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On a divergence result for a subsequence of matrix
transform means of Walsh-Fourier series

Istvan Blahotdl]

Abstract. We investigate the subsequence oan (f) of matrix transform
means with respect to the Walsh system generated by nonincreasing and
convex sequences ti,, determined by matrix 7T'.

In particular, we prove for any 0 < p < 1/(1 + ) that there exists a
martingale f € H,(G) such that

sup HUaT (f)'

= 00,
weak—Ly

where v depends on the sequences t .
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1. Definitions and notations

We follow the standard notions of dyadic analysis introduced by F. Schipp,
W. R. Wade, P. Simon, and J. Pal [20] and others.

Let PP be the set of positive natural numbers and N := P U {0}. Let us
denote by Zs the discrete cyclic group of order 2, the group operation is the
modulo 2 addition. Let be every subset open. The normalized Haar measure p
on Zs is given in the way that u({0}) = u({1}) =1/2. G := k;?()ZQ, G is called
the Walsh group. The elements of Walsh group G are sequences of numbers 0
and 1, that is = (zg, 1, ..., 2k, ... ) with z; € {0,1} (k € N).

The group operation on G is the coordinate-wise addition (denoted by +),
the normalized Haar measure p is the product measure and the topology is the
product topology. For another topology on the Walsh group see e.g. [7].

Dyadic intervals are defined in the usual way

In(z) =G, I,(z) ={ye G:y= (o, ., Tn-1,Yn>Yn+1s---)}

for x € G,n € P. They form a base for the neighbourhoods of G. Let 0 := (0 :
1 € N) € G denote the null element of G and I,, := I,,(0) for n € N.

Let L,(G) denote the usual Lebesgue spaces on G (with the corresponding
norm ||.||,), where 1 < p < oco.
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Next, we define
|z| = Z 2?21 for all x € G.
i=0

We introduce some concepts of Walsh-Fourier analysis. The Rademacher
functions are defined as

ri(z) == (=1)" (z € G,k € N).

The Walsh-Paley functions are the product functions of the Rademacher func-
tions. Namely, each natural number n can be uniquely expressed in the number
system based 2, in the form

n=> n2* ny€{0,1} (k€ N),
k=0

where only a finite number of n’s different from zero. Let the order of n € P
be denoted by |n| := max{j € N:n; # 0}. Walsh-Paley functions are wg := 1
and for n € P

I

wi (o) = [t (@) = (-1 2o,
k=0

It is known [I5] that the system (w,,n € N) is the character system of
(G,+). The nth Fourier-coefficient, the nth partial sum of the Fourier series
and the nth Dirichlet kernel are defined by

n—1 n—1
f(n) ;:/ fwndp, Sp(f) = f(k)wk, Dp:=> wi, Dy:=0.
G k=0 k=0

Let {gx : kK > 0} be a sequence of non-negative numbers. The nth Norlund
mean of the Walsh-Fourier series is defined by

n

tn(f) = Qi ZQR—kSk(f7x)a
"k

=1
where Q,, ;== EZ;; qr (n>1). Tt is always assumed that ¢ > 0 and

(1) nh_)rréo Qn = 0.

If g = 1/k, we get the so-called Norlund logarithmic mean of the function f,

denoted by Ly (f).
Let T := (t;;);;_, be a doubly infinite matrix of numbers. It is always

supposed that matrix T is triangular. Let us define the nth matrix transform

mean determined by the matrix T

ol (f) = tenSk(f),
k=1
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where {tx, : 1 <k <mn, k € P} is a finite sequence of non-negative numbers
for each n € P.

It is a common generalization of the partial sum of Fourier series and sev-
eral well-known (e.g. Fejér, Cesaro, Cesaro with varying parameters, Norlund,
weighted, Riesz) means.

The o-algebra generated by the intervals {I,,(z) : € G} will be denoted
by F,, (n € N). Denote by f := {f™, n € N} the martingale with respect to
F,, (for details see, e.g., [21]).

We say that this martingale belongs to the Hardy martingale spaces H,(G)
for 0 < p < o0 if

1f1lm, = f*]lp, where f*:= sugf(”).
ne

When f € L1(G), the maximal functions are also given by

/fwm)
I'n(w)

If f € L1(G), then the sequence F = {Sa(f) : n € N} is a martingale and
F* = M(f).

