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Basic Chen inequalities for statistical submanifolds of
cosymplectic statistical space forms
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Abstract. In this paper, we obtain the basic Chen inequalities for the
statistical submanifolds of cosymplectic statistical space form. Moreover,
we discuss some special cases and equality cases.
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1. Introduction

The notion of statistical manifolds was introduced by Amari [2] in 1985.
Statistical manifolds act as a differential geometric analogue of the statistical
model in the sense that the sample space of density functions is replaced by a
Riemannian manifold and a Fisher information matrix is replaced by Rieman-
nian metric. A statistical manifold arises with a pair of dual torsion-free affine
connections, an analogue to conjugate connections in affine geometry (see [10]).

A general issue with the statistical manifolds is that the dual connections are
not metric. So using the standard notions of Riemannian geometry, geometers
were not able to define precisely sectional curvature with respect to the dual
connection involved. However, in 2016, Opozda [11] discovered a way to define
the sectional curvature on a statistical manifold.

One of the basic interests in Riemannian geometry as well as in physics is
the study of curvature invariants. The sectional curvature and the Ricci curva-
ture are the most such curvature invariants studied from the ages of Gauss and
Riemann. While studying the submanifold theory, one of the important ques-
tion asked is: what are the optimal relationships between the intrinsic and the
extrinsic invariants? For example, with respect to a surface, we have the famous
Euler inequality: G ≤ |H|2, where H is the mean curvature and G is the Gaus-
sian curvature, with the equality at umbilical points. Chen [4] extended this
inequality for submanifolds of general real space forms. However, the known
curvature invariants (Ricci and scalar) didn’t happen to explore the sufficient
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relationships between the intrinsic and extrinsic invariants of submanifolds. In
this connection, Chen discovered new type of curvature invariants known as δ-
invariants (cf. [5] for more details). With this notion, Chen was able to define
a new family of curvature invariants. For example, the first Chen invariant is
given by δM = τ− infK, where τ and K are the scalar and sectional curvatures
of a submanifold, respectively.

In recent years, the statistical submanifolds of statistical manifolds are being
examined by various geometers very actively and some interesting results have
been obtained ([1, 3, 7, 9, 12, 13, 14]).

In [3], Aydin et al. obtained certain inequalities for the scalar and Ricci
curvature of statistical submanifolds of constant curvature. Recently, Chen et
al. [6] derived a Chen first inequality for statistical submanifolds in Hessian
manifolds of constant Hessian curvature. In [8], Malek and Akbari obtained
a couple of inequalities with Casorati curvature for statistical submanifolds of
cosymplectic statistical space form with constant ϕ-sectional curvature.

The above studies serve as the main motivation for our study. The structure
of this paper is as follows. In the second section, we collect all definitions and
lemmas which are helpful to prove the main results of the paper and in the last
two sections, we discuss our main results.

2. Preliminaries

Let (M̂, ĝ) be a Riemannian manifold with a pair of torsion-free affine con-
nections ∇̂ and ∇̂∗. Then (∇̂, ĝ) is called statistical structure on (M̂, ĝ) if

(∇̂Z ĝ)(X,Y )− (∇̂Z ĝ)(Z, Y ) = 0,

for X,Y, Z ∈ TM̂ . A Riemannian manifold (M̂, ĝ) with statistical structure
satisfying the compatibility condition

Zĝ(X,Y ) = ĝ(∇̂ZX,Y ) + ĝ(X, ∇̂∗
ZY )

is said to be a statistical manifold and is denoted as (M̂, ĝ, ∇̂, ∇̂∗). Any torsion-
free connection ∇̂ has a dual connection ∇̂∗ satisfying

∇̂◦ =
∇̂+ ∇̂∗

2
,

where ∇̂◦ is the Levi-Civita connection on M̂ .
The curvature tensor fields with respect to dual connections ∇̂ and ∇̂∗ are

denoted by R̂ and R̂∗. The curvature tensor field R̂◦ associated with the ∇̂◦ is
called Riemannian curvature tensor.

In case of curvature tensor, a notable difference here is that while defining
the curvature tensor, there is a correction term in the form of R◦ contributed
by the Levi-Civita connection ∇◦.

Let M̂ be a statistical manifold then the sectional curvature is defined as
[11]

(2.1) K(π) =
1

2

[
R̂(X,Y )Z + R̂∗(X,Y )Z − 2R̂◦(X,Y )Z

]
.
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The curvature tensors R̂ and R̂∗ satisfy the following property

ĝ(R̂(X,Y )Y,W ) = −ĝ(R̂∗(X,Y )W,Z).

