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Golden slant lightlike submanifolds of golden
semi-Riemannian manifolds

Sangeet KumaIEEI7 Tejinder KumaIEI and Megha Pruthﬂ

Abstract. We introduce the study of golden slant lightlike submani-
folds of golden semi-Riemannian manifolds. After defining a golden slant
lightlike submanifold of a golden semi-Riemannian manifold, we present
a non-trivial example of such lightlike submanifolds. Then we derive a
necessary and sufficient condition for the induced connection on a golden
slant lightlike submanifold of a golden semi-Riemannian manifold to be
a metric connection. Further, we establish some characterization results
for the integrability of distributions arising in golden slant lightlike sub-
manifolds of golden semi-Riemannian manifolds. Finally, we discuss the
concept of minimal golden slant lightlike submanifolds.
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1. Introduction

The theory of lightlike submanifolds is one of the most significant contri-
butions in differential geometry. In case of lightlike submanifolds, the tangent
bundle has non-empty intersection with the normal bundle. This primary dif-
ference makes the study of lightlike submanifolds different and more compli-
cated from the case of Riemannian submanifolds. The basic theory of lightlike
submanifolds was developed by Duggal-Bejancu [6] and has been further de-
veloped by Duggal-Sahin and many others (see [B], [7], [9], [I7] etc.). In recent
years, many significant applications of lightlike submanifolds have been found
in the study of black holes, Killing horizons and radiation and electromagnetic
fields ete. (c.f. [6], [10]).

On the other hand, the concept of an almost complex manifold (resp., an al-
most product manifold) with an almost complex structure P2 = —I (resp., an
almost product structure P? = I) has been widely studied. Further, as a gen-
eralization of these structures, Yano [I8] established the f-structure which is a
tensor field of the type (1,1) satisfying the equation f3 + f = 0. On a similar
note, Crasmareanu and Hretcanu ([3], [4]) introduced a new kind of structure
with the structural polynomial f(z) = 2% — 2 — Id = 0 and studied its proper-
ties on a Riemannian manifold. This new structure P2 = P + I is known as a
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golden structure. In 2017, Poyraz and Yasar [I4] introduced the golden struc-
ture in lightlike hypersurfaces of semi-Riemannian manifolds. Then, in 2019,
Erdogan [§] and Poyraz and Yasar [I5] developed the study of golden structure
in lightlike submanifolds. Further, Poyraz [13] studied golden GCR-lightlike
submanifolds of a golden semi-Riemannian manifold. After that, the concept of
golden structure in pseudo slant lightlike submanifolds and semi-slant lightlike
submanifolds was studied by Acet [I] and Kumar and Yadav [1I]. Recently,
Pruthi and Kumar studied golden generic lightlike submanifolds of a golden
semi-Riemannian manifold in [16].

Therefore, in the present paper, we study golden slant lightlike submanifolds
of golden semi-Riemannian manifolds. After giving the definition of a golden
slant lightlike submanifolds of a golden semi-Riemannian manifold, we provide
a non-trivial example of this class of lightlike submanifolds. Then, we derive
a characterization result for the induced connection on a golden slant lightlike
submanifold of a golden semi-Riemannian manifold to be a metric connection.
Further, we find necessary and sufficient conditions for the integrability of dis-
tributions associated with golden slant lightlike submanifolds and also discuss
the geometry of leaves of the distributions. Finally, we discuss the concept of
minimal golden slant lightlike submanifolds of golden semi-Riemannian mani-
folds.

2. Preliminaries

2.1. Geometry of lightlike submanifolds

Assume a submanifold (K, g) of a semi-Riemannian manifold (Kp,4n,9)
such that g is a metric with index ¢ satisfying m,n > land m+n—1>q > 1.
If the metric g is degenerate on TK, then T,K and T,K=, both are degen-
erate and there exists a radical subspace Rad(T,K) such that Rad(T,K) =
T,K N T,K+. If Rad(TK) : p € K — Rad(T,K) is a smooth distribution on
K with rank r > 0 and 1 < r < n, then K is called an r-lightlike submanifold
of K [6]. While the radical distribution Rad(TK) of TK is defined as

Rad(TK) = Upex{§ € T,Kl[g(u,§) =0, Y u € T,K,§ # 0}.

Further, let S(TK) be the screen distribution in TK such that TK = Rad(TK) L
S(TK) and S(TK™) be the screen transversal vector bundle in 7K+ such that
TK' = Rad(TK) L S(TK*).

