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Study of the implicit relation and pF ,Hq-contractions on
double controlled metric-like space with an application1

Sudipta Kumar Ghosh23 and C. Nahak4

Abstract. In this article, utilizing the newly introduced concept of
double controlled metric like space, we study the implicit relation along
with pF ,Hq-contractions through orbital admissible mappings. Our re-
sults extend, generalize and unify many well known results. Examples
are also presented to justify the effectiveness of our new findings. Lastly,
one application is presented in a system of non-linear integral equations
to discuss the existence of a solution.
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1. Introduction and preliminaries

In the year 2012, the concept of an α-admissible mapping was proposed
by Samet et al.[20]. This concept become very popular as it covers theorems
in distinct platforms such as fixed point theorems in standard metric space,
fixed point theorems in metric space for cyclic mappings via closed subsets,
fixed point theorems in metric space endowed with a graph etc. Later in 2014,
Popescu [18] introduced the notion of an α-orbital admissible mapping as an
improvement of α-admissible mappings. Very recently, the concept of an α-
orbital admissible mapping was extended to the pα, βq-orbital cyclic admissible
mapping by Alqahtani et al. [5].

On the other side, Czerwik [11] defined the concept of a b-metric space as
a generalization of the metric space. Not long ago, Kamran et al.[21] have ex-
tended the notion of a b-metric space by introducing the concept of an extended
b-metric space. Researchers put their attention on this setup and established
many well known classical results of fixed point theorems (see for example
[2], [3], [4], [6], [24] and the references cited therein). Further, the notion
of an extended b-metric space has been extended into several directions such
as dislocated extended b-metric [16], controlled metric type space [14], double
controlled metric type space [1], and very recently double controlled metric-like
space [15].
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The main aim of this paper is to study a new kind of fixed point results
involving implicit relation and pF ,Hq-contraction in the structure of newly
introduced double controlled metric-like spaces. Before we present our main
results, we first recall some basic definitions, and preliminary results from the
existing literature. From now, we write R� to mean r0,8q.

Definition 1.1. [18] Let ℵ be a non-empty set. Let K : ℵÑ ℵ and α : ℵ�ℵÑ
R� be two mappings. Then we say K is an α-orbital admissible mapping if,
for all ϑ P ℵ, we have

αpϑ,Kϑq ¥ 1ñ αpKϑ,K2ϑq ¥ 1.

Definition 1.2. [18] Let ℵ be a non-empty set. Let K : ℵÑ ℵ and α : ℵ�ℵÑ
R� be two mappings. Then we say K is a triangular α-orbital admissible
mapping if K is α-orbital admissible mapping, and

αpϑ, uq ¥ 1, αpu,Kuq ¥ 1ñ αpϑ,Kuq ¥ 1, for all ϑ, u P ℵ.

Note: Every triangular α-admissible mapping is a triangular α-orbital ad-
missible mapping but the converse statement is not true (see [18]).

Lemma 1.3. [18] Let ℵ be a non-empty set. Let K : ℵ Ñ ℵ be a triangular
α-orbital admissible mapping. Suppose that tϑru

8
r�1 is a sequence in ℵ with

ϑr�1 � Kϑr and αpϑ1,Kϑ1q ¥ 1. Then we have αpϑr, ϑsq ¥ 1, for all r, s P N
with r   s.

Next, we move to the definition of an pα, βq-orbital cyclic admissible pair.

Definition 1.4. [5] Let ℵ be a non-empty set. Let K,L : ℵ Ñ ℵ, and α, β :
ℵ � ℵ Ñ R� be four given mappings. Then, the pair pK,Lq is said to be an
pα, βq-orbital cyclic admissible pair if for any ϑ P ℵ, we have

αpϑ,Kϑq ¥ 1ñ βpKϑ,LKϑq ¥ 1, and

βpϑ,Lϑq ¥ 1ñ αpLϑ,KLϑq ¥ 1.

Now, we come to the definition of a double controlled metric-like space [15].

Definition 1.5. [15] Let ℵ be a non empty set. Suppose that γ, λ : ℵ � ℵ Ñ
r1,8q are two given mappings. Suppose that a mapping δρ : ℵ � ℵ Ñ R�
satisfies the following conditions for all ϑ, u, v P ℵ

p�C1q δρpϑ, uq � 0ñ ϑ � u;

p�C2q δρpϑ, uq � δρpu, ϑq;

p�C3q δρpϑ, vq ¤ γpϑ, uqδρpϑ, uq � λpu, vqδρpu, vq.

Then the pair pℵ, δρq is called a double controlled metric-like space (in brief
DCMLS). Throughout the paper, we consider δρ as a continuous functional.

We now state some topological concepts, such as Cauchy sequence, conver-
gence and completeness in a DCMLS.
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Definition 1.6. [15] Let pℵ, δρq be a DCMLS, and let tϑru
8
r�1 be a sequence

in ℵ.
(i) tϑru is a δρ Cauchy sequence if and only if lim

r,sÑ8
δρpϑr, ϑsq exists and is

finite.
(ii) tϑru converges to ϑ� in ℵ if and only if lim

rÑ8
δρpϑr, ϑ

�q � δρpϑ
�, ϑ�q.

(iii) pℵ, δρq is said to be complete if for each Cauchy sequence tϑru, there is
ϑ� P ℵ such that lim

rÑ8
δρpϑr, ϑ

�q � δρpϑ
�, ϑ�q � lim

r,sÑ8
δρpϑr, ϑsq.

Definition 1.7. [15] Let pℵ, δρq be a DCMLS. For ϑ P ℵ and ν ¡ 0:
(i) An open ball Bpϑ, νq in pℵ, δρq is Bpϑ, νq � tu P ℵ, |δρpϑ, uq�δρpϑ, ϑq|  

νu.
(ii) The mapping K : ℵÑ ℵ is said to be continuous at ϑ P ℵ if for all τ ¡ 0,

there exists ν ¡ 0, such that KpBpϑ, νqq � BpKpϑq, τq. Thus if K is contin-
uous at ϑ, then for any sequence tϑru converging to ϑ, we have lim

rÑ8
Kϑr �

Kϑ, i.e., lim
rÑ8

δρpKϑr,Kϑq � δρpKϑ,Kϑq.

Let Φ denotes the collection of all η : R� Ñ R� such that

1. η is non-decreasing;

2. ηpτq   τ , for τ ¡ 0 with ηp0q � 0.

2. Main results

Let ℵ be a non-empty set and K,L : ℵ Ñ ℵ be two self mappings. Denote
by CpK,Lq and FixpKq the collection of all common fixed points of K, L and
the collection of all fixed points of K, respectively, i.e.,

CpK,Lq � tx P ℵ |x � Kx � Lxu,

and

FixpKq � tx P ℵ |Kx � xu.

2.1. Implicit relation in the context of DCMLS

In this section, we investigate implicit function in the context of DCMLS
using pα, βq-orbital cyclic admissible mappings. To do this, first we consider
the following implicit function (readers may also look into [9], [10], [17] [22],
[23]).

Definition 2.1. Let Ω be the collection of all functions Gpξ1, � � � , ξ4q : R4
� Ñ R

which satisfies the following properties:
pG1q G is continuous in each variable and non-decreasing in the variable ξ1;
pG2aq for all c, d ¥ 0 with Gpc, d, d, cq ¤ 0 there exists a η P Φ such that
c ¤ ηpdq;
pG2bq for all c, d ¥ 0, Gpc, d, c, dq ¤ 0 implies c ¤ ηpdq, where η P Φ;
pG3q for all τ ¡ 0, we obtain 0   Gpτ, τ, 0, 0q.

Now, we provide some examples of G.



54 Sudipta Kumar Ghosh, C. Nahak

Example 2.2. Gpξ1, ξ2, ξ3, ξ4q � ξ1 � kξ2 � lξ3 �mξ4, where k, l,m ¥ 0 with
k � l �m   1.