Let (M̂, ĝ, ∇̂) be a statistical manifold, then the difference (1, 2) -tensor of the
torsion free connection ∇̂ and the Levi-Civita connection ∇◦ is defined as [7]:

KXY = K(X,Y ) = ∇̂XY − ∇̂◦
XY.

K is a symmetric tensor field on M̂ , i.e., KXY = KY X and

ĝ(KXY,Z) = ĝ(Y,KXZ).

Next, we define the compatibility condition for a statistical cosymplectic man-
ifold.

Definition 2.1. Let (M̂, ĝ, ∇̂) be a (2n+ 1)-dimensional statistical manifold,
the structure (∇̂, ĝ, ϕ, ξ, η) is called a cosymplectic structure on M̂ , if:

ϕ2X = −X + η(X)ξ, η(X) = 1, ϕξ = 0, ĝ(ϕX, Y ) = −ĝ(X,ϕY ),

∇̂0
Xϕ = 0,

that is (ĝ, ϕ, ξ, η) is a cosymplectic structure on M̂ and KXϕY + ϕKXY = 0.

Definition 2.2. A Riemannian metric ĝ is said to be compatible with the struc-
ture (ϕ, ξ, η) if ĝ(ϕX, ϕY ) = ĝ(X,Y ) − η(X)η(Y ), or equivalently ĝ(X,ϕY ) =
−ĝ(ϕY,X) and ĝ(X, ξ) = η(X), for all X,Y ∈ Γ(TM̂).

Let M be a (m + 1)-dimensional submanifold of a (2n + 1)-dimensional
cosymplectic manfiold M̂, we can write:

ϕX = PX + FX,

where PX is the tangent part of ϕX and FX is the normal part of ϕX. P
is an endomorphism of the tangent bundle and F is a normal bundle valued
1-form of the tangent bundle of M , satisfying

g(X,PY ) = −g(PX, Y )

for all X,Y ∈ Γ(TM). Also, for a plane section π ∈ TpM at a point p ∈ M,

(2.2) a(π) = g2(e1, P e2), b(π) = (η(e1))
2 + (η(e2))

2

independent of the orthonormal basis {e1, e2} of the plane section π.

Definition 2.3. Let (M̂, ∇̂, ĝ, ϕ, ξ) be a cosymplectic statistical manifold and
c be a real constant, then cosymplectic statistical structure is said to be of
constant ϕ-sectional curvature if

R̂(X,Y )Z =
c

4

[
ĝ(Y,Z)X − ĝ(X,Z)Y + ĝ(X,ϕZ)ϕY

−ĝ(Y, ϕZ)ϕX + 2ĝ(X,ϕY )ϕZ + η(X)η(Z)Y

−η(Y )η(Z)X + ĝ(X,Z)η(Y )ξ − ĝ(Y,Z)η(X)ξ
]

(2.3)

for all X,Y, Z ∈ Γ(TM̂).
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Let (M, g,∇,∇∗) be statistical submanifold of (M̂, ĝ, ∇̂, ∇̂∗). The Gauss
and Weingarten formulae are given as

∇̂XY = ∇XY + σ(X,Y ), ∇̂Xx = −AxX +∇⊥
Xx

∇̂∗
XY = ∇∗

XY + σ∗(X,Y ), ∇̂∗
Xx = −A∗

xX +∇∗⊥
X x

for all X,Y ∈ TM and x ∈ T⊥M respectively. Moreover, we have the following
equations

Xg(Y, Z) = g(∇XY, Z) + g(Y,∇∗
XZ)

ĝ(σ(X,Y ), x) = g(A∗
xX,Y ), ĝ(σ∗(X,Y ), x) = g(AxX,Y )

Xĝ(x, y) = ĝ(∇⊥
Xx, y) + ĝ(x,∇∗⊥

X y),

where x, y ∈ T⊥M . The mean curvature vector fields for orthonormal tan-
gent and normal frames {e1, e2, . . . , em+1} and {em+2, em+3, . . . , e2n+1}, re-
spectively, are defined as

H =
1

m+ 1

m+1∑
i=1

σ(ei, ei) =
1

m+ 1

2n+1∑
γ=1

(
m+1∑
i=1

σγ
ii

)
ξγ , σγ

ij = g(σ(ei, ej), eγ)

and

H∗ =
1

m+ 1

m+1∑
i=1

σ∗(ei, ei) =
1

m+ 1

2n+1∑
γ=1

(
2n+1∑
i=1

σ∗γ
ii

)
ξγ , σ∗γ

ij = g(σ∗(ei, ej), eγ)

for 1 ≤ i, j ≤ m+ 1 and 1 ≤ γ ≤ 2n+ 1.
Now, we state the following fundamental results on statistical manifolds.

