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Basic Chen inequalities for statistical submanifolds of
cosymplectic statistical space forms

Zamrooda JabeerEl, Mehraj Ahmad Londﬂ
and Mohamd Saleem Loné7

Abstract. In this paper, we obtain the basic Chen inequalities for the
statistical submanifolds of cosymplectic statistical space form. Moreover,
we discuss some special cases and equality cases.
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1. Introduction

The notion of statistical manifolds was introduced by Amari [2] in 1985.
Statistical manifolds act as a differential geometric analogue of the statistical
model in the sense that the sample space of density functions is replaced by a
Riemannian manifold and a Fisher information matrix is replaced by Rieman-
nian metric. A statistical manifold arises with a pair of dual torsion-free affine
connections, an analogue to conjugate connections in affine geometry (see [10]).

A general issue with the statistical manifolds is that the dual connections are
not metric. So using the standard notions of Riemannian geometry, geometers
were not able to define precisely sectional curvature with respect to the dual
connection involved. However, in 2016, Opozda [I1] discovered a way to define
the sectional curvature on a statistical manifold.

One of the basic interests in Riemannian geometry as well as in physics is
the study of curvature invariants. The sectional curvature and the Ricci curva-
ture are the most such curvature invariants studied from the ages of Gauss and
Riemann. While studying the submanifold theory, one of the important ques-
tion asked is: what are the optimal relationships between the intrinsic and the
extrinsic invariants? For example, with respect to a surface, we have the famous
Euler inequality: G < |H|?, where H is the mean curvature and G is the Gaus-
sian curvature, with the equality at umbilical points. Chen [4] extended this
inequality for submanifolds of general real space forms. However, the known
curvature invariants (Ricci and scalar) didn’t happen to explore the sufficient
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relationships between the intrinsic and extrinsic invariants of submanifolds. In
this connection, Chen discovered new type of curvature invariants known as d-
invariants (cf. [5] for more details). With this notion, Chen was able to define
a new family of curvature invariants. For example, the first Chen invariant is
given by dp; = 7 —inf K, where 7 and K are the scalar and sectional curvatures
of a submanifold, respectively.

In recent years, the statistical submanifolds of statistical manifolds are being
examined by various geometers very actively and some interesting results have
been obtained (I [3} [7, @) 12} T3], [14]).

In [3], Aydin et al. obtained certain inequalities for the scalar and Ricci
curvature of statistical submanifolds of constant curvature. Recently, Chen et
al. [6] derived a Chen first inequality for statistical submanifolds in Hessian
manifolds of constant Hessian curvature. In [8], Malek and Akbari obtained
a couple of inequalities with Casorati curvature for statistical submanifolds of
cosymplectic statistical space form with constant ¢-sectional curvature.

The above studies serve as the main motivation for our study. The structure
of this paper is as follows. In the second section, we collect all definitions and
lemmas which are helpful to prove the main results of the paper and in the last
two sections, we discuss our main results.

2. Preliminaries

Let (]\:4 ;) be a Riemannian manifold with a pair of torsion-free affine con-
nections V and V*. Then (V, §) is called statistical structure on (M, §) if

(ﬁZ.@(Xa Y) - (@ZQ)(Za Y) =0,

for X,Y,Z € TM. A Riemannian manifold (M ,§) with statistical structure
satisfying the compatibility condition

Z§(X,Y) = §(VzX,Y) +§(X,V5Y)

is said to be a statistical manifold and is denoted as (M, g, @, @*) Any torsion-
free connection V has a dual connection V* satisfying
oo _ V4V
2 )
where V° is the Levi-Civita connection on M.

The curvature tensor fields with respect to dual connections V and V* are
denoted by R and R*. The curvature tensor field k° associated with the V° is
called Riemannian curvature tensor.

In case of curvature tensor, a notable difference here is that while defining
the curvature tensor, there is a correction term in the form of R° contributed
by the Levi-Civita connection V°.

Let M be a statistical manifold then the sectional curvature is defined as
[

(2.1) K(m) = % R(X,Y)Z + R*(X,Y)Z - 2R°(X,Y)Z|.
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The curvature tensors R and R* satisfy the following property
JR(X, Y)Y, W) = —3(R* (X, Y)W, Z).