Example 2.3. Gpξ1, ξ2, ξ3, ξ4q � ξ1 � kmaxtξ2, ξ3, ξ4u, where k P r0, 1
2 q.

Example 2.4. Gpξ1, ξ2, ξ3, ξ4q � ξ21�kξ2ξ3� lξ24 , where k, l ¥ 0 with k� l   1.

Example 2.5. Gpξ1, ξ2, ξ3, ξ4q � ξ1 � kξ2 � lξ3 �mmaxt2ξ4, ξ1 � ξ4u, where
k, l,m ¥ 0 with k � l � 2m   1.

Example 2.6. Gpξ1, ξ2, ξ3, ξ4q � ξ21 � kmaxtξ22 , ξ
2
3 , ξ

2
4u � lmaxtξ1ξ3, ξ2ξ4u �

mξ3ξ4, where k, l,m ¥ 0 with k � l �m   1.

Example 2.7. Gpξ1, ξ2, ξ3, ξ4q � ξ31 � kξ21ξ2 � lξ1ξ3ξ4 �mξ2ξ
2
3 � nξ3ξ

2
4 , where

k, l,m, n ¥ 0 with k � l �m� n   1.

Example 2.8. Gpξ1, ξ2, ξ3, ξ4q � ξ1 � kmaxtξ2,
ξ3�ξ4

2 u, where k P r0, 1q.

Example 2.9. Gpξ1, ξ2, ξ3, ξ4q � ξ1�pkξ
n
2 � lξn3 �mξn4 q

1
n , where k, l,m, n ¡ 0

with k � l �m   1.

Theorem 2.10. Let pℵ, δρq be a complete DCMLS. Let α, β be two mappings
from the cross product of ℵ into R�. Further, let K,L be two mappings from
ℵ into itself. Suppose that for all ϑ, u P ℵ the following relation holds

(2.1) Gpαpϑ,Kϑqβpu,LuqδρpKϑ,Luq, δρpϑ, uq, δρpϑ,Kϑq, δρpu,Luqq ¤ 0,

where G P Ω. Also, suppose that the following conditions are satisfied:
(C1) there exists a ϑ0 such that αpϑ0,Kϑ0q ¥ 1;
(C2) the pair pK,Lq is an pα, βq-orbital cyclic admissible pair;
(C3) for any sequence tϑru

8
r�0 with ϑ2r�1 � Kϑ2r, ϑ2r � Lϑ2r�1 and

αpϑ2r, ϑ2r�1q ¥ 1, βpϑ2r�1, ϑ2r�2q ¥ 1 for all r P N, we have:

sup
s¥1

lim
rÑ8

γpϑr�1, ϑr�2q

γpϑr, ϑr�1q
λpϑr�1, ϑr�sq

ηr�1pδρpϑ0, ϑ1qq

ηrpδρpϑ0, ϑ1qq
  1, pB�q

where η P Φ, and also the sequence tγpϑr, ϑr�1qu is bounded;
(C4) K and L both are continuous mappings or;zpC4q if tϑru is a sequence in ℵ such that ϑr Ñ ϑ�, then αpϑ�,Kϑ�q ¥
1, βpϑ�,Lϑ�q ¥ 1 and also suppose that for any ϑ P ℵ, we have δρpϑ

�, ϑq ¤
lim sup
rÑ8

δρpϑr, ϑq.

Then K and L have a common fixed point, i.e., CpK,Lq � H.

Proof. By assumption pC1q there exists a ϑ0 such that αpϑ0,Kϑ0q ¥ 1. Con-
sider ϑ1 � Kϑ0 and ϑ2 � Lϑ1. Using induction, we can easily build up a
sequence tϑru

8
r�0 such that ϑ2r�1 � Kϑ2r and ϑ2r � Lϑ2r�1, for all r P N.

Again, we have αpϑ0, ϑ1q ¥ 1 and by the given condition the pair pK,Lq is a
(α, β)-orbital cyclic admissible mapping. Thus, we get

αpϑ0, ϑ1q ¥ 1ñ βpKϑ0,LKϑ0q � βpϑ1, ϑ2q ¥ 1, and

βpϑ1, ϑ2q ¥ 1ñ αpLϑ1,KLϑ1q � αpϑ2, ϑ3q ¥ 1.
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Proceeding in this way, using pC2q, we obtain, αpϑ2r, ϑ2r�1q ¥ 1, βpϑ2r�1, ϑ2r�2q
¥ 1, for all r P N. Without loss of generality, we may assume that ϑr �
ϑr�1, for all r P N. Next, we want to show that if for some r, δρpϑ2r, ϑ2r�1q �
0, then Kϑ2r � ϑ2r � Lϑ2r, and if for some r, δρpϑ2r�1, ϑ2r�2q � 0, then
Kϑ2r�1 � ϑ2r�1 � Lϑ2r�1. Suppose that for some r, δρpϑ2r, ϑ2r�1q � 0.
Then we will show that δρpϑ2r�1, ϑ2r�2q � 0. We establish this fact by us-
ing the method of contradiction. Suppose δρpϑ2r�1, ϑ2r�2q ¡ 0. Now take
ϑ � ϑ2r, u � ϑ2r�1 in (2.1), then we have

Gpαpϑ2r,Kϑ2rqβpϑ2r�1,Lϑ2r�1qδρpKϑ2r,Lϑ2r�1q, δρpϑ2r, ϑ2r�1q, δρpϑ2r,Kϑ2rq,

δρpϑ2r�1,Lϑ2r�1qq ¤ 0,

ñ Gpαpϑ2r, ϑ2r�1qβpϑ2r�1, ϑ2r�2qδρpϑ2r�1, ϑ2r�2q, δρpϑ2r, ϑ2r�1q, δρpϑ2r, ϑ2r�1q,

δρpϑ2r�1, ϑ2r�2qq ¤ 0.

By pG1q, we have

Gpδρpϑ2r�1, ϑ2r�2q, δρpϑ2r, ϑ2r�1q, δρpϑ2r, ϑ2r�1q, δρpϑ2r�1, ϑ2r�2qq ¤ 0.

Now, by applying pG2aq, we obtain

(2.2) δρpϑ2r�1, ϑ2r�2q ¤ ηpδρpϑ2r, ϑ2r�1qq, where η P Φ.

But we have δρpϑ2r, ϑ2r�1q � 0 which implies δρpϑ2r�1, ϑ2r�2q � 0. Again, by
using pG2aq, we can show that δρpϑ2r�1, ϑ2r�2q � 0 implies δρpϑ2r�2, ϑ2r�3q �
0. Consequently, we have ϑ2r�1 � ϑ2r�2 � ϑ2r�3 which implies

ϑ2r�1 � ϑ2r�2 � Lϑ2r�1 and

ϑ2r�1 � ϑ2r�3 � Kϑ2r�2 � KLϑ2r�1 � Kϑ2r�1.

Thus, ϑ2r�1 becomes a common fixed point ofK and L. Hence if δρpϑ2r, ϑ2r�1q �
0 or δρpϑ2r�1, ϑ2r�2q � 0, then our proof is completed. So, from now we as-
sume that δρpϑr, ϑr�1q ¡ 0 for all r P t0u Y N. Next, we show that tϑru

8
r�0 is

a Cauchy sequence. To show this consider ϑ � ϑ2r, u � ϑ2r�1 in (2.1). Then,
we have

Gpαpϑ2r, ϑ2r�1qβpϑ2r�1, ϑ2r�2qδρpϑ2r�1, ϑ2r�2q, δρpϑ2r, ϑ2r�1q, δρpϑ2r, ϑ2r�1q,

δρpϑ2r�1, ϑ2r�2qq ¤ 0.