Proposition 2.4. Let (M, g,∇,∇∗) be statistical submanifold of (M̂, ĝ, ∇̂, ∇̂∗).
Let R̂ and R̂∗ be the Riemannian curvature tensors on M̂ for ∇̂ and ∇̂∗,
respectively. Then the Gauss and Ricci equations are given by the following
result.

ĝ(R̂(X,Y )Z,W ) = g(R(X,Y )Z,W ) + ĝ(σ(X,Z), σ∗(Y,W ))

−ĝ(σ∗(X,W ), σ(Y,Z)),

ĝ(R̂∗(X,Y )Z,W ) = g(R∗(X,Y )Z,W ) + ĝ(σ∗(X,Z), σ(Y,W ))

−ĝ(σ(X,W ), σ∗(Y,Z)),

ĝ(R⊥(X,Y )x, y) = ĝ(R̂(X,Y )x, y) + g([A∗
x, Ay]X,Y ),

ĝ(R∗⊥(X,Y )x, y) = ĝ(R̂∗(X,Y )x, y) + g([Ax, A
∗
y]X,Y ),

where [Ax, A
∗
y] = AxA

∗
y−A∗

yAx and [A∗
x, Ay] = A∗

xAy−AyA
∗
x, for X,Y, Z,W ∈

TM and x, y ∈ T⊥M .

Now, we state two important lemmas which we use to prove the main results
in the upcoming sections.
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Lemma 2.5. [6] Let n ≥ 3 be an integer and a1, a2, . . . , an are n real numbers.
Then, we have

n∑
1≤i<j≤n

aiaj − a1a2 ≤ n− 2

2(n− 1)

( n∑
i=1

ai

)2

.

Moreover, the equality holds if and only if a1 + a2 = a3 = · · · = an.

Lemma 2.6. [9] Let n > 4 be an integer and a1, a2, . . . , an are n real numbers.
Then, we have

n∑
1≤i<j≤n

aiaj − a1a2 − a3a4 ≤ n− 3

2(n− 2)

( n∑
i=1

ai

)2

.

Moreover, the equality holds if and only if a1 + a2 = a3 + a4 = a5 = · · · = an.

3. Main result

In the present section, we obtain first Chen inequality for the submanifolds
of cosympletic statistical manifolds.

Theorem 3.1. Let Mm+1 be statistical submanifold of a cosymplectic sta-
tistical manifold M̂2n+1(c) of constant ϕ-sectional curvature c, such that the
structure vector field ξ is tangent to M . Then for any point p ∈ Mn+1 and any
plane section π at p, we have

τ0 −K0(π) ≤ τ −K(π) +
(m+ 1)2(m− 1)

2m
(∥H∥2 + ∥H∗∥2)

− c

8
[m2 −m+ 3∥P∥2 + 2(b(π)− 3a(π)− 1)]

−2K̂0(π) + 2τ̂0(π).

Moreover, the equalities hold for any γ ∈ {m+ 2, . . . , 2n+ 1} if and only if

σγ
11 + σγ

22 = σγ
33 = · · · = σγ

(m+1)(m+1)

σ∗γ
11 + σ∗γ

22 = σ∗γ
33 = · · · = σ∗γ

(m+1)(m+1)

σγ
ij = σ∗γ

ij = 0 ∀1 ≤ i ̸= j ≤ m+ 1.

Proof. Let p ∈ M and {e1, e2, · · · , em+1} and {em+2, · · · , e2n+1} be the or-
thonormal basis of TpM and T⊥

p M, respectively. The scalar curvature corre-
sponding to the sectional K-curvature is

τ =
1

2

∑
1≤i<j≤m+1

[
g(R(ei, ej)ej), ei) + g(R∗(ei, ej)ej), ei)− 2g(R◦(ei, ej)ej), ei)

]
.
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Using (2.3) and Gauss equation for R and R∗, we obtain
(3.1)

τ =
c

8

[
m(m−1)+3∥P∥2

]
−τ0+

1

2

2n+1∑
γ=m+2

∑
1≤i<j≤m+1

[
σ∗γ
ii σ

γ
jj+σγ

iiσ
∗γ
jj −2σ∗γ

ij σ
γ
ij

]
.

