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Orders of solutions of fractional differential equation with
entire coefficients

Hamid Beddani12

Abstract. We study the solutions of the fractional differential equation

LCDα
z f

′(z) +A(z)LCDβ
z f(z) +B(z)f(z) = 0

where LCDα
z and LCDβ

z are the Liouville-Caputo fractional derivatives
of orders n − 1 < α, β ≤ n ∈ N∗, and z is complex number, A(z), B(z)
be entire functions. We find conditions on the coefficients so that every
solution that is not identically zero has infinite order.
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1. Introduction

Recently, the complex modelings of phenomena in nature and society have
been the object of several investigations based on the methods originally devel-
oped in a physical context. These systems are the consequence of the ability
of individuals to develop strategies. They occur in kinetic theory [3], complex
dynamical systems [12], chaotic complex systems and hyperchaotic complex
systems [21], and the complex Lorenz-like system which has been found in
laser physics while analyzing baroclinic instability of the geophysical flows in
the atmosphere (or in the ocean) [14, 22]. Sainty [15] considered the complex
heat equation using a complex valued Brownian.

Kilbas and Baleanu et al.[1, 2, 10, 11], imposed several applications of frac-
tional calculus including complex modelings, and theory and applications of
fractional differential equations.
The author studied various types of fractional differential equations in com-
plex domain such as the Cauchy equation, the diffusion equation and telegraph
equations [9]-[8]. Transform is a significant technique to solve mathematical
problems. Many useful transforms for solving various problems appeared in
open literature such as wave transformation, the Laplace transform, the Fourier
transform, the Bücklund transformation, the integral transform, the local frac-
tional integral transforms and the fractional complex transform (see [4, 13]).
And also we must also not forget the scholar Hari Mohan Srivastava who has
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touched upon in several articles on fractional arithmetic in the complex plane
(see [18, 19, 20, 16, 17]).

In [20], H. M. Srivastava investigated and closely examined the so-called so-
called k-gamma function and the corresponding k−Pochhammer symbol and
k−Laplace transform, the pathway integral version and the conformable or non-
conformable version as well as the so-called (k, s)−extention of the operators
of the traditional Riemann-Liouville fractional calculs and such other familiar
operators of calculus as the Liouville- Caputo fractional derivative operator,
the Sumudu transform and the P−version of the classical Laplace transform,
the so-called post-quantum or, briefly, (p, q)−version of the familiar basic or
quantum (or q−) analysis, the parametric variation of the Bessel and related
functions, and so on. We also look into the current literature which is full of
repeated or translational usages of the classical Laplace transform operators
L in order to successfully solve initial-value problems involving ordinary and
partial differential equations.

2. Definitions and Lemmas

In this section [18], we introduce some notations and definitions for frac-
tional operators (derivative and integral) in the complex z−plane C as follows.

Definition 1. The fractional derivative of order α is defined, for a function
f(z), by

(2.1) Dα
z f(z) =

1

Γ(1− α)

z∫
0

f(ξ)

(z − ξ)
α dξ, 0 ≤ α < 1

where the function f(z) is analytic in a simply-connected region of the com-
plex z−plane containing the origin, and the multiplicity of (z−ξ)−α is removed
by requiring log(z − ξ) to be real when (z − ξ) > 0.

Definition 2. The fractional integral of order α is defined, for a function f(z),
by

(2.2) Iαz f(z) =
1

Γ(α)

z∫
0

(z − ξ)
α−1

f(ξ)dξ, 0 < α,

where the function f(z) is analytic in a simply-connected region of the com-
plex z−plane containing the origin, and the multiplicity of (z−ξ)α−1 is removed
by requiring log(z − ξ) to be real when (z − ξ) > 0.

Applying the Caputo method, we know the Caputo derivative by the for-
mula:
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Definition 3. The Liouville-Caputo fractional derivative of order n−1 < α <
n, n ∈ N∗, for a function f(z) is defined as
(2.3)

LCDα
z f(z) = In−α

z f (n)(z) =
1

Γ(n− α)

z∫
0

(z − ξ)
n−α−1

f (n)(ξ)dξ, n−1 < α ≤ n, n ∈ N∗

where the function f(z) is analytic in a simply-connected region of the com-
plex z−plane containing the origin, and the multiplicity of (z − ξ)n−α−1 is
removed by requiring log(z − ξ) to be real when (z − ξ) > 0.

Remark 1. In the following we put

LCDαf(z) = f (α)(z)

Throughout this paper, we assume that the reader is familiar with the
fundamental results and the standard notations of the Nevanlinna value distri-
bution theory of meromorphic functions (see [7]). Let ρ(f) denote the order of
an entire function f , that is,

ρ(f) = lim
r→+∞

log T (r, f)

log r
= lim

r→+∞

log logM(r, f)

log r
,

where T (r, f) is the Nevanlinna characteristic function of f (see [7]), and

M(r, f) = max
|z|=r

|f(z)| .

For example, the function f(z) = ez
2

satisfies ρ(f) = 2.

In the study of the differential equation

(2.4) f ′′ +A(z)f ′ +B(z)f = 0

where A(z) and B(z) ̸≡ 0 are entire functions, Gundersen proved the fol-
lowing results.