If f={f" :n €N} is a martingale, then the Walsh-Fourier coefficients
must be defined in a slightly different manner:

fo = Jim [ 1O @ @)tz

k—o0

M(f;x) := sup (u(ln(w))

neN

A bounded measurable function a is p-atom if there exists an interval I, such
that

supp(a) C I, /ad,u =0 and ||a]|e < pu(I)Y/?.
I

2. Historical overview

Weisz [2I] proved that for every f € H,(G) there exists an absolute constant
Cp, such that
loan (P, < epllfllm,, n €N, p>0.

Méricz and Siddiqi [I8] investigated the approximation properties of some
special Nérlund means of Walsh-Fourier series of L, (G) functions in norm. Sim-
ilar approximation properties for matrix transform mean summability methods
can be found in [4, B]. Fridli, Manchanda, and Siddigi [9] improved and ex-
tended the results of Méricz and Siddiqi [I8] to martingale Hardy spaces. The
case when {qr = 1/k : k € N} was excluded, since the methods are not appli-
cable to Norlund logarithmic means. In [I0] G&t and Goginava proved some
convergence and divergence properties of the Norlund logarithmic means of
functions in the Lebesgue space Li(G). In particular, they proved that there
exists a function f in the space L1, such that

sup || L |, = oo.
neN
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In [3] it was proved that there exists a martingale f € Hy,, (0 < p < 1) such
that

sup || Lan ||, = 0.
neN

A counterexample for p = 1 was proved in [I9], however, Goginava [12]
proved that
sup || Lon ||y < ¢l flla,, n € N.
neN

The convergence of subsequences of Norlund logarithmic means in martin-
gale Hardy spaces for Walsh-Paley system was investigated by Goginava [14]
and for the character system of the group of 2-adic integers by Memié [17].

Matrix transforms means are common generalizations of several well-known
summation methods. It follows by simple consideration that the Noérlund
means, the Fejér (or the (C,1)) and the (C, ) means are special cases of the
matrix transform summation method introduced above. For matrix transforms
means with respect to trigonometric system see e.g. results of Chandra [§] and
Leindler [I6], to Walsh system see paper of Blyumin [6].

3. Auxiliary results

To prove Theorem we need the following results.
The martingale Hardy space H,(G) has an atomic characterization (see
Weisz [211, 22)):

Lemma 3.1. A martingale f = {f™ :n € N} isin H, (0 < p < 1) if and only
if there exists a sequence {ay : k € N} of p-atoms and a sequence {py, : k € N}
of real numbers such that for every n € N:

(2) > ukSan(ar) = f", where > |pl? < oo.
k=0 k=0

Moreover, the following two-sided inequality holds

oo 1/p
[f 1|7, ~ inf (Z |,Uk|p> ,

k=0
where the infimum is taken over all decompositions of f of the form .
Lemma 3.2 (Paley’s Lemma [20], p. 7.). Forn € N
2n, afx e I,
D2n (x) = f
0, ifx ¢ I,.
It is also well-known, that

(3) Dn = Wnp Z ’I’Lk’/’kD2k = Wy, Z nk(D2k+1 - ng).
k=0 k=0
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Lemma 3.3. For everyn € P, {tp, : 1 < k < n} be a finite, conver and
non-decreasing sequence of non-negative numbers and x € Iy(eg + e1). Then
for any increasing sequence of positive integers ay, the following inequality holds

920 +1
3
E tj’22ak+l DJ(:E) > t22a,€+171’22a,€+1 — §t22ak+173722ak+1.
j=22ak

Proof. Using Lemma and (3) we get that if © € Is(eg + €1) then

—w;, if 7 > 1 is an odd number,
(4) Dj(x) = T
0, if j is an even number.

and from we obtain

~

From wogy1(x) = weog(z)wq (x

22ak+1 22O‘k_1
Z tj722ak+1Dj($) = — Z t2j+1722ak+1”LU2j+1($)
j=220% j=220p—1
920k _q
= —’wl(.’IJ) Z t2j+1722%+1w2j (33)
j=22ak—1
Since wag42(z) = wap(x)wa(x), and if © € Iz(eg + e1), then wa(z) = —1, so
g2ap+1_q
Z tj722o4k+1 D; (2)
j=22ak
220k 1
= Z t2j+1’22ak+1w2j (SU)
j=220—1
= |t22ak+173722ak+1w22ak+174(1') + t220¢k+171’22ak+1 w22ak+1,2(x)
920k _3
+ Z Lojy1 020k +1W2; (x)
j=22a—1
= |(t22ak+l_1722ak+1 — t22ak+1_3)22ak+1) U)22ak+1_2(x)
92ap—1_o
+ Z (t4j+1’22a,€+1'w4j (’JI) + t4j+3,22ak+1w4j+2(x))
j:22ak72

