2;2) —(azA2 —a141)
and Fa(z) = — 2 ! .
Ki a1Az — asA;

We will discuss the following cases.
Case 1. Suppose e72(z+)=7(2+¢) i5 a constant. By using similar arguments
as in Case 1 of (IT) of Theorem we obtain P(z +¢) = —£, where k € C.

From (3.42) and (3.43)), we have

(3.49) a1 Af(z) + azm = ng¥ and agAf(z) + a48f(z) = Kye 2z,
0z1 0z

= —A1K1£+A2K2£71, K4 = —A2K1£+A1K2£717 e_g = é‘(;& 0) From

where K3 7 s

(13.49)), we have

8 a g(z
as afif) — Q104 gij) = (agKg — a1K4)e (2’).

From (3.49) and (3.50)), we deduce that

9g(= dg(z
(3 51) ew = as K3 g§2) B a2K457£1) + (a1K4 — agKg)
- B a1K4 - Q3K3 ’

where a1 K4 — a3 K3 # 0. Since g(z) is a non-constant polynomial, from (3.51])

9(z+c)—g(2)
2

(3.50) as

it is clear that e must be a constant, i.e., g(z+¢) — g(z) is a constant.
By using similar arguments as in Case 2 of (I) of Theorem [1.14] we have

9(2) = 3251 bj%j + bny1, where bj € C for 1 < j < n+ 1. From (3.51), we
deduce that
e% i1 bics 1= asKsby — as Kby

a1K4 - Q3K3

(3.52)

The Lagrange’s auxiliary equations [35, Chapter 2] of (3.50) are
_dzy df

le . dZQ o %

' 1 n RSN § °
a20a3 —a1a4 0 0 (a3K3 — a1K4) ez Zj:l bjzj+5bnt1
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Note that e; = ajagz1 + asasze, e; = z; (3 <4< n)and

1 1
(asKs3 —a1K4)e2 Eie1bizjtabng

af = dz
a2as3
ea— a1<1421
(a3K3 _ a1K4)62(17121+b2( )+b363+ +bnen+bn+1>
— dz1
azas3
15 1
2 (a3Ks3 — a1 Ky) e2 2i=1b%+3bni
= fz) = (a3 K3 — a1 K4) tey.

biasaz — baaias

Note that after integration with respect to z1, replacing e by aja4z1 + asaszs,
es by zs,..., e, by z,, where ¢; € C (1 < j < n). Hence the solution is
U(ey,ea,...,e,) = 0. For simplicity, we suppose

1 n 1
(a2~ — a1 K4 e2 2i=1izitzbni1
(353  f(z) = Ao alyel +he (),

(a2asbi — arjasbs)

where asaszb; — ajasby # 0, az3K3 — a1 K4 # 0, ha(y) is a finite order entire

function in ajasz1 + asaszo, 23,...,2, with agag%z(ly) = ajaq4 6%2(y). Using
(13.52)) and (3.53)), we get from (3.49)) that
haly +5) — ha(y) = 242280 Z 0B sy vinytfon 22 00aly)
a2a3b1 — a1a4b2 aq (92:1

Case 2. Suppose e72(+)=71(2+9) jg non-constant. From , it is clear that
both T';(z) and I'y(z) are not simultaneously identically zero, otherwise we get
a contradiction. Using the same arguments as in Case 2 of (II) of Theorem [1.14]
we deduce from that T';(2) # 0 and T'y(2) # 0. Since e72(3+e)=7(2+e) ig
non-constant, it is easy to see that

N (nrl(z)e"ﬂ(z)—'n(z-ﬁ-@) - N (7", O;Fl(z)e"ﬂ(Z)—'n(z-ﬁ-C))
- N (n FQ(Z)ew(a—wl(zm) - N (7,707F2(Z)EW2(2)—71(2+C))
_N (T (a141 — azAs) K evg(z+c)—m(z+c>>

" (a1 Az — azA1) Ky

(a1Ar —azA2) Ko 1y (z4e)—vi(240)
=N 0: 2 7
( " (a1A2 —az A1) Ka ¢

_ gy (adr a3 A2)Ks oro)m(are) )
’ (a1A2 — a3A1)K1

In view of Lemma and (3.48)), we get that either T';(2)e”(*)=711(3+¢) = 1 or
[y (2)e2(*) =1 (=+e) = 1 Now the following two cases arise.
Sub-case 2.1. Suppose T';(z)e?(*)=711(2+¢) = 1. From (3.48)), we have

a4A2 8;;22(;) - a2A1 67922(1:/,) — (agAg — alAl)
a1A1 — CL3A2

= (o)