Now, using pG1q and pG2aq, we have

δρpϑ2r�1, ϑ2r�2q ¤ ηpδρpϑ2r, ϑ2r�1qq, for all r P t0u Y N, where η P Φ.

In a similar way, by taking ϑ � ϑ2r�2, u � ϑ2r�1 in (2.1), we have

δρpϑ2r�2, ϑ2r�3q ¤ ηpδρpϑ2r�1, ϑ2r�2qq, for all r P t0u Y N, where η P Φ.

Thus, for all r P t0u Y N, we get

(2.3) δρpϑr, ϑr�1q ¤ ηpδρpϑr�1, ϑrqq, for all r P t0u Y N.

Repeatedly applying (2.3), we have

δρpϑr, ϑr�1q ¤ ηrpδρpϑ0, ϑ1qq, for all r P t0u Y N.
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Now for r, s P t0u Y N with s ¥ 1, we have

δρpϑr, ϑr�sq

¤ γpϑr, ϑr�1qδρpϑr, ϑr�1q � λpϑr�1, ϑr�sqδρpϑr�1, ϑr�sq

¤ γpϑr, ϑr�1qδρpϑr, ϑr�1q � λpϑr�1, ϑr�sqγpϑr�1, ϑr�2qδρpϑr�1, ϑr�2q

� λpϑr�1, ϑr�sqλpϑr�2, ϑr�sqδρpϑr�2, ϑr�sq

¤ γpϑr, ϑr�1qδρpϑr, ϑr�1q � λpϑr�1, ϑr�sqγpϑr�1, ϑr�2qδρpϑr�1, ϑr�2q

� λpϑr�1, ϑr�sqλpϑr�2, ϑr�sqγpϑr�2, ϑr�3qδρpϑr�2, ϑr�3q

� λpϑr�1, ϑr�sqλpϑr�2, ϑr�sqλpϑr�3, ϑr�sqδρpϑr�3, ϑr�sq

¤

...

¤ γpϑr, ϑr�1qδρpϑr, ϑr�1q �
r�s�2¸
t�r�1

� t¹
q�r�1

λpϑq, ϑr�sq
	
γpϑt, ϑt�1qδρpϑt, ϑt�1q

�
� r�s�1¹

t�r�1

λpϑt, ϑr�sq
	
δρpϑr�s�1, ϑr�sq

¤ γpϑr, ϑr�1qδρpϑr, ϑr�1q �
r�s�2¸
t�r�1

� t¹
q�r�1

λpϑq, ϑr�sq
	
γpϑt, ϑt�1qδρpϑt, ϑt�1q

�
� r�s�1¹

t�r�1

λpϑt, ϑr�sq
	
γpϑr�s�1, ϑr�sqδρpϑr�s�1, ϑr�sq rsince γpϑ, uq ¥ 1,@ ϑ, u P ℵs

¤ γpϑr, ϑr�1qη
rpδρpϑ0, ϑ1qq �

r�s�2¸
t�r�1

� t¹
q�r�1

λpϑq, ϑr�sq
	
γpϑt, ϑt�1qη

tpδρpϑ0, ϑ1qq

�
� r�s�1¹

t�r�1

λpϑt, ϑr�sq
	
γpϑr�s�1, ϑr�sqη

r�s�1pδρpϑ0, ϑ1qq

� γpϑr, ϑr�1qη
rpδρpϑ0, ϑ1qq �

r�s�1¸
t�r�1

� t¹
q�r�1

λpϑq, ϑr�sq
	
γpϑt, ϑt�1qη

tpδρpϑ0, ϑ1qq

¤ γpϑr, ϑr�1qη
rpδρpϑ0, ϑ1qq �

r�s�1¸
t�r�1

� t¹
q�0

λpϑq, ϑr�sq
	
γpϑt, ϑt�1qη

tpδρpϑ0, ϑ1qq pA1q.

Let us put ∆i �
°i

t�0

�±t
q�0 λpϑq, ϑr�sq

	
γpϑt, ϑt�1qη

tpδρpϑ0, ϑ1qq. Then, in-

equality pA1q can be written as

(2.4) δρpϑr, ϑr�sq ¤ γpϑr, ϑr�1qη
rpδρpϑ0, ϑ1qq � r∆r�s�1 �∆rs.

Again, by condition pC3q, we have

sup
s¥1

lim
rÑ8

γpϑr�1, ϑr�2q

γpϑr, ϑr�1q
λpϑr�1, ϑr�sq

ηr�1pδρpϑ0, ϑ1qq

ηrpδρpϑ0, ϑ1qq
  1.
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Consequently, we obtain limrÑ8
∆r�1

∆r
  1. Clearly, ratio test guarantees that

the series
°8

i�0 ∆i is convergent. Again, observe that ηipδρpϑ0, ϑ1qq ¤ ∆i,
since γpϑ, uq ¥ 1, λpϑ, uq ¥ 1 for all ϑ, u P ℵ. Hence

°8
i�0 ∆i   8 implies°8

i�0 η
ipδρpϑ0, ϑ1qq   8. Thus, we obtain ηipδρpϑ0, ϑ1qq Ñ 0 as iÑ 8. Thus,

using boundedness of tγpϑr, ϑr�1qu
8
r�0, from (2.4), we obtain δρpϑr, ϑr�sq Ñ 0

as r, s Ñ 8. Hence, tϑru
8
r�0 is a Cauchy sequence. Now by the completeness

of pℵ, δρq, there exists a point ϑ� P ℵ such that

lim
rÑ8

δρpϑr, ϑ
�q � δρpϑ

�, ϑ�q � lim
r,sÑ8

δρpϑr, ϑsq � 0.

Clearly δρpϑ
�, ϑ�q � 0. Also, we can write ϑ2r Ñ ϑ� and ϑ2r�1 Ñ ϑ� as

r Ñ 8, since ϑr Ñ ϑ� as r Ñ 8. First, we suppose that K,L are continuous
mappings.

ϑ� � lim
rÑ8

ϑ2r�1 � lim
rÑ8

Kϑ2r � K lim
rÑ8

ϑ2r � Kϑ�, and

ϑ� � lim
rÑ8

ϑ2r�2 � lim
rÑ8

Lϑ2r�1 � L lim
rÑ8

ϑ2r�1 � Lϑ�.

Now, let us consider the condition zpC4q (in place of continuity). Taking ϑ �
ϑ�, u � ϑ2r�1 in (2.1), we have

Gpαpϑ�,Kϑ�qβpϑ2r�1,Lϑ2r�1qδρpKϑ�,Lϑ2r�1q, δρpϑ
�, ϑ2r�1q, δρpϑ

�,Kϑ�q,

δρpϑ2r�1,Lϑ2r�1qq ¤ 0.

Since G is non-decreasing in the first coordinate, thus we have

GpδρpKϑ�, ϑ2r�2q, δρpϑ
�, ϑ2r�1q, δρpϑ

�,Kϑ�q, δρpϑ2r�1, ϑ2r�2qq ¤ 0.

Now, using the continuity of G, we obtain

GpδρpKϑ�, ϑ�q, 0, δρpϑ
�,Kϑ�q, 0q ¤ 0

ñ δρpKϑ�, ϑ�q ¤ ηp0q, rby pG2bq, where η P Φs

ñ δρpKϑ�, ϑ�q � 0

ñ ϑ� � Kϑ�.

In a similar way, by considering ϑ � ϑ2r, u � ϑ� in (2.1), we can show that
ϑ� � Lϑ�. Thus K and L have a common fixed point, i.e., CpK,Lq � H.
Hence, our proof is completed.

In our next theorem, we deal with the uniqueness of fixed point for the op-
erators K,L. In order to obtain unique common fixed point, here we consider
the following hypothesis.

pUq : For all ϑ1, ϑ2 P CpK,Lq, suppose that αpϑ1,Kϑ1q ¥ 1, βpϑ2,Lϑ2q ¥ 1.

