Novi SAD J. MATH. VoL. 54, No. 2, 2024, 183-192
https://doi.org/10.30755/NSJOM. 15621

Some weighted integral inequalities via the extended
Chebyshev functional

Senouci Abdelkadefl and Khirani Mohammed?]

Abstract. In this work by applying the extended Chebyshev func-
tional for monotone and quasi- monotone functions, we obtain some new
weighted integral inequalities for weighted Hardy operators. Moreover
some known integrals are generalized.

AMS Mathematics Subject Classification (2010): 00A11; 55B55

Key words and phrases: weighted integral inequalities; Chebyshev func-
tional; Hardy operator

1. Introduction

Inequalities play a very important role in different fields of mathematics
and present an active and attractive area of research. As examples, we cite the
field of integration which is dominated by inequalities involving operators and
integrals (see [10], [I1]). Among the inequalities, we recall two famous integral
inequalities, first, the Chebyshev inequality (see [2], [I2]), second the Hardy
integral inequality. G.H. Hardy stated in 1920 (see [5]) and proved in 1925 (see
[4]) his famous inequality if f(x) is non-negative and measurable on (0, c0),
then

(1.1) /Ooo <316 /jf(t)dx)pdx < (pfl)p/ooo fP(x)dz, p> 1.

The well known Chebyshev functional is defined as follows
(1.2)

I I I
T(hl,hz):m ; hl(x)hg(m)dx—b_a/o hl(:z:)dxb_a/o ha(z)dz.

If the functions hq and hg are synchronous on [a, b] (i.e. (h1(z)—ha(y))(ha(z)—
ha(y)) > 0, for any z,y;nla,b]), then

(1.3) T(hs, ha) > 0.
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If hy and hg are asynchronous (i.e. (hi(z) — h2(y))(ha(x) — ha(y)) <0, for
any x,y;n[a,b]), then inequality holds in the reversed direction.

The functional (??) has received a great deal of attention from mathe-
maticians and a number of inequalities have appeared in the literature, ( see
B, B, B 7, 8, @, 10]). The aim of this paper is to derive some weighted in-
tegral inequalities for monotone and quasi-monotone functions involving the
weighted Hardy operators and its conjugates, using weighted Chebyshev func-
tional. Some known and new results are deduced.

2. Main results

We first give some results for monotone functions.
The following lemma was established in [10].

Lemma 2.1. Let hy and hy are two synchronous functions on (a,b) for each
t1,t2 € (a,b), then

b b b b
@) [ pomod [ pomd< [ pod [ ponohbad,

where p is weight function defined on (a,b). If the functions hy and hy are
asynchronous on (a,b) for each tq,ts € (a,b), then

b b b b
(2.2) / p(£)hy (t)dt / p(t)ha(t)dt > / p(t)dt / p(t)ha () (t)dt.

Let

Hipa(o) = [ " (Op(a()dt, Hypo(x) = / " ha(Op()a(t)dt

and

o

Hipgl) = [ m@p0a0ar, 15,0 = [ n@poaa,

where t € (a,b0),0 < a < b < 0o, hy; and hs are non-negative Lebesgue mea-
surable functions on (a,b) and p,q are positive weight functions defined on

(a,b).
In this work, we assume that v is a non-negative function defined on (a, b).

Theorem 2.2. Let hy, ha,q and 1 be non-decreasing functions on (a,b) and p
be a positive weight function on (a,b). If the function

slmome () [ o) |

is integrable on (a,b), then
(2.3)

/ bw<H1’p’q(w;f2”’”(x))dx< / bw{mmhg(m((ﬁ” I p(t)dt)z]dx.
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Proof. By the weighted Chebyshev integral inequality (2.1)) and assumptions
on functions hq, ha,p, g, ¥ for all z € (a,b), we get

/w(qu(xg’p’q(z))dm
/ v [12( ha(t W) ( /0 xp<t)q(t)hz(t>dt)} dx
[ o5 ( 0a) ([ stomar) |as
o ) i)

[ o
_ /abzp[hl(x)hg(x)(qf) /Oxp(t)dt>2]dx.