Moreover there exists a local null frame {V;} of null sections with values in the
orthogonal complement of S(TK*) in S(TK*)* such that

g(N27§]) = 571]" g(N“NJ) = 0, for any Z,] (S {1,2, ..77"}7

where {¢;} is any local basis of I'(Rad(T'K)). It implies that ¢r(T'K) and
ltr(TK) respectively are the vector bundles in TK|x and S(TK*)! with the

property

(2.1) tr(TK) = ltr(TK) L S(TK*)
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and

TK|x = TK ©tr(TK) = S(TK) L (Rad(TK) @ ltr(TK)) L S(TK™).
Let us denote by V and V the Levi-Civita connection on K and torsion-free

linear connection on K, respectively. Then, the Gauss and Weingarten formulae
are given as

(2.2) Vv, Ys = Vy, Y + b (Y1, Y2) 4+ h*(Y3, Ya),
(2.3) Vy, N = —AxY; + V4, N + D*(Y1, N),
(2.4) Vy W = —AwY: + D' (Y1, W) + V3. W,

where Y1,Y, € I'(TK),N € T'(ltr(TK)) and W € T'(S(TK')). Further, em-
ploying Egs. (2.2) and ([2.4), we derive

Let us denote the projection morphism of TK on S(TK) by n. Then, we have
(2.6) VyinYs = Vy,nYs + h*(Y1,nY2), Vy,&=—-AfY1 + Vi€,

where {h*(Y1,7Y2), Vi$ ¢} € T(Rad(TK)) and {V§, 1Yz, AfY1} € T(S(TK)).
Further, employing Eqs. (2.3, (2.4) and (2.6), we get

(2.7) g(n' (Y1,mY2),€) = g(AfY1,nY2).

As V is a metric connection on K, therefore for any Yi,Ys, Y3 € T'(TK), one
has

(2:8) (Vyi9)(Ya, Ya) = g(h' (Y1, Y2), Y3) + g(h' (Y1, Y3), Yo),
which implies that V is not always a metric connection on K.

2.2. Golden semi-Riemannian manifolds

A semi-Riemannian manifold (K, §) with a golden structure P on K is said
to be a golden semi-Riemannian manifold [12] if

(2.9) PP=P+1, §(PYi,Ys) =Y, PYa),
for Y1,Yy € T(TK). If P is a golden structure, then it can be seen that
(2.10) g(PY1, PYz) = g(PY1,Ya) + g(Y1,Y2),

for Y1,Ys € T(TK).
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3. Golden slant lightlike submanifolds

Firstly, we state the following two essential lemmas given in [I1] , which
will be useful in forthcoming part of paper.

Lemma 3.1. Consider an r-lightlike submanifold K of golden semi-Riemannian
manifold K with index 2q and PRad(TK) is a distribution on K along with
Rad(TK)NPRad(TK) = {0}. Then, Pitr(TK) is a subbundle of S(TK) such
that PRad(TK) N Plitr(TK) = {0}.

Lemma 3.2. For an r-lightlike submanifold K of golden semi-Riemannian
manifold K, along with the assumption of Lemma (provided, r = q), any
complementary distribution to PRad(TK) ® Pltr(TK) in S(TK) must be Rie-
mannian.

Definition 3.3. A ¢-lightlike submanifold K of a golden semi-Riemannian
manifold K with index 2q is called a golden slant lightlike submanifold of K if

(A) Rad(TK) is a distribution on K such that PRad(TK)NRad(TK) = {0}.

(B) For each non-zero vector field Z tangent to D at z € U C K, the angle
0(Z) between PZ and the vector space D, is constant (known as slant
angle), that is, it is independent of the choice of z € U C K and Z € D,,
where D is the complementary distribution to PRad(TK) & Pltr(TK)
in S(TK).

In view of above definition, the tangent bundle is decomposed as
TK = Rad(TK) L (PRad(TK) ® Pltr(TK)) L D.

For Y € I'(TK), we consider

(3.1) PY = fY + wY,

where fY € T'(TK) and wY € I'(tr(TK)). Similarly for V' € I'(tr(TK)), we
assume

(3.2) PV =tV +nV,
where tV € I'(TK) and nV € I'(tr(T'K)). Then we have
(3.3) P=f+1—tw, w=uwf+nw,

nP=n+I—-wt, t=ft+tn.