By using similar arguments as in Sub-case 2.1 of (II) of Theorem we obtain
Y1(2) = 2510525 + bpr, 72(2) = 2071 djzj + dnyr and g(z) = 307, (b +
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d;)zj + bny1 + dpy1, where by, d; € C for 1 < j <n+ 1 such that

N a1Az—azA;
erZI deJ 1 — l14d2A2 azdlAl
alAl a3A2 :

Z?:l bjc; _ 1= agby A1 —asbi Ag
(3.54) { ¢

From (3.44)), we have

Of . 9f _asAi—a1ds
821 1a 46 z9 \/Q

azAz — a1 Ay

V2
The Lagrange’s auxiliary equations [35, Chapter 2] of (3.55) are

K, e2j=10iZjtbnt1

(355) + K2€Z;‘l=1 djzj+dn+1.

da _ dm _dm 4
asas T —aiay O 0
df

T azAi—aiAs 210z tbng azAs—a1 Ay D1 djzitdntn
7 Kae + s Koe

Note that e; = a1a421 + a2a322, €; = z; (3 <i<n) and

71 Sz n Sz
(azA; — a1A2)K1€ZJ:1 bizj+bnt1 4 (a3 Ag — alAl)KzezFl djzj+dnt1

df = dz1
V2aza3
(asA; — alAz)K16b121+bz(w)+b363+-~+bnen+bn+1
— dz1
V2azas
Ao — a1 A d121+d2(w)+dses+ ~+dpentdni1
+(as 2 —a141)K dzy.
V2azas3
Therefore
2) (asA; — alAQ)K1€Z7 1bizi+bn g1 (asAy — alAl)KQQZ-;Lzl djzj+dpi1 e
= 1,
V2(a2a3br — arasbs) V2(azasdy — arasds)
where asazb; —ajasbs # 0 and agaszdy —ajagsds # 0. Note that after integration
with respect to z1, replacing es by a1a421+asa322, es by zs,. .., e, by z,,, where
ej € C (1 <j <n). Hence the solution is ¥y (eq, eq, ..., e,) = 0. For simplicity,
we suppose
(3.56)

(asAy — a1 Ag)K1eX=i=1%%itnt1 (g3 Ay — a1 Ay) KaeXi=1 %% Tdn1
\/5((12&31)1 — a1a4b2) \/i(aga;gdl — a1a4d2)

f(z) = +x (y)

where asashy — ajagbs # 0, asasdy — ajasds # 0, x(y) is a ﬁnite order entire
function in ajasz1 +a2a322, 23, ..y 2n With agas giy) =aiay 6z . Using (3

and -, we get from and - that

) = -2 Ix(y) _  as0x(y)

X(y+8)_ aq 62’1 as 822 ’
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Sub-case 2.2. Suppose I'y(z)e72(*)=71(+¢) =1 From ([3.48)), we have

o o
a‘lAlng(;) — a2A2g+(1Z) — (a3 41 — a1 4) ﬁeM(Z)*’Yz(erC) =1
a1A1 — a3A2 KQ -

Using the same arguments as in Sub-case 2.2 of (IT) of Theorem we arrive
at a contradiction.

(II) Suppose g € C and e? = K € C\ {0}. By similar arguments as in (I) of
Theorem [T.14] we get

0 1 P _P(s
(3.57) a1Af(z) + a2 gif) = 7 (A1K1€P( ) 4 AyKqpe TC )) and
i 8f(2) _ P(z) —P(2)
(358) CLJAf(Z) + aa 92 = 7\/5 (A2K1€ + A1 Koe ) R

where A;, Ay are in (1.13), Ky, Ky € C\ {0} with K1 K, = K and P(z) is a
polynomial in C™. Now the following cases arise separately
Case 1. Suppose P(z) is a constant. From and (3.58), we have

0 3
(359) alAf(z) + a2 giz) = d)l and CL3Af(Z) +a f( ) = ¢2,
1
where ¢1, g2 € C with ¢2 + 2ad1d2 + ¢3 = K. From 1' we deduce that
8 0
(3.60) 1z) _ ajaq /() _ azp1 — a1 gz.
2 02 0z
The Lagrange’s auxiliary equations [35, Chapter 2] of (3.60) are
dzi _ dzpdzg dzp df
azaz  —ajay 0 0 azpr —argy’