IN

IN

IA

O

Corollary 2.3. If the function v is non-increasing in Theorem inequality
(2.3) holds in the reversed direction
(2.4)

/abw(Hl’p’q(m;?Q’p’q(m))dxz / b¢[h1(x)h2($)(qf) /O ’ p(t)dt)Q]dQs.

Remark 2.4. In particular, if we set ¢(z) = z* in (2.3)), where u > 1, we get

/ab (Han(xa):f?’p’q(I) > i < /ab [hl(:v)hz(w) (qf) /Oz P(t)dt> 2} o

Remark 2.5. If q(z) = p(z) = 1 in inequality (2.3) and (2.4]), we get Theorem
[9, Th. 6 ] and Theorem [9, Th. 7]. In addition if we set ¢(z) = a*, u > 1,
and ho(x) = 1, in inequalities (2.3) and (2.4)) we get a Hardy-type inequality

/ab <Hlf)># da < /ab Wi (z)dz,

and its converse, respectively.

Theorem 2.6. Let hy, ho, q be non-increasing functions on (a,b), 1 be a non-
decreasing function on (a,b) and p be a positive weight function on (a,b). If

the function 2
w[hl(x)hg(m)<q<xx) / h p(t)dt) ]

is integrable on (a,b), then
(2.5)

/abw(Hf,p,q(xlfli,p,q(x)>dx< /abw[hl(m)@(x)cf) /@ b p(t)dtﬂd%
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By using the Chebyshev integral inequality (2.1)), the proof is similar to
that of Theorem 2.2

Remark 2.7. In particular if we set ¢(z) = z* where p > 1, we get

/a b <Hip’q(xif;’p"’(x) )Hdz < / b {hl(x)hQ(x)(qf) / h p(t)dt)2rdz.

Corollary 2.8. If g(x) =1 in inequality (2.5), we have

/zbw(w>dx</ab¢[h1(x)h2(x)<i /:Op(t)dtﬂdx.

Corollary 2.9. If the function v is non-increasing in Theorem|2.0, inequality
(12.5) holds in the reversed direction.

Theorem 2.10. Let hy and he be asynchronous functions on (a,b). We sup-
pose hy and q are non-increasing functions on (a,b) and 1 is a non-decreasing
function on (a,b) and p is a positive weight function on (a,b), then

(2.6)

/a bw(Hl’p’q(xifQ””m))dx > / bw{hl(x(qig ) /O ()t /O ' p(t)dtﬂdm,

Proof. By the Chebyshev integral inequality (2.2) and conditions on functions
hi, ha, p,q, ¥ for all z € (a,b), we obtain

/b s (Hlmﬂ(x)fzp,q(x)) &
= [ ol (] romomoa) ([ wouona) o
= o[ 52(f dt)(/o Pt
= [ o[ (o )(/0 e W)]d
> | bw[(;’;“ / p(B)g(t)dt / p(t)dt}dx

/abw{hl(x)(qz(f) /Omp(t)hg(t)dt/;p(t)dt)]dx.

Corollary 2.11. If 1 is a non-increasing function in Theorem[2.10, inequality
(2.6) holds in the reversed direction.

O
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Corollary 2.12. If p(z) = q(z) =1 in inequality (2.6), we have

[ (P g [l (L [ hateae )]

Theorem 2.13. Let hy and hy be asynchronous functions on (a,b). We sup-
pose hi,q and ¢ are non-decreasing functions on (a,b) and p is a positive weight
function on (a,b), then

(2.7)

/ab1/)(Hip,q( ifz,p,q( ))dx > /ab'L/)|:h1($)<q2x(2x) /gcoop(t)hQ(t)dt/:op(t)dt>]dm,

The proof is obtained by using arguments similar to those in the proof of
Theorem 2.101

Corollary 2.14. If is a non-increasing function in Theorem inequality
(2.7) holds in the reversed direction.

Corollary 2.15. If q(z) =1 in (2.7)), we obtain

/abw(wyxz /ab'(/)[hl(l')(xlz /:O hz(t)dt/xoop(t)dt)]dx.