Let ¢1, ¢2, ¢3 and ¢4 be the projections of TK on Rad(TK), P(Rad(TK)),
P(ltr(TK)) and D respectively. Then for Y € I'(T'K), we have

(34) Y =¢1Y + ¢2Y + ¢3Y + ¢4Y,

applying P to Eq. (3.4), we obtain

PY = Pp1Y + PooY + PosY + Po,Y,
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which gives
(3.5) PY = fo1Y + f2Y +wo3Y + fosY + wosY.
Moreover Eq. can be written as
PY = fY +wosY + wpyY,

where fY = fo1Y + foV + fouY.
On differentiating Eq. (3.5) and then considering the components of Rad(TK),
PRad(TK), Pltr(TK), ltr(TK), D and S(TK"'), we obtain

&1 (Vy, Po1Ya) + 01(Vy, Pd2Y2)+01(Vy, fdaY2) = d1(Awesy, Y1)
(3.6) + 91 (Awp,va Y1) + PpaVy, Ya.

$2(Vy, Pp1Ya) + 02 (Vy, Po2Y2)+02(Vy, f0aY2) = do(Awgsy, Y1)
(3.7) + 02(Aup, v, Y1) + Po1Vy, Yo.

O3(Vy, P Ya) + ¢3(Vy, PooYo)+03(Vy, foaY2) = d3(Awgsv, Y1)
(3.8) + ¢3(Awpy, Y1) + PhL (Y1, Y3).

K (Y1, P$1Ya) + K (Y1, PhaYo) + hH(Y1, fdaYa) =wh3Vy, Ya — Vi, wesYs
(3.9) — DYV, w4 Ya).

G4(Vy, Pp1Y2) + ¢a(Vy, Pp2Ya) + 0a(Vy, fhaY2) = da(Awgsy, Y1)
(3.10) + 04(Awg,va Y1) + f4Vy, Yo + th*(Y1,Y2).

h*(Y1, P$1Ya) + h*(Y1, PpaYa) + h* (Y1, fdaYa) = wpsVy, Yo — Vi, wos Yo
(3.11) — D*(Y1,we3Ys) +nh*(Y1,Yz).

Lemma 3.4. For a golden slant lightlike submanifold K of a golden semi-
Riemannian manifold K, one has wpsY € T(S(TK?L)) for Y e T(TK).

Proof. For Y € T(TK), wg,Y € T(S(TK™)), if and only if, g(wesY, &) = 0 for
¢ € D(Rad(TK)). Therefore, (wsY, ) = G(PésY — fuY.€) = G(PpaY, €) =
9(¢4Y, P€) = 0 implies weg4Y has no components in ltr(TK). Hence, the result
follows. 0

From above lemma, it is clear that
TK|x = S(TK) L {Rad(TK) @ ltr((TK)} L {w(D) L u}.

Theorem 3.5. (Existence Theorem) Consider K, a g-lightlike submanifold of
a golden semi-Riemannian manifold K. Then K is a golden slant llightlike
submanifold, if and only if,
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(i) Pltr(TK) is a distribution on K,
(ii) f2Y = A(PY +Y),
(i11) twY = (1 =N (fY 4+Y) - AwY),
for Y € T(D), where A = cos? 6 and X € [0,1).

Proof. Assume that K is a golden slant lightlike submanifold of K. Then
from Lemma we have Pltr(TK) is also a distribution on K such that
Pltr(TK) C S(TK), which proves (i). In addition, for Y € T'(D), the angle
between PY and D is constant. Thus, we have

'ad]

(3.12) cosf = 2%k

which gives

YR gUvasy) _ v Y
(319 0= [pYE T g(PY.PY) ~ g(v.PY)

Therefore, we have
(3.14) g(Y, f2Y) = cos? 0(Y)g(Y, P?Y).

As we know that 6 is constant on slant distribution D, thus here we conclude
that (Y, f2Y) = A\g(Y, P?Y) = g(Y, AP%Y’), which further gives

(3.15) (Y, (f* = AP?)Y) = 0.

Since (f? — AP?)Y € I'(D) and non-degeneracy of D implies (f? — AP?)Y = 0,
then we get

(3.16) Y = AP%Y = A\(PY +Y),

for Y € T'(D). Hence the assertion (ii) proved.
Next, for Y € T'(D), employing Eq. (3.3), we have

(3.17) twY = —f2Y + fY +Y.

Since K is a golden slant lightlike submanifold, therefore using Eq. (3.16)), we
obtain

WY = —A(PY +Y) + fY +Y
= MY +Y) = AwY) + fY +Y
(3.18) = (1= N(fY +Y) = AwY),

which proves the assertion (iii).