Note that aj1a421+a2a322 = do, dj = z; for 3 < j <nanddf = asbr—aid2 g,

azas

f(z) = @1=ud2 ;) 4 ) where d; € Cfor 1 < j < n. Hence the solution is

aza3

V(dy,da,- - ,d,) =0. For Slmpll(:lty, we suppose that

azp1 — a1¢2
a2a3

(3.61) flz)= z1 + G(y),

where G(y) is a finite order transcendental entire function in aja4z1+asaszo, 23, . . .
2, with asas aaz(y) = aqay4 852( ) From and lb we deduce that
$1 _ azdr —aige <% +C1> _ 22 9G(y)

1

Gy+s)—Gy) =

al azas3 al 821
92 a3z — CL1<Z52C as 0G(y)
= — - — ¢ - ——.
as azas as 0z

Case 2. Suppose P(z) is a non-constant polynomial in C™. From (3.57) and
(3.58)), by using same procedure as in (I), we deduce that

af(2) 0f(z) asAr—a1As . py  azda—a1di . _p(y
.62 3—— — = Kie —K
(3.62) ascas 52 a1a4 5% 7 + 7 2e
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and
3 ( ) 81’( )
a1 T — AT s — (as — a1 d) b piay
a1A2 — a3A1
+a2A1 agz(1> — a4A288PT(:) (agAg — a1 ) K2 _P(2)—P(s+¢)
a1A2 — a3A1 Kl
(3.63) _(a1A1 —a3A2) K> o—2P(He) = 1

(a1A2 — a3A1)K1

In view of Lemmas and and by using similar arguments as in Case 2 of
(I) of Theorem in (3.63), we deduce that P(2) = 3°7_, bjzj +by1, where
b; € Cfor 1 < j <n+ 1such that

(Xiabics _ 1 = asba A1 — azb1 Az and e~ Xi—1bici _ 1 = asbi Ay — a4b2A2.
a1 Az —azAq a1A| — a3zAs

From (3.57)), (3.58]) and (3.62), by using similar procedure as in Sub-case 2.1
of (I), we get

(asA; — a1 Ag) K1eXi=11%itbnt1 _ (a3 Ay — a1 A1) Kye™ 2i=103%"bn+1
V2(aza3br — a1a4bz)
where b](]. <j3< TL+1),K1,K2 € Cwith K1 Ky = K, asazby—ajasbs # 0, \I/( )

f(z) = +¥ (y),

is a finite order entire function in aia421 + asasze, 23, . .., 2n, With asas 8(\91’(1;) =
VW) and @ _W(y) = —w20%() _ Ca 00) Thi lotes th

araq =g = and W(y + s) (y) = —2 5.7 = —22%5,~>. This completes the

proof. 0O

Proof of Theorem [LL19l Let f € &;7°°(C™) satisfy , where g(z) is a
polynomial in C™. Now the following circumstances arise.

(I) Suppose g € C and 9 = K € C\ {0}. By using similar arguments of (I) of
Theorem [1.14] we get

(3 64) a1f z+ C = % A1K16P(z) + AsKse™ P(z>) nd
as 9f(z) +as 82f(22) _ A2K1€P(z) + A Koe™ P(z)
dz1 923 f

where A;, Ay are in , Ki, Ky € C\ {0} such that K; Ky = K, and P(z) is
a polynomial in C™. It is clear that P(z) must be a non-constant polynomial,
otherwise it contradicts that f(z) is transcendental. From first and second
equations of , we deduce that

A [ a3 82P(z)+ OP(z)\* _’_%813(2) el A1 K> RETIE
AQ al (92:% 821 al 821 eP(z+o) A2K1

as ap(z) 2 _ GQP(Z) _ %8P( ) e—P(z)—P(z+c) =1
Ki\a 021 022 a1 0z -

(3.65) +22 (¢

In view of Lemmas [2.1] and and by using similar arguments as in Case 2 of
(I) of Theorem in (3.65), we deduce that P(2) = Y°7_, bjzj +by11, where
bj € C for 1 < 7 <n+ Isuch that

(a;;b% + azbl)Al and e— ST bey (a3b% — azbl)AQ

3.66) eXi=1b =
( ) € a1A2 a1A1
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From (3.66)), it is clear that by # 0 and from (3.64), we have
f(z) =