> |t22ak+171722ak+1 — t22ak+173_22ak+1 |
92ap—1_o

_ Z |t4j+3,22ak+1 — t4j+1,220k+1| =: ()
j=220k =2

From convexity of t; , we get

1
2tk,n S tk—Q,n + tk+2,n < tk,n - tk—Q,n < i(tk+2,n - tk—Q,n)a
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SO
92a,—1_o 1 92ap—1_o
E (t4j+3,22%+1 - t4j+1,22%+1) < 5 E (t4j+5,22“k+1 - t4j+1,22ak+1)
j=22e =2 j=02ak—2
1
= §(t22ak+1_3,22ak+1 — t22ak+17220k+1)’
that is why

(*) > lo2ap+1_1 g2aj+1 — lo2ap+1_3 g2a+1 — §t22Qk+1_3722ak+1 + §t22ak+1722ak+1

> t22ak+1_1722ak+1 — Slo2ap+1_3 9205 +1

2
These complete the proof of Lemma [3.3 O

4. The main result

Theorem 4.1. Let 0 < v < 1 and 8 be any nonnegative real number. For
every n € P, let {tpaon : 1 < k < 2™} be a convex, non-decreasing and finite
sequence of non-negative numbers such that

271/
(5) Ztkvgn == 1
k=1

C1

3
(6) t2n7172n — §t2717372n Z W.

are satisfied for some positive constant c¢1. Then, for any 0 < p < 1/(1+7)
there exists a martingale f € H,(G) such that

ilelg HO’%}L (f)Hweak:—Lp =

Proof. Let {ay : k € N} be an increasing sequence of positive integers such
that

(7) Z a,:p/Q < 00,
k=0
k-1 920 /p 920 —1/p

(8) DT §C2m

for some constant ¢y and
92ak-1/p 92ak(1/p—1=7)—v

<c
ap—1 ! ap(2ay + 1)8

9) ca
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Let us notice, that @ implies inequality

(10)
12200 (1/p=1=7)=y  92ai(1/p—1)—1 3
ak(2ak T 1),8 < o <t22ak+11722ak+1 — 2t22ak+13’22ak+1)
Let
Fo = Z Akak,
ki2ap<n
where

1
A = —— and ay = 220"“(1/’771)(1322%“ — Dyz2ay,).

NG

Inequality @ and Lemma 1 yield that f € H,(G).
Let us introduce the following notation

22ak71 22ak+1
Ot (f) = Y timaniSi(f) + Y tipeniSi(f)
Jj=1 j=22%
= I+1I.

Based on the technique of paper [I3], using conditions and we obtain

220%—1/10
1] <o
V-1

and if 229% < j < 221 then

k—1 220@(1/1771) 22&;‘,(1/1771)

Si() = 3 e (Dgpees = D) +

—————(Dj — Dy24ay,).
— \/@71 \/@ ( J 2 k)

Let x € Iz(eg + e1). Since 2 < 2qy, for every k € N, in this case Dyz2q;, = 0.
It means that

g 92a(1/p—1)

) — D
J (f) \/QT 10
hence based on Lemma

2ap,+1
22ak(1/p—1) 277k
|II| = — = tj722ak+1Dj
vV &k j=22%

22ak(1/p71)

NG

3
(t22ak+11’220¢k+1 - §t22ak+173’22ak+1
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Then for x € Iz(eg + e1), using inequalities @, and condition @ we get

| 032041 ()| 2| 11] = 1|
22ak(1/p—1) 3 220%—1/1)

> (t22ak+1_1,22ak+1 — 2t22ak+1_3722c¥k+1) —g———
VO Q-1
920 (1/p—1) 3

toza,+1 20,41 — —to2a,+1 20,41
294k T —1,2°% 2°%k T+ —-3,2°%
Ok ( ’ 2 3

920 (1/p—1)—1

— —————————— | ty2ax+1 20p+1 — =to2ap+1 205,41
2°%k T —1,2°% 2°%k T —-3,2°%
a < ’ 2 3

g0 (1/p—1)—1
ZT (t220k+1_1722ak+1 —
>22ak(1/p—1)—1 e
- /O 2(2%“)7(20% + 1)6
9201, (1/p—1-7)

a£+1/2

3
§t22ak+1_3722ak+1

>c3

At the end, with the standard technique we obtain

HU;C"’C+1 (f) Hweak—L,]