Conversely, let K be a g-lightlike submanifold such that conditions (i), (ii)
and (iii) are satisfied. Therefore condition (i) implies that PRad(TK) is a
distribution on K. Further, from Lemma/|3.2] it is clear that the complementary
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distribution of PRad(TK) & Pltr((TK) in S(TK), is Riemannian, therefore
for Y € I'(D), we have

g APY.Y) gVPY) gV PY) | g(PY,PY)
[PY|[fY]  [PY]|fY] [PY||fY] [PY||fY]”
which further gives
|PY|
3.19 cost) = \——
(319) 7]
and also
_ 1Y
(3.20) cost) = Y[

Therefore, from Egs. (3.19)) and (3.20)), we conclude that cos? # is constant and
K is golden slant lightlike submanifold. Hence, the proof is completed. O

Example 3.6. Let (K,g) = (R}*, g) be a semi-Euclidean space of signature
(+, +, +, - +, - +, +, +, +, +, +, +, +) w.r.t. the canonical basis
{8x1,3z2,8x3,8x4,8x5, 31‘6,31177,81’8,81}9,61’10,a$11,8$12,6$13,81’14}. Con-
sider a golden structure P defined by

P(x1, %2, 23,24, %5, T6, T7, T8, T9, 10, T11, T12, T13, T14) = (T1 + T2, T1, T3 + 24,
3,5 + T, Ty, (T7 — ) sina — (z11 + T12) cos a, —zg sina
— 11 o8, (g — xT10)sina — (213 + X14) COS @, —21p Sin &
— z13c08 @, (X7 + 8) cosa + (x12 — x11) sin o, 27 cos a + w12 sin

(z9 + x10) cosa + (z14 — T13) Sin @, Tg cos @@ + x14 sin ),

where a € (0,%). Consider K, a 5-dimensional submanifold of (R}*,7) given

et =2, 2?=ub, 23 =uScosh, 2*=ulcosh, z°=u’sind,
28 =ulsing, 2" =u'cosf, 2®=ulcosh, z°=utsind,
219 =u?sing, M =ut, 22 =03 2B =t M =0,

where § € R — {"—2”, n e Z}. Then TK is spanned by Z1, Zs, Z3, Z4, Z5, where

Z1 = 0x9+c0800x4+sin00xg, Lo = 0x1, Z3 = cosfO0rs+sinfirig+90x1s,
Zy = cos00x7 + sin 00xg + Ox11 + Ox13, Zs = cos #O0x3 + sin 0xs.
Thus, K is a 1-lightlike submanifold with Rad(TK) = Span{Z;} and
Itr(TK) is spanned by
1
N, = 5{8:32 — cos00xy — sinB0xg}.

It follows that PZ; = Zy + Zs and PN; = %{Zg — Zs5}, which implies that
PRad(TK) and Pltr(TK) are distributions on N. Hence D = Span{Zs, Z,} is
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a slant distribution w.r.t. P with slant angle a. Further by direct calculations,
S(TK™) is spanned by

W = cos 00x7 + sin 00xg — Ox13 + 0x14.

Therefore, K is a proper golden slant lightlike submanifold of R3?.

From Eq. 7 one may note that the induced connection on a lightlike
submanifold is not necessarily a metric connection, in general. In this context,
we give the following result enabling the induced connection V on a golden
slant lightlike submanifold of a golden semi-Riemannian manifold K to be a
metric connection.

Theorem 3.7. For a golden slant lightlike submanifold K of a golden semi-
Riemannian manifold K, the induced connection V is a metric connection, if
and only if,

P(ViPE+ h*(Y, PE)) — Vi PE — h*(Y, P€) € T(Rad(TK))

and
th(Y, P¢) =0,

forY e I(TK) and £ € T'(Rad(TK)).

Proof. For Y € I'(TK) and ¢ € I'(Rad(TK)), employing Eq. (2.9), we have
Vyé& = PVy P¢ — Vy PE.

Further, using Eqgs. and (3.2)), we derive

Vy &+ h(Y,§) = P(Vy P§ + WY, P€)) — (Vy P+ h(Y, PY))
= PVy P¢ + th(Y, PE) + nh(Y, PE) — (Vy PE + h(Y, P€)).

Then, equating the tangential components of above equation, we obtain
(3.21) Vy& = PVyP¢ +th(Y, P§) — Vy P¢.