\/51 (AlKleZ?:I bj(zj =€) +bntr | AsKoe™ 2 bj(zj*Cj)*anrl) )
ai

(II) Suppose g(z) is a non-constant polynomial in C™. By similar arguments
as in (II) of Theorem |1.14] we get

(3.67) aif(z+¢) = = (AlKle““(z> + Agng”(Z)) and
0224 4 ag o? f(Z) - (AzKle"“(z) +A1K2672(Z))7

where Ay, Ay are in (|1.13), Kl,Kg € C\ {0} such that k1Ko = 1, 11(2) =
P(z)+ g(;), Y2(z) = —P(z)—i—@ and P(z) is a polynomial in C". From 1 ,
we deduce that

A K.
) T () =71(zte) _ L2122 ya(zte)—yi(z4e) 4 Y2(2)=m(24e) = |
(3.68) T'3(2)e A2K1 +Tu(2)e ,

where
2
_ Ay (a3 ) 0? [l az 971
F3(Z) A (a1 8z1 + ( ) + al 821) and
2
_ Ky [ az ) 8%y agz Ova
F4(Z) - Ki <a1 821 + ( 21) + aj 821) :
Now we discuss following cases.

Case 1. Suppose e72(31€)=m(=+¢) is g constant. By using similar arguments
as in Case 1 of (II) of Theorem we obtain P(z + ¢) = —%, where k € C.

From (3.67)), we have

@ Q)‘

glz a glz
(3:69) arf(z+0) = Kae*F and x4 0TI _ o,
Z1 2]
where K 1411(154'—\/{2}(251’ K, = % e"t=¢€ C\{0}. Clearly

K3 # 0. Now the following cases arise separately.
Sub-case 1.1. If K, = 0, then from 1} we deduce that f(z) = K"'e@,

where g(z) is a non-constant polynomial in C" with 2aq 3(2) +as (QSZ)) +

2as3 82(12(%,2) =0.

Sub-case 1.2. If K, # 0, then from ([3.69)), we deduce that

K3 (a2 09(2) a3 | (9g(2) 2 9%(2) _ atete—ge)
(3.70) Ky <2a1 0z, +4a1 0z, +2 022 =¢ '

g(z+e)=g(2)
2

Since g(z) is a non-constant polynomial, from it is clear that e
must be a constant, i.e., g(z + ¢) — g(2) is a constant, say K5 € C. By using
similar arguments as Case 2 of (I) of Theorem .14} we have g(z) = >-7_, b;z;+
bp+1, where b; € C for 1 < j <n+ 1. From (3.70)), we have

55 1 bie = Ks Eb b2
¢ K4 2&1 + 40,1
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and hence we have by # 0. From the first equation of (3.69)), we have

(371> f(Z + C) = Ee%z:?zl bjzitgbnit = f(Z) K3 e2 Z] 1bj(z5—¢j)+3 bn+1
ay ay

where b;, K3(# 0), K4(# 0) € Cfor 1 < j < n+1 with by # 0 and 02 Li=1b5% =

K. a a

72 (2(1216 + 4(131 b2)

Case 2. Suppose €72(*+9)=71(>+¢) is non-constant. From (3.68)), it is clear that
both I's(z) and I'4(z) are not simultaneously identically zero, otherwise we get
a contradiction. By using the similar arguments as in Case 2 of (II) of Theorem

and in view of Lemma [2.3] we get from (3.68) that I's(z) # 0, ['4(z) # 0.

Furthermore,
N

71(2) 71 Z+C)) N (r, 1—\4(2)672(2)*71(2+C))

r,Is(
( A1 Ko 2 (zte)— vl(z+6)) N(r,O;Fg(z)e“’l(z)fvl(h%))

A2K1

—N(r.o0: F4(z)e“/2(z)—71(z+c)) - N (7" 0: A1 Ko 672(Z+C)—71(Z+C)>

’ As Ky
_ A1K2 oy (4e) =i (s+0)
=S (r, LK e .
So, in view of Lemma and (3.68), we get either M (z)e" (*)—m(z+e) =1 or
Ni(2)er2(z)=m(z+e) = 1. Now the following cases arise.