Let (M, §,V) be a statistical manifold, then the difference (1,2) -tensor of the
torsion free connection V and the Levi-Civita connection V° is defined as [7]:

KxY =K(X,Y)=VxY - V%Y.
K is a symmetric tensor field on M, ie., KxY = KyX and
9(KxY,2) = g(Y,Kx Z).

Next, we define the compatibility condition for a statistical cosymplectic man-
ifold.

Definition 2.1. Let (M, §,V) be a (2n + 1)-dimensional statistical manifold,
the structure (V, g, ¢,£,n) is called a cosymplectic structure on M, if:

P*X =X +n(X)E, n(X)=1, ¢£=0, §(¢X,Y)=—-§(X,¢Y),
V%o =0,
that is (g, ¢,&,n) is a cosymplectic structure on M and Kx¢Y + ¢KxY = 0.

Definition 2.2. A Riemannian metric g is said to be compatible with the struc-
ture (¢,&,n) if §(¢X, ¢Y) = §(X,Y) —n(X)n(Y), or equivalently §(X, ¢Y) =
—g(¢9Y, X) and §(X, &) = n(X), for all X, Y € T'(TM).

Let M be a (m + 1)-dimensional submanifold of a (2n + 1)-dimensional
cosymplectic manfiold M, we can write:

¢X = PX + FX,

where PX is the tangent part of X and FX is the normal part of ¢X. P
is an endomorphism of the tangent bundle and F' is a normal bundle valued
1-form of the tangent bundle of M, satisfying

g(X,PY)=—g(PX,)Y)
for all X,Y € T'(T'M). Also, for a plane section 7 € T,M at a point p € M,
(22) a(m) = g*(e1, Pez),  b(r) = (n(er))” + (n(e2))?
independent of the orthonormal basis {ej, ea} of the plane section 7.

Definition 2.3. Let (M, @, g, 0,&) be a cosymplectic statistical manifold and
c be a real constant, then cosymplectic statistical structure is said to be of
constant ¢-sectional curvature if

RX.Y)Z = -[9(Y,2)X - §(X,2)Y + §(X,¢Z)¢Y
—9(Y,0Z)pX +24(X, ¢Y)oZ + n(X)n(2)Y
(2.3) —n(Y)n(Z2)X + (X, Z)n(Y )¢ - §(Y, Z)n(X)¢]

for all X,Y,Z e I'(TM).

€
4
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Let (M,g,V,V*) be statistical submanifold of (M,gﬁﬁ*). The Gauss
and Weingarten formulae are given as
VxY =VxY +0(X,Y), Vxz=—-AX+Vxz
VLY = VY +0%(X,Y), Viz=-A'X+ Ve
for all X,Y € TM and z € T+ M respectively. Moreover, we have the following
equations
Xg(Y,Z) = g(VxY,Z) + g(Y,VxZ)
J(0(X,Y),2) =g(A:X)Y), G(o"(X,Y),z) =9g(A,X,Y)
Xg(z,y) = §(Vxa,y) +a(z, Viy),
where z,5y € T+M. The mean curvature vector fields for orthonormal tan-

gent and normal frames {ej,ea,...,emt1} and {€m+2,€m+3,...,€an4+1}, re-
spectively, are defined as

1 m+1 1 2n+1 /m+1
H=——0 > oleie) =g <§j@05mog=gw@h%»a>
y=1 i=1

m+1 i=1
and
1 m—+1 1 2n+1 /2n+1
A = m+1 o (e, ;) = (Z % )f”f’ ZJ =907 (eir¢j); ¢4)
i=1

for1<i,j<m+land1<~y<2n+1.
Now, we state the following fundamental results on statistical manifolds.

Proposition 2.4. Let (M, g,V,V*) be statistical submanifold of (M 3V, V*)
Let R and R* be the Riemannian curvature tensors on M for V and V*,
respectively. Then the Gauss and Ricci equations are given by the followmg
result.