Now, using Eq. in Eq. (3:21)), we get

(322)  Vy€ = P(VyPE+h (Y, PE)) — Vi PE — h*(Y, PE) + th(Y, PY).
Hence from Eq. , Vy¢ € T'(Rad(TK)), if and only if, P(V} P¢ +

W (Y, P§)) — Vi P¢ — h*(Y, PE) € I'(Rad(TK)) and th(Y, P¢) = 0. This com-
pletes the proof. O

Theorem 3.8. Assume that K is a golden slant lightlike submanifold of a
golden semi-Riemannian manifold K. Then the Nijenhius torsion tensor field
of golden structure P vanishes.
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Proof. For Y1,Ys € T'(TK), employing Eq. (2.9), the Nijenhius tensor field
becomes

N(Y1,Ys) =[PYy, PYs] + Pz[Yl,Yg] — P[PY1,Y5] — P[Y1, PY5]

=[PY1, PYa] + P[Y1,Y2] + [Y1, Y2] = P[PY1, Y] — P[Y1, PY3]

=Vry, PY2 = Vpy,PY1 + P{Vy,Ys = Vy, Y1} + Vy, Y2 — Vi, 13
— P{Vpy,Ys — Vy,PY1} — P{Vy, PYs — Vpy, Y1 }.

=PVy,Y; — PVy,Y] + Vy,Ys — Vy, Y] + PVy, PY; — PVy, PY,

=PVy, Y2 — PVy,Y1 + Vy, Yo — Vy, Y1 + P?Vy, Y] — PPVy Ys

=PVy,Ys — PVy,Y1 + Vy, Y2 — Vy, Y1 + PVy, Y1 + Vi, Y1
— PVy,Ys — Vy, Yo

=0.

Hence, the result holds. O

Lemma 3.9. Consider a golden slant lightlike submanifold K of a golden semi-
Riemannian manifold K. Then

(3.23) (Vv Yo = A va Y1 + Awgav, Y1 + th(Y1,Y2)
and

wVy, Yz — h(Y1, fYa) + Ch(Y1,Y2) =D*(Y1,w¢3Y2) + D' (Y1, wesYs)
+ Vi wpsYo + Vi, w3 Ya,

where

(3.24) (Vy, f)Ya =Vy, fYa— fVy, Ys, for Y1,Y; e (TK).

Proof. Considering Eqgs. (2.2)-(2.4) and (3.1)-(3.2) and then equating the tan-
gential and transversal components, the result follows. O

Theorem 3.10. Assume that K is a golden slant lightlike submanifold of a
golden semi-Riemannian manifold K. Then the slant distribution D is inte-
grable, if and only if,

Vo f 20 — Awsyz, 70 — th(Zy, Zs) — fN 2,71 € T(D),
for Zy,Z5 € T(D).
Proof. For Z1,Z5 € T'(D), employing Egs. and , we get
flZ1,25) =V gz, fZs — Awpyz, 21 — th(Z1,Zs) — NV 2,24,
which proves the result. O

Theorem 3.11. Let K be a golden slant lightlike submanifold of a golden semi-
Riemannian manifold K. Then the slant distribution D is integrable, if and

only if,
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(i) 91(Vz, [ Z2) = 1(V 2, [ 21) = 1(Awz, Z1) — $1(Awz, Z2),
(it) $2(Vz,fZ2) = 02(V 2, f Z1) = ¢2(Awz, Z1) — d2(Awz, Z2),
(iii) W' (Zy, fZs) — W' (Zo, fZ1) = DN Zo,wZy) — DN Z1,w ),
for Zy,Z5 € T(D).
Proof. For Z1,Z5 € T'(D), employing Eq. , we have
(3.25) $1(Vz, fZ2) = ¢1(Awz, Z1) + P2V 2, Zs.
Then, interchanging the role of Z; and Z5 in Eq. , we get
(3.26) $1(Vz,fZ1) = ¢1(Awz, Z2) + P2V 2, Z1.
Further, from Egs. and , we derive
(3.27) ¢1(Vz, fZ2)—1(Vz, fZ1) = 01(Awz, Z1) — 01 (Awz, Z2)+ P2 21, Zs)].
Next, from Eq. , we acquire
(3.28) $2(Vz, f22) = ¢2(Awz, Z1) + P91V 7, Zs.
On interchanging the role of Z; and Z3 in Eq. , we obtain
(3.29) 2(Vz, fZ1) = ¢2(Awz, Z2) + PP1V 2, Z1.
From Egs. and , we derive
(3.30) $2(Vz, fZ2)—d2(Vz, fZ1) = p2(Awz,Z1) — P2(Awz, Zo)+Pd1[Z1, Zs].
Then considering Eq. , we have
(3.31) W (Zy1, fZ2) = w3V 2, %2 — D'(Z1,wZs)
and interchanging the role of Z; and Z;, Eq. yields
(3.32) W \(Zy, 7)) = w3V 2,71 — DY (Zy,wZ).
From Egs. and , we obtain
(3.33) h'(Zy1, fZ2) — W (Za, fZ1) = ws[Z1, Zo] + DY (Za,wZy) — DY Z1,wZs).
Hence, the result follows from Egs. (3.27), and (3.33). O