Sub-case 2.1. When I's(z)e"(*)=71(+¢) = 1. From (3.68)), we have

Ao ? Y2 072 2 az 02 V2 (2)—v2(2+c)
s 22 ZI= =1.
A1 < { 82:1 + (8,21 + al 821 €

By using similar arguments as in Case 2.1 of (I) of Theorem we obtain

mi(2) = 2510525 + bpr, 72(2) = 207 djzj + dny and g(z) = 307, (b +
d;)zj + byny1 + dpy1, where by, d; € C for 1 < j < n+ 1 such that

ei=1bi¢ = (agb + azbi) Ar and  eXi=1%¢ = (agdi + asd1) A,
N a; Az N a1 Ay '

From (3.72)), it is clear that b; and dy are both non-zero. From (3.67)), we get
£lz) = A K eXi=1bEi—e) bt 4 A, K eXi=14(zj—¢j)Fdnta
ﬂal ’

where bj,dj,K1,K2 € Cfor1l <j<n+1 with by 7é 0, dy 7é 0, K1Ko =1,

n 2
€Ei=1 bjcj — (azbi+asbi)A; and 62 djc; — (azd? +¢l2d1)A2
a1A2 lAl

Sub-case 2.2. When Ty(z)e72(? )*71(”6) = 1. From , we get

K1 ? Y1 om 2 az O 71 (2) =2 (2+c)
— — =1.
Ky < < 072 + <8z1 * a1 0z ©

Using the same arguments as in Sub-case 2.2 of (II) of Theorem we arrive
at a contradiction. This completes the proof. O

(3.72)




Entire solutions for quadratic trinomial partial ...equations in C" 109

Proof of Theorem [1.22l Let f € &;7°°(C™) satisfy , where g(z) is a
polynomial in C™. Now the following circumstances arise.

(I) Suppose g € C and e9 = K € C\ {0}. By using similar arguments of (I) of
Theorem [1.14] we get

(3 73) alf(z + C) = % (AlKleP(z) + A2K2€7P(z>) and
’ 2
az aafz(f) + as nga(z; = % (A2K1€P(z) + AlKQe—P(z)) 7

where K7, Ky € C\ {0} such that K1 Ky = K, A; = 2\/% + 2%‘\/%’ Ay =
2\/% - %\/%Ta and P(z) is a polynomial in C™. Tt is clear that P(z) must be a
non-constant polynomial, otherwise it contradicts that f(z) is transcendental.
From first and second equations of (3.73)), we deduce that

Ay [a3 (82]3(2) OP(z) aP(Z)) n %8P(z)j| P A1 Ko o~ 2P(+c)

As | a1 \ 921022 0z1 Oz a1 0z1 | ePGTo A K,
Ky [as (0P(2) OP(z) 0*P(z) az OP(2) | _p(z)—P(z+0)
.74 — | = — - =" =1.
(37 ) +[(1 |:a1 ( 8,21 6Z2 8218Z2 al 82’1 ¢

In view of Lemmas and and by using similar arguments as in Case 2 of
(I) of Theorem in (3.74), we deduce that P(z) = 377, bjzj +by1, where

bj € Cfor 1 <7 <n+ 1 such that

" bijc; _ (agbibatasbi)A; -3 bic; _ (agbiba—asbi)As
(3.75)627*1 I = T ande ZJ*I I = T.

From (3.75)), it is clear that by # 0. Thus, from (3.64)), we deduce that

1
\/§a1

(II) Suppose g(z) is a non-constant polynomial in C". By similar arguments
as in (II) of Theorem we get

f(z) = (A1K1€Z?:1 bj(zj =€) +bntr | AgKqe™ 2 bj(zjfcy‘)*bnﬂ) )

af(z+¢) = 5 (AKe" ) 4+ Aaae™ ) and
(3.76) 4@ 4 PIE) 1 (A, | M) A Kyer )
27921 302122 — V2 e 1fee ’

where Ap, As are in ([1.13), K7, K2 € C\ {0} such that K1 Ky = 1, y1(2) =
P(Z)Jr@, Yo(z) = fP(z)+@ and P(z) is a polynomial in C". From 1}
we deduce that

Avfas ((Py  omom  azdm] €O AKs e niGro
Ao 021022 0z1 Ozo a1 021 eri(z+e) A K

ai
Ko [as [ 0%°v2  Oy2 0% az 0va (=)= (
3.77 nz 4 grzYrz L2902 | v2(zx)=m(zte) — 1
( ) +K1 |:a1 (821822 821 822 al 821 €

The remaining part of the proof follows by using the same arguments as in
proof of Theorem [I.19] and thus the conclusions of this Theorem are obtained.
This completes the proof. O
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