Theorem 2.11. Suppose that all the hypothesis of Theorem 2.10 are satisfied
together with hypotheses pUq. Then the mappings K and L have a unique
common fixed point.
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Proof. First of all observe that if ϑ P CpK,Lq, then δρpϑ, ϑq � 0. Now, let us
suppose that ϑ1, ϑ2 are two common fixed points of K and L, i.e., ϑ1 � Kϑ1 �
Lϑ1, ϑ2 � Kϑ2 � Lϑ2. By considering ϑ � ϑ1, u � ϑ2 in (2.1), we obtain

Gpαpϑ1,Kϑ1qβpϑ2,Lϑ2qδρpKϑ1,Lϑ2q, δρpϑ1, ϑ2q, δρpϑ1,Kϑ1q, δρpϑ2,Lϑ2qq ¤ 0

ñ Gpδρpϑ1, ϑ2q, δρpϑ1, ϑ2q, 0, 0q ¤ 0.

Clearly, we arrive at a contradiction by pG3q if we assume δρpϑ1, ϑ2q ¡ 0.
Thus, we must have δρpϑ1, ϑ2q � 0 ñ ϑ1 � ϑ2. Consequently, our proof is
completed.

Remark 1: In Theorem 2.10, we have used implicit relation to discuss
our new fixed point result. One can obtain various types of contractions by
choosing different types of implicit relations. Now, if one chooses a particular
type of implicit relation, i.e., Gpξ1, ξ2, ξ3, ξ4q � ξ1 � ηpmaxtξ2, ξ3, ξ4uq, where
ηptq P Φ, satisfying the condition pB�q given in pC3q of Theorem 2.10, then our
first main result improves, unifies and extends several well known fixed point
results which we have mentioned below. Also, since the concept of DCMLS
is more general than the concept of the usual metric space, b-metric space,
b-metric like space, extended b-metric space, controlled metric type space etc,
so our first main result can be viewed as an extension and generalization of the
following results:

� The classical Banach contraction principle [8], Kannan’s fixed point the-
orem [12], Reich’s fixed point theorem [19] in the context of metric space;

� Samet et al.’s fixed point theorem [20];

� Shatanawi et al.’s fixed point theorem [24];

� Mlaiki’s fixed point theorem [15].

2.2. pF ,Hq-contraction in the context of DCMLS

In this section, motivated by the paper of Popescu [18], first we introduce
the following definition.

Definition 2.12. Let ℵ be a non-empty set. Let K : ℵÑ ℵ and µ : ℵ�ℵÑ R�
be two mappings. Then, we say that K is a µ-suborbital admissible mapping
if, for all ϑ P ℵ, we have

µpϑ,Kϑq ¤ 1ñ µpKϑ,K2ϑq ¤ 1.

Definition 2.13. Let ℵ be a non-empty set. Let K : ℵÑ ℵ and µ : ℵ�ℵÑ R�
be two mappings. Then, we say that K is a triangular µ-suborbital admissible
mapping if K is µ-suborbital admissible mapping, and

µpϑ, uq ¤ 1, µpu,Kuq ¤ 1ñ µpϑ,Kuq ¤ 1, for all ϑ, u P ℵ.

Lemma 2.14. Let ℵ be a non-empty set. Let K : ℵ Ñ ℵ be a triangular µ-
suborbital admissible mapping. Suppose that tϑru

8
r�1 is a sequence in ℵ such

that ϑr�1 � Kϑr with µpϑ1,Kϑ1q ¤ 1. Then we have µpϑr, ϑsq ¤ 1, for all
r, s P N with r   s.
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Proof. Similar to Lemma 1.3.

Next, we move to the definition of pF ,Hq-contraction.

Definition 2.15. [7] A function H : R� � R� Ñ R is said to be a subclass of
type-I if

u ¥ 1ñ Hp1, vq ¤ Hpu, vq for all u, v P R�.

Definition 2.16. [7] Let H,F : R� � R� Ñ R be two given functions. Then
the pair pF ,Hq is said to be an upper class of type-I if F is a function, H is a
subclass of type-I, and

0   u   1ñ Fpu, vq ¤ Fp1, vq,

Hp1, yq ¤ Fpx, vq ñ y ¤ xv, for all u, v, x, y P R�.

Definition 2.17. [7] Let H,F : R� � R� Ñ R be two given functions. Then
the pair pF ,Hq is said to be a special upper class of type-I if F is a function,
H is a subclass of type-I, and

0   u   1ñ Fpu, vq ¤ Fp1, vq,

Hp1, yq ¤ Fp1, vq ñ y ¤ v, for all u, v, y P R�.

Next, we state the definition of an altering distance function.

Definition 2.18. [13] A function θ : R� Ñ R� is said to be an altering
distance function if the following two conditions are satisfied:
(i) θ is a strictly monotone non-decreasing and continuous;
(ii) θpτq � 0 if and only if τ � 0.

From now we write Θ to denote the collection of all altering distance func-
tions. Now, we introduce the following definition in the context of DCMLS.

Definition 2.19. Let pℵ, δρq be a DCMLS. Let F ,H : R� � R� Ñ R be
two functions such that the pair pF ,Hq is a special upper class of type-I. An
operator K : ℵÑ ℵ is said to be pα, µ,F ,Hq�pθ, ξq weakly contractive if there
exist two mappings α, µ : ℵ� ℵÑ R� such that

Hpαpϑ, uq, θpδρpKϑ,Kuqqq

¤ Fpµpϑ, uq, θpδρpϑ,Kϑq � δρpu,Kuq

2
q � ξpδρpϑ,Kϑq, δρpu,Kuqqq,

(2.5)

for all ϑ, u P ℵ with αpϑ, uq ¥ 1, µpϑ, uq ¤ 1 where θ P Θ and ξ : R��R� Ñ R�
is a continuous function such that ξpc, dq � 0ô c � d � 0.

Now we state and prove our second main result.

Theorem 2.20. Let pℵ, δρq be a complete DCMLS. Let K : ℵ Ñ ℵ be a
pα, µ,F ,Hq � pθ, ξq weakly contractive mapping satisfying the following con-
ditions:
(D1) there exists a ϑ0 P ℵ such that αpϑ0,Kϑ0q ¥ 1, µpϑ0,Kϑ0q ¤ 1;
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(D2) K is triangular α-orbital and triangular µ-suborbital admissible mapping;
(D3) K is a continuous mapping or;zpD3q if tϑru

8
r�0 is a sequence in ℵ such that αpϑr, ϑr�1q ¥ 1, µpϑr, ϑr�1q ¤ 1

for all r P t0u Y N and ϑr Ñ u� as r Ñ 8, then there exists a sub-sequence
tϑrpnqu of tϑru such that αpϑrpnq, u

�q ¥ 1, µpϑrpnq, u
�q ¤ 1 for all n P t0u Y N

together with δρpu
�, uq ¤ lim sup

rÑ8
δρpϑr, uq for all u P ℵ.

Then, K has a fixed point ϑ� P ℵ with δρpϑ
�, ϑ�q � 0.

Proof. By assumption pD1q there exists a ϑ0 such that αpϑ0,Kϑ0q ¥ 1,
µpϑ0,Kϑ0q
¤ 1. Consider ϑ1 � Kϑ0 and ϑ2 � Kϑ1. Using induction, we can easily build
up a sequence tϑru

8
r�0 such that ϑr�1 � Kϑr for all r P t0uYN. Again, we have

αpϑ0, ϑ1q ¥ 1 and by the given condition (D2) the mapping K is a triangular
α-orbital admissible mapping. Thus, we get

αpϑ0, ϑ1q ¥ 1ñ αpKϑ0,K2ϑ0q � αpϑ1, ϑ2q ¥ 1, and

αpϑ1, ϑ2q ¥ 1ñ αpKϑ1,K2ϑ1q � αpϑ2, ϑ3q ¥ 1.