Theorem 3.12. For a golden slant lightlike submanifold K of a golden semi-
Riemannian manifold K, the anti-invariant distribution Pltr(TK) is inte-
grable, if and only if,

Aoy, Y1 +th(Y1,Ys) + fVy, Y7 € T(Pltr(TK)),

for Y1,Ys € T(Pltr(TK)).
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Proof. For Y1,Y, € I'(Pltr(TK)), employing Eqgs. (3.23)) and (3.24]), we derive
f[YlaYé] — _AUJYQYI - th(}/l) 1/2) - vKzifl;
which gives the result. O

Theorem 3.13. Consider a golden slant lightlike submanifold K of a golden
semi-Riemannian manifold K. Then the radical distribution Rad(TK) is inte-
grable, if and only if,

(i) 91(Ve, P&) = 01(Ve, P&1)  and  ¢a(Ve, fPa&a) = ¢a(Ve, fPaér),
(it) h'(&1, P&) = b (&, P&) and  h*(&, P&) = h¥ (&, P&y),

for &1,& € T(Rad(TK)).

Proof. For &,& € T'(Rad(TK)), using Eq. , we derive

(3.34) $1(Ve, P§2) = P$2 Ve, &a.

On interchanging & and &, Eq. yields

(3.35) $1(Ve, P&1) = PpaVie, i

From Egs. and , we obtain

(3.36) $1(Ve, P) — ¢1(Ve, P&) = Po[S1, &l
Further, employing Eq. , we have

(3.37) ¢a(Ve, fPa&2) = fdpaVe o +th* (€1, &2).
By interchanging the role of £; and & in Eq. (3.37), we get
(3.38) $4(Ve, f04€1) = foaVe, &+ th° (&2, &)
Then, from Egs. and , we obtain

(3.39) 04(Ve, f9482) — 04(Ve, fPalr) = fdal6r, &o]-
Now, from Eq. , we acquire

(3.40) W' (&1, P&) = w3 Ve, 6.

By interchanging the role of £; and & in Eq. (3.40), we get
(3.41) W' (2, Pé1) = w3 Ve, .

Then, using Eqgs. and , we derive

(3.42) hH (&, P&) — B (&, P&1) = weslér, &)

Next, using Eq. (3.11)), we have
(3.43) h? (&1, P&2) = whaVe, &2 + nh* (&1, &2).
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By interchanging the role of &; and & in Eq. (3.43)), we attain
(3.44) h* (&2, P&1) = wpaVe, &1 + nh®(§2,61).
Further, from Egs. (3.43)) and (3.44]), we obtain

(3.45) b (&1, P&2) — h¥(&2, P&1) = woalér, &)
Hence, the proof follows from Egs. (3.36)), (3.39), (3.42) and (3.45)). O

Theorem 3.14. For a golden slant lightlike submanifold K of a golden semi-
Riemannian manifold K, the distribution PRad(TK) is integrable, if and only

if,
(i) $2(Ve, P&a) = ¢2(Ve, PE1)  and  ¢a(Ve, fdaé2) = ¢a(Ve, fdaér),
(it) h'(&, P&) = h(&2, P&1) and  h*(&1, P&) = h*(&2, P&y),

for &1,& € T(PRad(TK)).

Proof. For &,& € T'(PRad(TK)), from Eq. (3.7), we have

(3.46) $2(Ve, P&2) = P11V, &a.

On interchanging the role of & and &3, Eq. becomes
(3.47) $2(Ve, P&1) = Pp1Ve, 6.

Then, from Egs. and , we obtain

(3.48) $2(Ve, P&2) — ¢2(Ve, P&1) = P61, &)
Further, employing Eq. (8.10)), we acquire

(3.49) $a(Ve, fpala) = fdaVe, & +th° (€1, &2)
and interchanging the role of £; and & in Eq. , we get
(3.50) $a(Ve, foa€1) = faVe, &1 +th*(§2,61).
Then, using Egs. and , we obtain

(3.51) 04(Ve, [0a€2) — 0a(Ve, fda&1) = foalér, &2
Next, from Eq. (3.9)), we attain

(3.52) W' (&1, Péa) = w3 Ve, Eo.