Theorem 2.16. Let hy, ha,q be non-increasing functions on (a,b), ¥ be a
non-decreasing function on (a,b) and p be a positive weight function defined on

(x,00) where
0< (/:Op(t)dt> < oo

If the function v (h1(z)ha(x)q*(x)) is integrable on (a,b), then

b Hik,p,q( )HZ,p,q( ) " b P T 2 T T
(2.8) /a 1/)( (= o)’ )d S/a ¥ (hi(2)ha(2)q? (x))dz.

Proof. By the Chebyshev integral inequality (2.1]) and assumptions on functions
hi,ho,p,q, 1 for all z € (a,b), we get

[ <Hi’”gi25f;;’;f> )
- [ [W(/; mwar)( [ soaenatyie) o
M(/ dt) ( )dt)]dw
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[ o
= [bn@me@)

Remark 2.17. In particular if we set ¢ (z) = z* where p > 1, we get

b Hik’p’q(x)Hip’q(m) ' X ' X x 2 x = X
/a ( ([ p(t)dt)? ) d S/a (ha(z)ho(x)q? ()" da.

Corollary 2.18. If the function q(z) =1 in (2.8), we obtain

/ab w(W)dx < /ab ¥ (hi(z)ha(z))dz.

Corollary 2.19. If q(z) = ho(z) =1 and ¢¥(x) = z, we have

b [ b
/deﬁ/ hi(x)dz.

t

Now we turn our attention to the case of quasi-monotone functions.
The following definition was introduced in [IJ.

Definition 2.20. We say that a non-negative function hy is quasi-monotone
on ]0,00] if for some real number a, x®hy is a decreasing or an increasing
function of z. More precisely, given 8 € R we say that hy € Qg if 2 Phy(2) is
non-increasing and h; € Q7 if z7%hy(z) is non-decreasing.

Let hyg(z) = 27 hy(x), ho g(x) = 2 Phy(z) on (a,b), where 0 < a < b <
00.

Lemma 2.21. If h1 g and hapg are two synchronous functions on (a,b), i.e
hi,ha € Qs or hi,he € Q° and p is a positive weight function on (a,b), then
(2.9)

b b b b
/ p(x)x_ﬁhl(x)dx/ p(z)z P hy(x)dr < / p(:c)dx/ p(2)x= 2P hy (z)ho(z)dz.

a

If hig and ho g are asynchronous functions on (a,b), then

(2.10) b
/a P(x)x_ﬂm(m)dx/ p(x)x_ﬁhg(x)dxz/

a a

b b
p(x)dx / p(x)z= 2P hy(2)he(z)dz.

Proof. We replace hi and ho in Lemmaby hi,s and hs g, respectively, then
we get inequality (2.9). In the same way, we have inequality (2.10)). O
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Let
Hi g pqg(z) = /OI tPh(t)p(t)g(t)dt, Happq(r) = /Ol t P ho(t)p(t)q(t)dt
and

Hi 5 a() = / O Op(g(t)dt, H 4, () = / 8 ha(D)p(H)a(t)dr,

oo

where t € (a,0),0 < a <b < o0, 8 €R, hy and hy are non-negative Lebesgue
measurable functions on (a,b) and p, ¢ are positive weight functions on (a, b).

Theorem 2.22. Let hy, hy € Q%, q and 1) be non-decreasing functions on (a,b)
and p be a positive weight function defined on (a,b). If the function

" {hl(:c)hz(l’) <x(1+ﬂ)q(x) /O”” p(t)dt> 2]

is integrable on (a,b), then
(2.11)

/abq/} ( Hl*ﬁ*p’q(m)fQ’B’p’q(x)>dmg [lbw[hl(w)hz(x) (x(1+5)q(x) /Omp(t)dt)z}dx.

T

Proof. We apply integral inequality (2.9) and conditions on functions hy hs, p,
q, ¥ for all x € (a,b), we get

/b " <H1ﬁ,p’q(x)g{2,6,p,q(x) ) de

T

< :4‘11(? (/Omp(t)tﬂhl(t)dt> (/Oxp(t)tﬁhg(t)dtﬂdx
< /ab [qi(f) (/jp(t)dt) </Omp(t)tZ'Bhl(t)hz(t)dt)]dx
- /ab . {q%x)x?i@(x)hz(x) ( /pr(t) dt) } "
_ / " {hl(x)hg(a:) <x—<1+ﬁ>q(x) /0 ’ p(t)dt>2] dz.