Proceeding in this way, using pD2q, we obtain, αpϑr, ϑr�1q ¥ 1 for all r P
t0uYN. In a similar way, using triangular µ-suborbital admissible property we
can show that µpϑr, ϑr�1q ¤ 1 for all r P t0uYN. Without loss of generality, we
may assume that ϑr � ϑr�1, @r P t0uYN. We can assume that δρpϑr, ϑr�1q ¡ 0
for r P t0uYN. Suppose, on the contrary, that for some r, δρpϑr, ϑr�1q � 0, then
ϑr�1 � ϑr implies Kϑr � ϑr. Consequently, our proof would be over. Next, we
want to show that δρpϑr, ϑr�1q Ñ 0 as r Ñ 8. Now putting ϑ � ϑr�1, u � ϑr

in (2.5) and keeping in mind αpϑr, ϑr�1q ¥ 1, µpϑr, ϑr�1q ¤ 1 for all r, we have

Hp1, θpδρpϑr, ϑr�1qqq

� Hp1, θpδρpKϑr�1,Kϑrqqq

¤ Hpαpϑr�1, ϑrq, θpδρpKϑr�1,Kϑrqqq

¤ Fpµpϑr�1, ϑrq, θp
δρpϑr�1,Kϑr�1q � δρpϑr,Kϑrq

2
q

� ξpδρpϑr�1,Kϑr�1q, δρpϑr,Kϑrqqq

¤ Fp1, θpδρpϑr�1,Kϑr�1q � δρpϑr,Kϑrq

2
q � ξpδρpϑr�1,Kϑr�1q, δρpϑr,Kϑrqqq.

Since the pair pF ,Hq is a special upper class of type-I, consequently we have

θpδρpKϑr�1,Kϑrqq

¤ θp
δρpϑr�1,Kϑr�1q � δρpϑr,Kϑrq

2
q

� ξpδρpϑr�1,Kϑr�1q, δρpϑr,Kϑrqq

ñ θpδρpϑr, ϑr�1qq ¤ θp
δρpϑr�1, ϑrq � δρpϑr, ϑr�1q

2
q

� ξpδρpϑr�1, ϑrq, δρpϑr, ϑr�1qq.

(2.6)
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Since δρpϑr, ϑr�1q ¡ 0 for all r P t0u Y N, and θ is a strictly non-decreasing
function, thus we have

δρpϑr, ϑr�1q ¤
δρpϑr�1, ϑrq � δρpϑr, ϑr�1q

2
ñ δρpϑr, ϑr�1q ¤ δρpϑr�1, ϑrq.

Thus tδρpϑr, ϑr�1qu
8
r�0 becomes a non-increasing sequence. Hence, it will con-

verge to some non negative real number, say a� P r0,8q. We claim a� � 0.
Suppose not, i.e., a� ¡ 0. By considering the limit as r Ñ 8 in (2.6), and
using continuity of θ, ξ, we obtain

θpa�q ¤ θp
a� � a�

2
q � ξpa�, a�q

ñ θpa�q ¤ θpa�q � ξpa�, a�q,

a contradiction, since we have assumed a� ¡ 0. Thus, we have lim
rÑ8

δρpϑr, ϑr�1q �

0. Our next goal is to show that lim
s¡r,rÑ8

δρpϑr, ϑsq � 0. We now show this by

using the method of contradiction, i.e., suppose that lim
s¡r,rÑ8

δρpϑr, ϑsq � 0.

Then for each τ ¡ 0, there exist two sub-sequences trpnqu8n�1, tspnqu
8
n�1 such

that δρpϑrpnq, ϑspnqq ¥ τ, δρpϑrpnq, ϑspnq�1q   τ , where rpnq   spnq. Again,
by Lemma 1.3 and Lemma 2.14, we have αpϑr, ϑsq ¥ 1, µpϑr, ϑsq ¤ 1 for all
r, s P t0u Y N with r   s. Considering ϑ � ϑrpnq�1, u � ϑspnq�1 in (2.5), we
have

Hp1, θpδρpϑrpnq, ϑspnqqqq

� Hp1, θpδρpKϑrpnq�1,Kϑspnq�1qqq

¤ Hpαpϑrpnq�1, ϑspnq�1q, θpδρpKϑrpnq�1,Kϑspnq�1qqq

¤ Fpµpϑrpnq�1, ϑspnq�1q, θp
δρpϑrpnq�1,Kϑrpnq�1q � δρpϑspnq�1,Kϑspnq�1q

2
q

� ξpδρpϑrpnq�1,Kϑrpnq�1q, δρpϑspnq�1,Kϑspnq�1qqq

¤ Fp1, θp
δρpϑrpnq�1,Kϑrpnq�1q � δρpϑspnq�1,Kϑspnq�1q

2
q

� ξpδρpϑrpnq�1,Kϑrpnq�1q, δρpϑspnq�1,Kϑspnq�1qqq.

Since the pair pF ,Hq is a special upper class of type-I, consequently we have

θpδρpKϑrpnq�1,Kϑspnq�1qq

¤ θp
δρpϑrpnq�1,Kϑrpnq�1q � δρpϑspnq�1,Kϑspnq�1q

2
q

� ξpδρpϑrpnq�1,Kϑrpnq�1q, δρpϑspnq�1,Kϑspnq�1qq

ñ θpδρpϑrpnq, ϑspnqqq

¤ θp
δρpϑrpnq�1, ϑrpnqq � δρpϑspnq�1, ϑspnqq

2
q � ξpδρpϑrpnq�1, ϑrpnqq, δρpϑspnq�1, ϑspnqqq.

(2.7)

Now, for sufficiently large value of n, we can arrive at a contradiction, since
L.H.S of (2.7) is always greater than or equal to θpτqp¡ 0q whereas in R.H.S
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θp
δρpϑrpnq�1,ϑrpnqq�δρpϑspnq�1,ϑspnqq

2 q Ñ 0 as nÑ8 and ξpδρpϑrpnq�1, ϑrpnqq,
δρpϑspnq�1, ϑspnqqq ¡ 0 for all n P t0u Y N. Thus, we must have τ � 0. Hence,
we obtain lim

s¡r,rÑ8
δρpϑr, ϑsq � 0. Now, by completeness there exists a point

ϑ� P ℵ such that lim
rÑ8

δρpϑr, ϑ
�q � δρpϑ

�, ϑ�q � lim
s¡r,rÑ8

δρpϑr, ϑsq � 0. Next,

we wish to show that ϑ� � Kϑ�. To do this, first we suppose that K is
continuous. Then,

ϑ� � lim
rÑ8

ϑr�1 � lim
rÑ8

Kϑr � K lim
rÑ8

ϑr � Kϑ�.

Now we suppose that K is not a continuous mapping, and hence we consider

condition zpD3q. Putting ϑ � ϑrpnq, u � ϑ� in (2.5), we obtain

Hp1, θpδρpϑrpnq�1,Kϑ�qqq
� Hp1, θpδρpKϑrpnq,Kϑ�qqq
¤ Hpαpϑrpnq, ϑ

�q, θpδρpKϑrpnq,Kϑ�qqq

¤ Fpµpϑrpnq, ϑ
�q, θp

δρpϑrpnq,Kϑrpnqq � δρpϑ
�,Kϑ�q

2
q

� ξpδρpϑrpnq,Kϑrpnqq, δρpϑ
�,Kϑ�qqq

¤ Fp1, θp
δρpϑrpnq,Kϑrpnqq � δρpϑ

�,Kϑ�q
2

q

� ξpδρpϑrpnq,Kϑrpnqq, δρpϑ
�,Kϑ�qqq.