On interchanging the role of & and &3, Eq. yields
(3.53) K (&2, P&) = wpsVe, 1.

Following Egs. (3.52)) and (3.53]), we obtain
(3.54) W' (&1, Pa) — 1 (&2, P&1) = ws[ér, &),



Golden slant lightlike submanifolds of golden semi-Riemannian manifolds 33

Finally, using Eq. (3.11)), we derive
(3.55) b (&1, P&2) = whpa Ve, &2 + nh* (€1, €2)

and interchanging the role of & and & in Eq. (3.55)), we get

(356) hs(€27 Pgl) = w¢4V€2§1 + nhs(f% 51)
Then from Egs. and , we have
(3.57) h* (&1, P&2) — h*(&2, P&1) = woalér, &2

and hence, the proof follows from Egs. (3.48), (3.51)), (3.54) and (3.57). O

Theorem 3.15. Consider K, a golden slant lightlike submanifold of a golden
semi-Riemannian manifold K. Then Rad(TK) defines a totally geodesic foli-
ation in K, if and only if,
g(V51f¢4Z,P§2) = g(Awqb;;Zfla P€2) + g(AquZglv P§2) + g(hl(gla f¢2Z)a 52)
+ (Ve w3 Z, &) + G(h' (€1, F642), &) + §(D' (1,004 2), &),

for &1,6 € T(Rad(TK)) and Z € T(S(TK)).

Proof. Let K be a golden slant lightlike submanifold of a golden semi-Riemannian
manifold K. To prove that Rad(TK) defines a totally geodesic foliation in K,
it is sufficient to show that V¢, & € Rad(TK), for &1,& € I'(Rad(TK)). Since
V is a metric connection, therefore using Eq. (2.10), for &,& € T'(Rad(TK))
and Z € I'(S(TK)), we obtain

g(Vglgz, Z) = g(Pﬁflg%PZ) - g(P?51§27Z)
= _g(v§1PZ7P§2) +§(VE1P27§2)
Further, employing Eqs. (2.2)-(2.4) and (3.5), we derive

9(Ve &, Z) = — g(Ve, fd2Z, P&s) + g(Awgy 261, P&2) — g(Ve, fosZ, Py)
+ 9(Awp, 261, PE) + G(hH (&1, f$22), &) + §(Ve,wdsZ, &)
+ g(h' (&1, f6aZ),&) + g(D' (&1, wdaZ), &),

which gives the proof. O

Theorem 3.16. Assume that K is a golden slant lightlike submanifold of a
golden semi-Riemannian manifold K. Then D defines a totally geodesic folia-
tion in K, if and only if,

(Z) g(vZ1PNa ZQ) = g(VZ1PN7 fZQ) + g(hS(ZhPN)aWZ2);
(i) g(Apy Zy, fZ2) = g(Apy Z1, Z2) + §(D*(Z1, PY),wZ3),
for Z1,Z, e T'(D), Y € T(Pltr(TK)) and N € T'(ltr(TK)).
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Proof. Consider K, a golden slant lightlike submanifold of a golden semi-
Riemannian manifold K. To prove that D defines a totally geodesic foliation
in K, it is sufficient to show that Vz Zy € D for Z;,Zy € T(D). Since V
is a metric connection then using Egs. , , for Z1,Zs € T(D) and
N e T(itr(TK)), we obtain

g(vZ1Z2a N) = g(PvZ1ZQ»PN) - g(PvZ1ZQa N)
(3.58) = —§(Vz, PN, PZs) + §(Vz PN, Zy).

Further, employing Egs. (2.2) in Eq. (3.58)), we acquire
9(Vz,22,N) = —=g(Vz, PN, fZ5) — g(h*(Z1, PN),wZ>) + g(V 2, PN, Z5).
Next, using Egs. (2.9) and (2.10), for Z;,Z; € T'(D) and Y € I'(Pltr(TK)),

we get
9(V2,22,Y) = §(PN 2,22, PY) — g(PV 2, Z5,Y)
= 7Q(VZ1PY; PZ2) + g(v21PY7 Z2)a

which on using Eq. (2.3)) yields
9(V2,22,Y) = g(Apy Z1, fZ2) — g(D*(Z1, PY),wZ>) — g(Apy Z1, Z>).