920 (1/p~1—7) G lom () 9200, (1/p—1—7) | /7
>e3———————pu T €EG: 000,41 >c3————
O[£+1/2 2%k a§+1/2

220%(1/;07177) T 220%(1/17*1*7) 1/p
> e M € L2(eo +e1) 052041 ()] 2 G Qi
oy, O

920 (1/p—1-7)

> c3 s HI2(e0 + er)t’”
O
92k (1/p—1-7) '
ZC4T1/2 — 00, if &k — oo.
ap
This completes the proof of our Theorem O

Remark 4.2. From Theorem 1. of paper of Gt and Goginava [I1] follows for
every |f| € Hp, where p > 0 that

(11) bup\a “ ()l

neN

< &l fl] e,
p

and azn , the so-called Cesaro mean with varying parameters is a special cases
of o1, mean (see Example . Theorem implies that the operator o5 is
not bounded from H, to L,, when 0 < p < 1/2 and 0 < «,, < 1. Or if we
choose 0 < a, < 1 and hm a, = 0, the statement will be true for 0 < p < 1

(see also Example [5.1)). So it means that the condition |f| € H, for in
these cases cannot be replaced by the condition f € H),.
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5. Examples

Theorem is a generalization of the main result of paper [I]. In their arti-
cle, Baramidze, Persson, Tangrand and Tephnadze proved analogous statement
for Norlund means. (For the Norlund logarithmic mean case see [2].) Here-
inafter we give two examples (a notable and an elementary one) for sequence
ty.on for which oZ, is not a Nérlund mean, but we can apply our main theorem
to that.

Example 5.1. Let k,ne N, 1 <k < 2" and

Aagfl
tk,2" = Ainik’
on 1
where
e 1+a)...(n+a)
n

n!
for any o # —1,-2,... and we suppose that 0 < a,, < 1.

It is known (see [23]), that > p_, A"} = A%_,, so Ziil tion = 1.

A simple calculation shows, that for 1 < k < 2™ inequality Ag,?__,i <
Ag‘;,‘:,ii1 holds. It follows that for any fized n, the sequence ty on is increasing.
Similarly, for 1 < k < 2™ — 1, the inequality Ag‘;‘:]i + Ag‘;‘:,ii2 > QAS‘;Z:,L1 18
valid, which means, that for any fized n, the sequence ty on is convez.

The condition @ needs ton_19n — %t2n_372n > 0, that is A‘f"il = a1 >
AT = %, It will be true if 4 > (1 + a2)(2 + ag), for ex-
ample if as = az = % (It is not a strict limitation, since the situation
n — oo is interesting for us.) Since 1 < Ay, < 2" holds, so choosing
v:i=1, 8:=0,c1 := a1 — w, condition (6)) is fulfilled. Or, for
example if lim o, =0, then lim ASr | =1, so we can choose v := 0.

n—oo n—oo
On the other side easy to see that Cesaro means with varying parameters (in

general) are not Norlund means. (Otherwise g, would be Ay™, which depends

not only on k, but also on n.)

Example 5.2. Let 2 <n €N and

Tz if 1<k<2m -2,
thon =4 L, if k=2"—1,
5+ o, if k=2

(Since in Theorem we take the supremum for all n € P and the value of
the supremum is infinity, therefore it is not interesting, what happens for small
n’s.) Then

on

. 11 /1 1
k=1
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Easy to see, that ty on is non-decreasing for every 2 < n € N.
Since

tk’Qn + tk+2’2n = 2tk+172n, ’Lfl S k S 2" — 4 and 3 S n,

1 1 1 1 .
ton_gon +fon_10n = ont2 + 1 > ont2 + otz = 2ton_9on, if2<m,
1 1 1 1 .
t2n_2,2n 4+ t2n72n = + =+ > — = 2t2n_172n7 ’Lf2 S n,

on+2 2 on+1 2

sequence ty , is convex for every 3 <n € N.
On the other hand if 2 < n, then

1 3 1 2mtt—3 2”*172”71
tan—12n — §t2"—372" T4 9 9ntz = " on+3 > ont3 g
It means, that choosing v :=  := 0 and ¢; := % sequence ty ., is suitable for

Theorem [{.1]

If this concrete o2, were a Norlund mean, next equality would hold

on

271,
1
Ztk,Q” Sk = O Z qon — 1Sk
k=1 2" =1

It follows, that in this case % =ton_1,0n = &, but it contradicts to .
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