Since the pair pF ,Hq is a special upper class of type-I, consequently we have

θpδρpKϑrpnq,Kϑ�qq

¤ θp
δρpϑrpnq,Kϑrpnqq � δρpϑ

�,Kϑ�q
2

q � ξpδρpϑrpnq,Kϑrpnqq, δρpϑ
�,Kϑ�qq

ñ θpδρpϑrpnq�1,Kϑ�qq

¤ θp
δρpϑrpnq, ϑrpnq�1q � δρpϑ

�,Kϑ�q
2

q � ξpδρpϑrpnq, ϑrpnq�1q, δρpϑ
�,Kϑ�qq.

(2.8)

Taking limit as nÑ8 in (2.8) and using the fact δρpϑ
�,Kϑ�q ¤ lim sup

rÑ8
δρpϑr,Kϑ�q,

we have

θpδρpϑ
�,Kϑ�qq ¤ θp

δρpϑ
�,Kϑ�q

2
q � ξp0, δρpϑ

�,Kϑ�qq,

a contradiction. Thus, we must have δρpϑ
�,Kϑ�q � 0ñ ϑ� � Kϑ�.

Our next theorem deals with the uniqueness of fixed point. First, we state
hypothesis pU1q.

pU1q: For all ϑ
�
1 , ϑ

�
2 P FixpKq, αpϑ�1 , ϑ�2 q ¥ 1, µpϑ�1 , ϑ

�
2 q ¤ 1.

Theorem 2.21. Suppose that all the hypotheses of Theorem 2.20 are satisfied
together with pU1q. Then K has a unique fixed point.
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Proof. First of all, observe that if ϑ� is a fixed point of K, then we can easily
show that δρpϑ

�, ϑ�q � 0. Now, let us suppose that ϑ�1 , ϑ
�
2 are two fixed points

of K. Hence, by hypothesis pU1q we have αpϑ�1 , ϑ
�
2 q ¥ 1, µpϑ�1 , ϑ

�
2 q ¤ 1. Now,

putting ϑ � ϑ�1 , u � ϑ�2 in (2.5), we have

Hp1, θpδρpϑ�1 , ϑ�2 qqq
� Hpαpϑ�1 , ϑ�2 q, θpδρpKϑ�1 ,Kϑ�2 qqq

¤ Fpµpϑ�1 , ϑ�2 q, θp
δρpϑ

�
1 ,Kϑ�1 q � δρpϑ

�
2 ,Kϑ�2 q

2
q � ξpδρpϑ

�
1 ,Kϑ�1 q, δρpϑ

�
2 ,Kϑ�2 qqq

¤ Fp1, θpδρpϑ
�
1 , ϑ

�
1 q � δρpϑ

�
2 , ϑ

�
2 q

2
q � ξpδρpϑ

�
1 , ϑ

�
1 q, δρpϑ

�
2 , ϑ

�
2 qqq.

Since the pair pF ,Hq is a special upper class of type-I, consequently we have

θpδρpϑ
�
1 , ϑ

�
2 qq ¤ θp

δρpϑ
�
1 , ϑ

�
1 q � δρpϑ

�
2 , ϑ

�
2 q

2
q � ξpδρpϑ

�
1 , ϑ

�
1 q, δρpϑ

�
2 , ϑ

�
2 qq

ñ θpδρpϑ
�
1 , ϑ

�
2 qq ¤ θp0q � ξp0, 0q.

Clearly, we arrive at a contradiction if we assume δρpϑ
�
1 , ϑ

�
2 q ¡ 0. Thus we

have δρpϑ
�
1 , ϑ

�
2 q � 0ñ ϑ�1 � ϑ�2 . Hence our proof is completed.

Remark 2: In Definition 2.19 if one consider Hps, tq � t,Fps, tq � t with

θpτq � τ, ξpc, dq �
�

1
2�ϱ

	
pc�dq, where ϱ P r0, 1

2 q then the contraction becomes

famous Kannan-type [12] contraction in setting of DCMLS.

Example 2.22. Let ℵ � t�1u Y R�. Let δρ : ℵ � ℵ Ñ R� be a mapping,
defined as

δρpϑ, ϑq � ϑ, if ϑ P R�,

δρp�1,�1q � 2, δρpϑ,�1q � δρp�1, ϑq � 1,

δρpϑ, uq � maxtϑ, uu if ϑ, u P R�.

Here δρ is a continuous complete DCMLS. Let γ, λ : ℵ � ℵ Ñ r1,8q be two
mappings given by γpϑ, uq � 1� |ϑ| � |u|, λpϑ, uq � 1� |ϑ||u|, for all ϑ, u P ℵ.
Let α, µ : ℵ� ℵÑ R� be two mappings defined by

αpϑ, uq �

#
1, if u ¤ ϑ and u, v P r0, 1s,

0, otherwise.

βpϑ, uq �

#
2, if ϑu ¥ 0 and u, v P r0, 1s,

0, otherwise.

We now define two mappings K,L : ℵÑ ℵ as

Kpϑq �

$''&''%
ϑ, if ϑ � �1,

log
�
1� τϑ

6

	
, if ϑ P r0, 1s,

log
�
1� τ

6

	
� pϑ� 1q, if ϑ P p1,8q.
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Lpϑq �

$''&''%
ϑ, if ϑ � �1,

log
�
1� τϑ

6

	
, if ϑ P r0, 1s,

log
�
1� τ

6

	
� logpϑq, if ϑ P p1,8q.

Clearly, K,L are both continuous mappings. Let us consider a particular form
of G, i.e., Gpξ1, ξ2, ξ3, ξ4q � ξ1 � ηpmaxtξ2, ξ3, ξ4uq, where ηptq � τt

2 , τ P p0, 1q.
Thus, we have to show

(2.9) αpϑ,Kϑqβpu,LuqδρpKϑ,Luq ¤ τ

2
maxtδρpϑ, uq, δρpϑ,Kϑq, δρpu,Luqu,

for all ϑ, u P ℵ. Observe that inequality (2.9) holds trivially for all ϑ, u P ℵ for
which either αpϑ,Kϑq � 0 or βpu,Luq � 0. Thus, we have to verify inequality
(2.9) for all those ϑ, u P ℵ for which both αpϑ,Kϑq � 0 and βpu,Luq � 0
implies ϑ, u P r0, 1s. Consequently, we have the following

αpϑ,Kϑqβpu,LuqδρpKϑ,Luq

� 1 � 2 �maxtlog
�
1�

τϑ

6

	
, log

�
1�

τu

6

	
u

¤ 2 �maxt
τϑ

6
,
τu

6
u

� 2 �
τ

6
�maxtϑ, uu

¤
τ

2
maxtδρpϑ, uq, δρpϑ,Kϑq, δρpu,Luqu.

Taking ϑ0 � 1 then αp1,K1q � αp1, logp1 � τ
6 qq ¥ 1. Now, starting from

ϑ0, one can easily construct a sequence tϑru such that ϑ2r�1 � Kϑ2r and
ϑ2r�2 � Lϑ2r�1 with αpϑ2r, ϑ2r�1q ¥ 1, βpϑ2r�1, ϑ2r�2q ¥ 1 for all r P N,
where ϑr is given by

ϑr � log
�
1�

τ

6
ϑr�1

	
ñ ϑr � log

�
1�

τ

6
log
�
1�

τ

6
ϑr�2

		
ñ ϑr � log

�
1�

τ

6
log
�
1�

τ

6
log
�
1�

τ

6
ϑr�3

			
...

ñ ϑr � log
�
1�

τ

6
log
�
1�

τ

6
log
�
1� � � � �

τ

6
log
�
1�

τϑ0

6

	
� � �
	

looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon
(r-1)

	
.