J(R(X,Y)Z,W) g(R(X,Y)Z, W)+ §(o(X, Z),0*(Y,W))

—g(O'*(X, W>7 U(Y, Z))a

m#mxmw>:<maYﬂwnmmxmwxm>
—9(o(X,W),0"(Y, Z)),
GRH (X, Y)z,y) = §(R(X.Y)a,y) + g([A7, A X, Y),
( (X,Y)x,y) ZQ(R*(X,Y)J),y) +g([AvaZ]X’ Y)a

where [Ay, Ay] = Ay Ay — Ay Ay and [A, Ay = AZ A, — AAL, for XY, Z, W €
TM and z,y € T+M.

Now, we state two important lemmas which we use to prove the main results
in the upcoming sections.
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Lemma 2.5. [6] Let n > 3 be an integer and a1, as,. .., a, aren real numbers.
Then, we have

n n

1<i<j<n i=1
Moreover, the equality holds if and only if a1 + a3 = a3 =--- = a,.
Lemma 2.6. [J] Let n > 4 be an integer and ay, as, ..., a, are n real numbers.

Then, we have

n n—3 n 2
Z aiGj; — a1a2 — azay § M(Z(h) .

1<i<j<n i=1

Moreover, the equality holds if and only if a1 + a2 = a3+ a4 = a5 =--- = ay,.

3. Main result

In the present section, we obtain first Chen inequality for the submanifolds
of cosympletic statistical manifolds.

Theorem 3.1. Let M™*! be statistical submanifold of a cosymplectic sta-
tistical manifold MQ”“(C) of constant ¢-sectional curvature c, such that the
structure vector field & is tangent to M. Then for any point p € M™1 and any
plane section w at p, we have

(m + 1)2(m — 1)
2m

—<lm? = m 4 3|[P|]? + 2(b(m) — 3a(r) — 1]

—2K(m) 4 27p(m).

70— Ko(m) < 7-K(m)+ (11> + [[H))

Moreover, the equalities hold for any v € {m +2,...,2n+ 1} if and only if

v YooY
011+ 029 =033 = """ = 0L 1)(m+1)

oy A N

011 T 092 =033 = = 0 1)(m+1)

ol =0 =0 Vi<i#j<m+1.
Proof. Let p € M and {e1,ea, - ,ems1} and {emy2, -+, €241} be the or-
thonormal basis of T, M and T;-M , respectively. The scalar curvature corre-
sponding to the sectional K-curvature is

r=s o |a(R(eieg)eg)e) + g(R (ei,e)e;), e0) — 29(R(eq, 5)e5), €4) | -
2

1<i<j<m+1
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Using (2.3)) and Gauss equation for R and R*, we obtain
(3.1)
c 1 2n-+1
T=3 [m(m1)+3P||2} *TOJri Z Z {Uiiya;-yj+aziaj;20i]7azj] .

y=m+21<i<j<m+1

The above equality can also be written as

2n+1
[ i 944 ij

;- g[m(m1)+3|P|2_+2 > X

Oy Oy (o_(]'y)z:|
- y=m+21<i<j<m+1

y=m+21<i<j<m+1 -
Also using the Gauss equation for Levi-Civita connection, we have

2n+1
c 1
o= 7‘0—1—8[m(m—1)+3|P2} ~3 Z Z [U%U;Yj_(ggjf]

y=m+21<i<j<m+1

2n+1
1 * * * A
(3.2) ~5 E g {Uiiaj; - (ai;)Q} — 27.

y=m+2 1<i<j<m+1
Next, we calculate the sectional curvature K () of the plane section 7 as

1

K(m) = 5 |:g(R(€1,€2)€2, e1) + g(R*(e1,ea)ea, e1) — 2g(R°(e1,e2)ea, e1)|.

Using (12.3)) and Gauss equation, we obtain

K(x) = S[+3a(m) — b)) + 3lolo” (en,e0), ez e2)
+g(o(e1,e1), 07 (e, €2)) — 2g9(o(e1, e2), 0% (e1, €2))] — Ko(m)
¢ 1 2n+1

= v -uml g 3 o113, + o3 - 207307
7K0(7T).
c 2n+1
= Ssalm —oml+ > [2Holiol - 6H)2)
y=m+2

1 ]- * * *
_*{‘7?1‘7;2 - (0¥2)2} -5 01302; - (01;)2} — Ko(m).
2 2
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Using the Gauss equation for the Levi-Civita connection, we get