Remark 2.23. In particular if we set ¢)(x) = z* where u > 1, we get

/ab (Hl,g,p,q(cv)fz,ﬁmﬁq(f”))de _ /ab {hl(m)fw(x) (m—<1+6)q(x) /pr(t)dtf]“dx.

<=

T
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Corollary 2.24. If q(z) = p(z) =1 in (2.11), we get

/ab v <W)d~r < /ab ¥ (h1g(x)hap(z))de.

T

Corollary 2.25. If the function v is non-increasing in Theorem[2.23, inequal-
ity (2.11)) holds in the reversed direction.

Remark 2.26. If =0 in (2.11), we obtain inequality (2.3)) of Theorem

Theorem 2.27. Let hy,he € Qg, 1 be a non-decreasing function on (a,b), q
be a non-increasing function on (a,b) and p be a positive weight function on

00 2
(a,b). If the function w[hl(x)hg(x) (x_(lﬂi)q(x)/ p(t)dt) ] is integrable

on (a,b), then
(2.12)

/:w ( H;B,p,q(fv)Hiﬁ,p,q(x)) do < /ab w[hl(:c)hg(x) (x_(1+5)q(3;‘) L Oop(t)dt>2]d:v.

2

The proof is similar to that of Theorem [2:22

Remark 2.28. In particular if we set ¢(z) = z* where p > 1, we get

/ab (Hf,ﬁ,p,q(zi?;ﬁ%q(x))Md:c . /ab {hl(x)hz(l”) (x—(1+B)q(x) /;O p(t)dt) 2] “dgc.

Corollary 2.29. If q(z) =1 in (2.12)), we get

/ab . <H{‘75)p(x3)312£[2*’57p($) ) i < /ab s {hl(x)hz(x) <x(ﬂ+1) /:O p(t)dt> 2] dx.

Corollary 2.30. If the function v is non-increasing in Theorem|2.27, inequal-
ity (2.12)) holds in the reversed direction.

Remark 2.31. If 8 = 0 in Theorem we obtain inequality (2.5)) of Theorem
2.0

Theorem 2.32. Let hy € Qg and hy € QP, 1 be a non-decreasing function
on (a,b), p be a positive weight function on (a,b) and q be a non-increasing
function on (a,b), then

/b i <H1767p7q($)H2,ﬂ7p7q($) ) da

2

(2.13) > / bz/;[x_(2+ﬁ)q2(m)h1(x) /0 ' p(t)t Phay(t)dt /0 ' p(t)dt} dz.
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Proof. We apply integral inequality (2.10)) with the functions hy, ha,p, g, 1 for
all z € (a,b), therefore

/b » <H1,ﬁ7p7q(x)-2r{2,ﬁ,p,q(x) ) dx

T

O

Corollary 2.33. If 1 is a non-increasing function in Theorem[2.33 inequality
(2.13) holds in the reversed direction .

Corollary 2.34. If p(z) = q(x) = 1 in inequality (2.13)), we have

/;¢(W)dx2/abw{xﬁhl(x)<; /OxtﬁhQ(t)dt>:|daj,

Remark 2.35. If 8 = 0 in Theorem we get inequality (2.4) of Corollary
2.0l

Theorem 2.36. Let hy € QP and hs € Qs, q and 1 be non-decreasing func-
tions on (a,b) and p be a positive weight function on (a,b), then

bo(Hig, (2)H5 s, ()
/ 1/J< 1,8,p,9 - 2,8,p,q )dw
a

214 > / bw[x_@"’qu(x)hl(x) /m (Ot ha ()t / h p(t)dt} da.

The proof is similar to that of Theorem [2:32] Hence, it is omitted.

Corollary 2.37. Ifv is a non-increasing function in Theorem|2.56], inequality
(2.14)) holds in the reversed direction.

Remark 2.38. If § = 0 in Theorem we obtain inequality (2.7)) of Theorem
213l
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