Again, we have



Study of the implicit relation and pF ,Hq-contractions ... 65

lim
rÑ8

γpϑr�1, ϑr�2q

γpϑr, ϑr�1q
λpϑr�1, ϑr�sq

ηr�1pδρpϑ0, ϑ1qq

ηrpδρpϑ0, ϑ1qq

� lim
rÑ8

1 � 1 �
τ r�1

2r�1
�
2r

τ r

�
τ

2
  1.

Also, it can be easily verified that tγpϑr, ϑr�1qu is a bounded sequence.
Here all the conditions of Theorem 2.10 are satisfied and 0 is a fixed point of K
and L. Observe that the fixed point is not unique as -1 is another fixed point.
This happens since αpp�1q,Kp�1qq § 1, βpp�1q,Lp�1qq § 1. Next, we give
numerical iteration for τ � 0.87 and 0.32 with initial point ϑ0 � 0.3, 0.5, 0.7, 1.

Table 1: Iteration of un for τ � 0.87

Iterate for τ � 0.87 u0=0.3 u0=0.5 u0=0.7 u0=1

u1 0.0426 0.0700 0.0967 0.1354
u2 0.0062 0.0101 0.0139 0.0194
u3 8.9210e-04 0.0015 0.0020 0.0028
u4 1.2935e-04 2.1213e-04 2.9234e-04 4.0814e-04
u5 1.8755e-05 3.0758e-05 4.2388e-05 5.9178e-05
u6 2.7195e-06 4.4599e-06 6.1462e-06 8.5808e-06
u7 3.9433e-07 6.4668e-07 8.9120e-07 1.2442e-06

Table 2: Iteration of un for τ � 0.32

Iterate for τ � 0.32 u0=0.3 u0=0.5 u0=0.7 u0=1

u1 0.0159 0.0263 0.0367 0.0520
u2 8.4622e-04 0.0014 0.0020 0.0028
u3 4.5131e-05 7.4803e-05 1.0415e-04 1.4758e-04
u4 2.4070e-06 3.9895e-06 5.5547e-06 7.8710e-06
u5 1.2837e-07 2.1277e-07 2.9625e-07 4.1979e-07
u6 6.8465e-09 1.1348e-08 1.5800e-08 2.2389e-08
u7 3.6515e-10 6.0522e-10 8.4267e-10 1.1941e-09

Example 2.23. Let ℵ � te1, e2, e3, e4u. Let δρ : ℵ � ℵ Ñ R� be a mapping,
defined as

δρpe1, e1q � 0, δρpe2, e2q � 2, δρpe3, e3q � 4, δρpe4, e4q � 5,

δρpe1, e2q � δρpe2, e1q � 8, δρpe1, e3q � δρpe3, e1q � 3, δρpe1, e4q � δρpe4, e1q � 6,

δρpe2, e3q � δρpe3, e2q � 9, δρpe2, e4q � δρpe4, e2q � 1, δρpe3, e4q � δρpe4, e3q � 2.

Now we define a mapping K : ℵÑ ℵ as

Kpe1q � e1,Kpe2q � e3,Kpe3q � e1,Kpe4q � e4.
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Figure 1: Interpolation for Data 1 Figure 2: Interpolation for Data 2

Next, we define two mappings α, µ : ℵ� ℵÑ R� as

αpϑ, uq �

#
1, if ϑ, u P te1, e2, e3u,

0, otherwise.

µpϑ, uq �

#
0.9, if ϑ, u P te1, e2, e3u,

2, otherwise.

Finally, we define two mappings γ, λ : ℵ � ℵ Ñ r1,8q as γpei, eiq �
λpei, eiq � 1, for all i P t1, 2, 3, 4u,

γpe1, e2q � γpe2, e1q � 2, γpe1, e3q � γpe3, e1q � 3, γpe1, e4q � γpe4, e1q � 4,

γpe2, e3q � γpe3, e2q � 3, γpe2, e4q � γpe4, e2q � 7, γpe3, e4q � γpe4, e3q � 6,

and

λpe1, e2q � λpe2, e1q � 1, λpe1, e3q � λpe3, e1q � 5, λpe1, e4q � λpe4, e1q � 2,

λpe2, e3q � λpe3, e2q � 3, λpe2, e4q � λpe4, e2q � 4, λpe3, e4q � λpe4, e3q � 3.

The reader can check that δρ is a continuous complete DCMLS, which is not
a partial metric space (since δρpe4, e4q ¦ δρpe4, e2q) as well as not a metric
like space (since δρpe1, e4q ¦ δρpe1, e3q � δρpe3, e4q). Now we verify that K
is a pα, µ,F ,Hq � pθ, ξq weakly contractive mapping for θptq � 2t, ξpc, dq �
1
7 maxtc, du with Hpτ, sq � s,Fpτ, sq � s. Basically, we want to show that the
weak contraction is valid for all ϑ, u P ℵ with αpϑ, uq ¥ 1, µpϑ, uq ¤ 1. Clearly,
αpϑ, uq ¥ 1, µpϑ, uq ¤ 1 implies ϑ, u P te1, e2, e3u. Now we have the following
cases.
Case I: If tϑ, uu � te1, e3u, then δρpKϑ,Kuq � δρpe1, e1q � 0, and inequality
(2.5) holds trivially.
Case II: If ϑ � e2, u � e1, then δρpKϑ,Kuq � δρpe3, e1q � 3, δρpϑ,Kϑq �

δρpe2, e3q � 9, δρpu,Kuq � δρpe1, e1q � 0. Now
δρpϑ,Kϑq�δρpu,Kuq

2 � 9
2 . Hence,
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θpδρpKϑ,Kuqq � 6, θp
δρpϑ,Kϑq�δρpu,Kuq

2 q � 9, and ξpδρpϑ,Kϑq, δρpu,Kuqq � 9
7 .

Consequently, we have

θpδρpKϑ,Kuqq ¤ θp
δρpϑ,Kϑq � δρpu,Kuq

2
q � ξpδρpϑ,Kϑq, δρpu,Kuqq.

Case III: If ϑ � e2, u � e2, then δρpKϑ,Kuq � δρpe3, e3q � 4, δρpϑ,Kϑq �

δρpe2, e3q � 9, δρpu,Kuq � δρpe2, e3q � 9. Now
δρpϑ,Kϑq�δρpu,Kuq

2 � 9. Hence,

θpδρpKϑ,Kuqq � 8, θp
δρpϑ,Kϑq�δρpu,Kuq

2 q � 18, and ξpδρpϑ,Kϑq, δρpu,Kuqq � 9
7 .

Consequently, we have

θpδρpKϑ,Kuqq ¤ θp
δρpϑ,Kϑq � δρpu,Kuq

2
q � ξpδρpϑ,Kϑq, δρpu,Kuqq.

Case IV: If ϑ � e2, u � e3, then δρpKϑ,Kuq � δρpe3, e1q � 3, δρpϑ,Kϑq �

δρpe2, e3q � 9, δρpu,Kuq � δρpe3, e1q � 3. Now
δρpϑ,Kϑq�δρpu,Kuq

2 � 6. Hence,

θpδρpKϑ,Kuqq � 6, θp
δρpϑ,Kϑq�δρpu,Kuq

2 q � 12, and ξpδρpϑ,Kϑq, δρpu,Kuqq � 9
7 .

Consequently, we have

θpδρpKϑ,Kuqq ¤ θp
δρpϑ,Kϑq � δρpu,Kuq

2
q � ξpδρpϑ,Kϑq, δρpu,Kuqq.

Thus, K is a pα, µ,F ,Hq � pθ, ξq weakly contractive mapping. Observe that in
this example the inequality given by (2.5) does not hold if one does not consider
ϑ, u P ℵ with αpϑ, uq ¥ 1, µpϑ, uq ¤ 1. To check this consider ϑ � e1, u � e4.
Then αpe1, e4q § 1, µpe1, e4q ¦ 1, and we have

δρpKϑ,Kuq � δρpe1, e4q � 6, δρpϑ,Kϑq � δρpe1, e1q � 0, δρpu,Kuq � δρpe4, e4q � 5.