Theorem 1. ([6], p.418) Let A(z) and B(z) ̸≡ 0 be entire functions such that
for real constants λ, η, θ1, θ2 where λ > 0, η > 0, and θ1 < θ2, we have

(2.5) |B(z)| ≥ exp {(1 + o (1))λ |z|η}

and

(2.6) |A(z)| ≤ exp {o (1) |z|η}

as z → ∞ in θ1 ≤ arg z ≤ θ2. Then every solution f ̸≡ 0 of 2.4 has infinite
order.
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Lemma 1. ([5, 6]) Let f be a transcendental entire function of finite order ρ.
Let Λ = {(k1, j1), (k2, j2), · · · , (km, jm)} denote a finite set of distinct pairs of
integers that satisfy ki > ji ≥ 0, i = 1, ...,m, and let ε > 0 be a given constant.
Then the following three statements hold:

(i) There exists a set E1 ⊂ [0, 2π) that has linear measure zero, such that
if ψ0 ∈ [0, 2π)−E1, then there is a constant R0 = R0(ψ0) > 0 so that for all z
satisfying arg z = ψ0 and |z| ≥ R0, and for all (k, j) ∈ Λ we have

(2.7)

∣∣∣∣f (k)(z)f (j)(z)

∣∣∣∣ ≤ |z|(k−j)((ρ−1+ε))
.

(ii) There exists a set E2 ⊂ (1,∞) that has finite logarithmic measure, such
that for all z satisfying |z| /∈ E2 ∪ [0, 1], and for all (k, j) ∈ Λ, the inequality
2.7 holds.

(iii) There exists a set E3 ⊂ (0,∞) that has finite linear measure, such that
for all z satisfying |z| /∈ E3, and for all (k, j) ∈ Λ, we have∣∣∣∣f (k)(z)f (j)(z)

∣∣∣∣ ≤ |z|(k−j)((ρ+ε))
.

3. Main results

Consider the fractional differential equations

(3.1) LCDα
z f

′(z) +A(z)LCDβ
z f(z) +B(z)f(z) = 0

where LCDα
z and LCDβ

z are the Liouville-Caputo fractional derivatives of orders
n−1 < α, β ≤ n ∈ N∗, and z is complex number, A(z), B(z) be entire functions.

Theorem 2. Let A(z), B(z) be entire functions such that for real constants
λ, η, θ1, θ2 where λ > 0, η > 0, and θ1 < θ2, we have

(3.2) |B(z)| ≥ 1

Γ (n+ 1− α)
exp

{
(1 + o (1))λ |z|βη

}
and

(3.3) |A(z)| ≤ Γ (n+ 1− β)

Γ (n+ 1− α)
exp {o (1) |z|ηα}

as z → ∞ in θ1 ≤ arg z ≤ θ2. Then every solution f ̸≡ 0, and max
ζ∈[0,z]

∣∣f (n)(ξ)∣∣ =∣∣f (n)(z)∣∣ of equation 3.1 has infinite order.
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4. Proof of Theorem 2

Suppose that f (̸≡ 0) is a solution of (3.1) of finite order ρ(f) = σ <∞, and
max
ζ∈[0,z]

∣∣f (n)(ξ)∣∣ = ∣∣f (n)(z)∣∣. Then from Lemma 1 there exists a real constant

ψ0 where θ1 ≤ ψ0 ≤ θ2, such that

∣∣∣∣ (f (α)(z)f(z)

∣∣∣∣ =

1
Γ(n−α)

∣∣∣∣ z∫
0

(z − ξ)
n−α−1

f (n)(ξ)dξ

∣∣∣∣
|f(z)|

(4.1)

≤ |z|n−α

Γ(n− α+ 1)

max
ζ∈[0,z]

∣∣f (n)(ξ)∣∣
|f(z)|

≤ |z|n−α

Γ(n− α+ 1)

∣∣f (n)(z)∣∣
|f(z)|

= o(1)
|z|n(σ+1)−α

Γ(n− α+ 1)

and

∣∣∣∣ (f (β)(z)f(z)

∣∣∣∣ =

1
Γ(n−β)

∣∣∣∣ z∫
0

(z − ξ)
n−β−1

f (n)(ξ)dξ

∣∣∣∣
|f(z)|

(4.2)

≤ |z|n−β

Γ(n− β + 1)

max
ζ∈[0,z]

∣∣f (n)(ξ)∣∣
|f(z)|

≤ |z|n−β

Γ(n− β + 1)

∣∣f (n)(z)∣∣
|f(z)|

= o(1)
|z|n(σ+1)−β

Γ(n− β + 1)

as z→ ∞ along argψ0. Then from (4.1), ( 4.2) and (3.1), we obtain

|B(z)| ≤
∣∣LCDα

z f(z)
∣∣

|f(z)|
+ |A(z)|

∣∣LCDβ
z f(z)

∣∣
|f(z)|

≤

(
|z|n−α

Γ(n+ 1− α)
+

|A(z)| |z|n−β

Γ(n− β + 1)

)∣∣∣∣f (n)(z)f(z)

∣∣∣∣
≤

(
|z|n−α

Γ(n+ 1− α)
+

|A(z)| |z|n−β

Γ(n+ 1− β)

)
|z|n(ρ−1+ε)

≤ o(1) |z|n(ρ−1)−α

Γ(n+ 1− α)
+
o(1) |z|n(ρ−1)−β

Γ(n+ 1− β)
|A(z)|
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and therefore

Γ(n+ 1− α) |B(z)| ≤ o(1) |z|n(ρ−1)−α
+

Γ(n+ 1− α)

Γ(n+ 1− β)
o(1) |z|n(ρ−1)−β |A(z)|

as z→ ∞ along argψ0, and this contradicts (3.2) and (3.3).
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