Hence, the proof follows. O

4. Minimal golden slant lightlike submanifolds

The general definition of a minimal lightlike submanifold of a semi-Riemannian
manifold was given by Bejan and Duggal [2] as follows:

Definition 4.1. A lightlike submanifold (K, g, S(TK)) isometrically immersed
in a semi-Riemannian manifold (K, g) is said to be a minimal lightlike subman-
ifold if the following conditions hold:

(i) h*(&1,€2) =0, V &1,& € I(Rad(TK)).
(ii) trace hlg(rk) = 0.

Theorem 4.2. Consider a totally umbilical golden slant lightlike submanifold
K of a golden semi-Riemannian manifold K. Then K is minimal, if and only
if, K is totally geodesic.

Proof. Firstly, we assume that K is minimal for &,& € I'(Rad(TK)) which
implies that h*(&1,&2) = 0. Further, using the hypothesis that K is totally um-
bilical, we have h'(¢1, &) = Hlg(£1,&2) = 0 for &1, &, € T(Rad(TK)). Now, for
an orthonormal basis {e1, e, ..., €m—r} of S(T'K) and as K is totally umbilical,
we obtain

m—-r

trace h(e;, e;) Z el,el )+ h(ei e}

:(m —r){H' + H*}.
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From the definition of minimal lightlike submanifold, we have trace h|grxy = 0
and employing Eq. (2.1)), we get H' = 0 and H® = 0, which implies that K is
totally geodesic. Also the converse is trivial and hence the result holds. O

Theorem 4.3. A proper totally umbilical golden slant lightlike submanifold K
of a golden semi-Riemannian manifold K is minimal, if and only if, trace Aw,|p =
0 and trace A¢ |p = 0, for W, € L(S(TK?')) and & € T'(Rad(TK)), where
le{l,2,...,t} and i€ {1,2,...,r}.

Proof. In view of definition of golden slant lightlike submanifold, K is minimal
if and only if
h*(&,&) =0
and ; ; .
> n(P&, PE) + Y M(PN;, PN;) + > hej,e5) =0,
i=1 i=1 j=1

where {&;}7_;, {Ni}i—; and {e;}j_,, respectively, are the bases of Rad(TK),
Itr(TK) and D. Since K is a proper totally umbilical golden slant lightlike
submanifold, we note that h(;,&;) = h(P&;, P&) = h(PN;, PN;) = 0, which
gives that h* = 0 on Rad(TK). Therefore, K is minimal, if and only if,
> i1 hlej,e) = 0, where

Jj=1

o~ | =

Z ej, l)W}

=1

Then, using Egs. (2.5) and (2.7]), above equation becomes

q q T t
1
Zh(ej,ej Z { Zg Agej,e)Ni + Zg(AWlej,ej)Wl} .
j=1 j=1 = 1=1

=
Hence, the result follows. O

Definition 4.4. [6] A lightlike submanifold K of a semi-Riemannian manifold
K is called an irrotational lightlike submanifold, if and only if, Vy ¢ € T(TK),
for Y e I(TK) and £ € T'(Rad(TK)).

Theorem 4.5. Consider K, an irrotational golden slant lightlike submanifold
of a golden semi-Riemannian manifold K. Then K is minimal, if and only if,
for & € T(Rad(TK)) and W, € T(S(TK)™t), one has

trace A¢ sty =0 and trace Aw,|siri) =0,
where l € {1,2,....t} and j € {1,2,...,1}.
Proof. By the hypothesis, we have h®* = 0 on Rad(TK). Moreover, one has

q

trace h|s(ri) = Z h(P&;, P&;) + Z h(PN;, PN;) + Z h(es,ez).

=1 i=1 z=1
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Then, using Egs. (2.5) and (2.7)), we obtain

(4.1)

T T

> h(P&, P&y = Zg A} P&, P&)N; + - Zg Aw, P&, PE)W, ¢
i=1 i=1 = =1
(4.2)

T T 1 T

h(PN;, PN;) = (Af PN;, PN;)N; (Aw, e;, €)W,
;( );rggg )+lz;9wl6€)z
and
q q r

43 h zy“z A zZy "z N A zy“z W
();ee ;T;ggee +;gwlee)z
Thus, we conclude that trace h|sriy = 0, if and only if, trace Ag]_ =0 and
trace Aw, = 0. Hence, the result follows from Eqs. (4.1)—(4.3). O
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