Now
δρpϑ,Kϑq�δρpu,Kuq

2 � 5
2 . Hence, θpδρpKϑ,Kuqq � 12, θp

δρpϑ,Kϑq�δρpu,Kuq
2 q �

5, and ξpδρpϑ,Kϑq, δρpu,Kuqq � 5
7 . Consequently, we have

θpδρpKϑ,Kuqq ¦ θp
δρpϑ,Kϑq � δρpu,Kuq

2
q � ξpδρpϑ,Kϑq, δρpu,Kuqq.

Clearly, K is a continuous function and all the conditions of Theorem 2.20 are
satisfied with ϑ0 � e2. Here, e1 is a fixed point of K with δρpe1, e1q � 0.

Note: In our main results, we explore the idea of orbital admissible map-
pings. Consequently, the following fixed point results can be derived as a
corollaries from our main results.

� fixed point results in DCMLS endowed with a graph;

� fixed point results in DCMLS endowed with a partial order;

� fixed point results in DCMLS endowed with a binary relation;

� fixed point results for cyclic mappings via closed subsets of a DCMLS.
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3. Application

To show the applicability of our obtained results, here we consider the
following integral equations.

uprq �

» d

c

Apr, sqΩ1ps, upsqqds;

uprq �

» d

c

Apr, sqΩ2ps, upsqqds,

(3.1)

where Ω1,Ω2 : r0, 1s � R Ñ R� are continuous functions and A is measurable

at r P r0, 1s for every s P r0, 1s and A P C
�
r0, 1s2,R�

	
p� ℵq. Next, we define

two operators K,L : ℵÑ ℵ as

Kuprq �

» d

c

Apr, sqΩ1ps, upsqqds;

Luprq �
» d

c

Apr, sqΩ2ps, upsqqds,

(3.2)

with DCMLS as

δρpu, vq � sup
rPrc,ds

puprq � vprqq2, γpu, vq � 2� sup
rPrc,ds

p|uprq|2 � |vprq|2q,

λpu, vq � 2�
suprPrc,dsp|uprq||vprq|q

1� suprPrc,dsp|uprq||vprq|q
.

It can be easily verified that pℵ, δρq is a complete continuous DCMLS. Suppose
ℵ is endowed with a partial order σ defined by

u σ v ô vprq ¤ uprq, for all r P rc, ds.

Theorem 3.1. Let K,L be two operators defined by (3.2). Assume that the
operators satisfy the following properties:
pP1q Ω1,Ω2 are two continuous functions from rc, ds � RÑ R� such that

rΩ1pr, sq � Ω2pr, tqs
2 ¤ ζprqϕprs� ts2q,

where ζ : rc, ds Ñ R� is a continuous function that satisfies the following
condition

sup
rPrc,ds

� » d

c

ζprqdr
	
 

1

ω
,

where ω P p0,8q, and ϕ is a continuous function such that ϕ P Φ;
pP2q A : rc, ds2 Ñ R� is measurable as well as continuous at r P rc, ds for every
s P rc, ds such that » d

c

Apr, sq2ds   ω;
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pP3q for each s, t P rc, ds

pP3iq

» d

c

Aps, tqΩ2ps,

» d

c

Aps, tqΩ1pt, uptqqdtqds ¤

» d

c

Aps, tqΩ1pt, uptqqdt whenever

u σ Ku, and

pP3iiq

» d

c

Aps, tqΩ1ps,

» d

c

Aps, tqΩ2pt, uptqqdtqds ¤

» d

c

Aps, tqΩ2pt, uptqqdt whenever

u σ Lu;

pP4q suppose there exists a u0 P ℵ such that u0σKu0 with lim
iÑ8

ϕi�1pδρpu0,Ku0qq

ϕipδρpu0,Ku0qq
 

1

3
.

Then, the system of integral equations (3.1) has a solution in ℵ.

Proof. First, we define a mapping α : ℵ2 Ñ R� as

αpu, vq �

#
1, if u σ v,

0, otherwise.

Here we assume α � β. To show the pair pK,Lq is a pα, αq-orbital cyclic
admissible pair, let αpu,Kuq ¥ 1 ñ u σ Ku. Now we show that LKuptq ¤
Kuptq, for all t P rc, ds.

Kuprq �

» d

c

Apr, sqΩ1ps, upsqqds

¥

» d

c

Apr, sqΩ2ps,

» d

c

Aps, tqΩ1pt, uptqqdtqds rsince u σ Kus

�

» d

c

Apr, sqΩ2ps,Kupsqqdt � LKuprq ñ αpKu,LKuq ¥ 1.

In a similar way, using pP3iiq, we can show that αpu,Luq ¥ 1ñ αpLu,KLuq ¥
1. Thus, the pair pK,Lq is an pα, αq-orbital cyclic admissible pair. By pP4q there
exists a u0 P ℵ such that u0σKu0, i.e., αpu0,Ku0q ¥ 1. Next, using u0σKu0, we
can construct a sequence turu

8
r�1 such that u2r�1 � Ku2r, u2r�2 � Lu2r�1with

u0σu1σu2σ � � � , i.e., the sequence turu becomes a decreasing sequence. Also,
observe that αpur, ur�1q ¥ 1 for all r P N. Since, turu

8
r�1 is a decreasing

sequence, consequently it will converge to some u� P ℵ. Let us take m� �
suprPrc,ds u

�prq. Now, we have

lim
iÑ8

γpui�1, ui�2q

γpui, ui�1q
λpui�1, ui�sq

ϕi�1pδρpu0, u1qq

ϕipδρpu0, u1qq

� lim
iÑ8

2p1�m�2q

2p1�m�2q
�
�
2�

m�2

1�m�2

	
�
ϕi�1pδρpu0, u1qq

ϕipδρpu0, u1qq
  1.

Next, we verify the following inequality

αpu,Kuqβpv,LvqδρpKu,Lvq ¤ ϕpδρpu, vqq.
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Suppose that either u is not related to Ku or v is not related to Lv by the
relation σ, then we are done, by the definition of α. Next, we suppose that
uσKu and vσLv then it will be sufficient to show that δρpKu,Lvq ¤ ϕpδρpu, vqq.
Now, using the Cauchy�Schwarz inequality, we have

rKuprq � Lvprqs2 �
� » d

c

Apr, sqΩ1ps, upsqqds�

» d

c

Apr, sqΩ2ps, vpsqqds
�2

�
� » d

c

Apr, sq
�
Ω1ps, upsqq � Ω2ps, vpsqq

�
ds
	2

¤
�� » d

c

Apr, sq2ds
	 1

2
� » d

c

�
Ω1ps, upsqq � Ω2ps, vpsqq

	2
ds
	 1

2
�2

�
� » d

c

Apr, sq2ds
	� » d

c

�
Ω1ps, upsqq � Ω2ps, vpsqq

	2
ds
	

¤ ω �
� » d

c

ζpsq � ϕprupsq � vpsqs2qds
	

¤ ω � ϕpδρpu, vqq �
� » d

c

ζpsqds
	
¤ ω �

1

ω
� ϕpδρpu, vqq ¤ ϕpδρpu, vqq.

Considering supremum over r P rc, ds, we have

δρpKu,Lvq ¤ ϕpδρpu, vqq ¤ ϕpmaxtδρpu, vq, δρpu,Kuq, δρpv,Lvquq.

Also, K,L are both continuous functions. In fact, it can be easily checked
that all the conditions of Theorem 2.10 are satisfied with Gpξ1, ξ2, ξ3, ξ4q �
ξ1 � ϕpmaxtξ2, ξ3, ξ4uq. Consequently, we obtain a common fixed point, i.e.,
the system (3.1) has a solution.
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