2n+1
K(r) = Ko(m)+ §l1+3am) — 0] = > |5{ohod - 01}
y=m+2
(33 ~3lotios - @) - 2ot

Subtracting (3.3) from (3.2)), we get

(1 — K(m)) = (10 — Ko(m)) = g[mQ —m+3||P|* + 2(b(m) — 3a(r) - 1)]

2n+1
]- ]- * * *
SN IR R B

y=m+21<i<j<m+1

2n+1
1 1 * * *
£ 3 [Hation— @7 + 5 otiost - G
y=m-+2

(3.4) +2Ko(m) — 27(m).
Using Lemmag2.5] we get

(1 — K(m)) — (10 — Ko(m)) = g[mQ —m+ 3||P||* +2(b(r) — 3a(r) — 1)]

SR ey )

+2K()(7T) - 27A'0(7T).

This proves our claim. O

Corollary 3.2. Let M™T! be statistical submanifold of a cosymplectic sta-
tistical manifold M2”+1(c) of constant ¢-sectional curvature c, such that the
structure vector field & is tangent to M. If a point p € M™! and a plane
section w at p satisfy that

(r = K(m) = (r0 = Ko(m) < glm? —m+3||P|* +2(b(r) - 3a(m) — 1)]

+2Ko(m) — 270(m),

then M™%t is non-minimal in M?*"1(c).

4. 0(2,2) Inequality

Let m,m C T,M be two mutually orthogonal planes spanned by {eq,es}
and  {es,eq},  respectively. Also let {ei,es, - ,emt1} and
{em+2,€m+3,"+* ,ean+1} be the orthonormal basis of T, M and TZj-M7 respec-
tively. Using the Gauss equation for the Levi-Civita connection, the sectional
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curvatures K (m1) and K(mq) of the plane sections m; and 72 are given by

2n—+1
K(m) = Ko(m)+ Z[l + 3a(m) — b(m1)] — Z [2{0310;2 —(072)%}
y=m-+2

1 * * * >
~5lotion - @37 - 2a(m),

2n+1

Ko(m2) + 2[1 + 3a(mz) — b(m2)] — Z [;{‘733‘714 - (Ug4)2}

y=m+2

=
3

N
Il

1. . . * 2%
~3{a1 ~ O3] - 2ha(rm).
Using the above two relations and by doing simple calculations and using
Lemma we obtain the following inequality
c
(1 — K(m) — K(m2)) — (10 — Ko(m) — Ko(m2)) > g[mz —m—4+3||P|?

(m + 1)*(m —2) e
Sty (I + )

2 [b(m) + b(ms) = 3(a(m) + a(m))] -

+2K0(7T1) + 2K0(7T2) — 2’710.

Theorem 4.1. Let M™*! be statistical submanifold of a cosymplectic sta-
tistical manifold M2”+1(c) of constant ¢-sectional curvature c, such that the
structure vector field ¢ is tangent to M. Then for any point p € M™ 1 and any
two plane sections w1 and wo at p, we have

(r— Ko(m) = Ko(m2)) < (r = K(m) = K(m) - £m® —m — 4+ 3| P[]}

(m+ 12 =2) o
Sty U+ 1H°1?)

_E[b(m) + b(ma) — 3(a(m) + a(m2))] +

—2R0(W1) — 2K0(W2) + 2720

Moreover, the equalities holds for any v € {m+2,n+3,...,2n+1} if and only
if

‘7?1 03 = Jg?, +0ojy=055"" (m+1)(m+1)
1] + 05y =033 + 044 —Jr?---

JZJZU*’Y_OV1<Z7£]<WL+].

(m+1)(m+1)

Corollary 4.2. Let M™T! be statistical submanifold of a cosymplectic sta-
tistical manifold M2”+1(c) of constant ¢-sectional curvature c, such that the
structure vector field & is tangent to M. If a point p € M™ ' and two plane
sections w1 and mo at p satisfy that

(r—K(m)~K(m)) < (10— Ko(m) = Ko(m)) + £[m® = m — 4+ 3| P|]
+710(m) + b(m2) — 3(a(m) +a(w2))]

—|—2K0<7T1) + 2K0<7T2) — 2720(71'),
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then M™% is non-minimal in M?"+1(c).
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