The above equality can also be written as

τ =
c

8

[
m(m− 1) + 3∥P∥2

]
+ 2

2n+1∑
γ=m+2

∑
1≤i<j≤m+1

[
σ0γ
ii σ

0γ
jj − (σ0γ

ij )
2

]

−1

2

2n+1∑
γ=m+2

∑
1≤i<j≤m+1

[
σγ
iiσ

γ
jj − (σγ

ij)
2

]

−1

2

2n+1∑
γ=m+2

∑
1≤i<j≤m+1

[
σ∗γ
ii σ

∗γ
jj − (σ∗γ

ij )
2

]
− τ0.

Also using the Gauss equation for Levi-Civita connection, we have

τ = τ0 +
c

8

[
m(m− 1) + 3∥P∥2

]
− 1

2

2n+1∑
γ=m+2

∑
1≤i<j≤m+1

[
σγ
iiσ

γ
jj − (σγ

ij)
2

]

−1

2

2n+1∑
γ=m+2

∑
1≤i<j≤m+1

[
σ∗γ
ii σ

∗γ
jj − (σ∗γ

ij )
2

]
− 2τ̂0.(3.2)

Next, we calculate the sectional curvature K(π) of the plane section π as

K(π) =
1

2

[
g(R(e1, e2)e2, e1) + g(R∗(e1, e2)e2, e1)− 2g(R◦(e1, e2)e2, e1)

]
.

Using (2.3) and Gauss equation, we obtain

K(π) =
c

4
[1 + 3a(π)− b(π)] +

1

2
[g(σ∗(e1, e1), σ(e2, e2))

+g(σ(e1, e1), σ
∗(e2, e2))− 2g(σ(e1, e2), σ

∗(e1, e2))]−K0(π)

=
c

4
[1 + 3a(π)− b(π)] +

1

2

2n+1∑
γ=m+2

[
σ∗γ
11σ

γ
22 + σγ

11σ
∗γ
22 − 2σ∗γ

12σ
γ
12

]
−K0(π).

=
c

4
[1 + 3a(π)− b(π)] +

2n+1∑
γ=m+2

[
2{σ0γ

11σ
0γ
22 − (σ0γ

12 )
2}

−1

2
{σγ

11σ
γ
22 − (σγ

12)
2} − 1

2
{σ∗γ

11σ
∗γ
22 − (σ∗γ

12 )
2}
]
−K0(π).
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Using the Gauss equation for the Levi-Civita connection, we get

K(π) = K0(π) +
c

4
[1 + 3a(π)− b(π)]−

2n+1∑
γ=m+2

[
1

2
{σγ

11σ
γ
22 − (σγ

12)
2}

−1

2
{σ∗γ

11σ
∗γ
22 − (σ∗γ

12 )
2}
]
− 2K̂0(π).(3.3)

Subtracting (3.3) from (3.2), we get

(τ −K(π))− (τ0 −K0(π)) =
c

8
[m2 −m+ 3∥P∥2 + 2(b(π)− 3a(π)− 1)]

−1

2

2n+1∑
γ=m+2

∑
1≤i<j≤m+1

{[
σγ
iiσ

γ
jj − (σγ

ij)
2

]
− 1

2

[
σ∗γ
ii σ

∗γ
jj − (σ∗γ

ij )
2

]}

+

2n+1∑
γ=m+2

[
1

2
{σγ

11σ
γ
22 − (σγ

12)
2}+ 1

2
{σ∗γ

11σ
∗γ
22 − (σ∗γ

12 )
2}
]

+2K̂0(π)− 2τ̂0(π).(3.4)

Using Lemma2.5, we get

(τ −K(π))− (τ0 −K0(π)) ≥ c

8
[m2 −m+ 3∥P∥2 + 2(b(π)− 3a(π)− 1)]

− (m+ 1)2(m− 1)

2m
(∥H∥2 + ∥H∗∥2)

+2K̂0(π)− 2τ̂0(π).

This proves our claim.

Corollary 3.2. Let Mm+1 be statistical submanifold of a cosymplectic sta-
tistical manifold M̂2n+1(c) of constant ϕ-sectional curvature c, such that the
structure vector field ξ is tangent to M . If a point p ∈ Mn+1 and a plane
section π at p satisfy that

(τ −K(π))− (τ0 −K0(π)) <
c

8
[m2 −m+ 3∥P∥2 + 2(b(π)− 3a(π)− 1)]

+2K̂0(π)− 2τ̂0(π),

then Mm+1 is non-minimal in M̂2n+1(c).

4. δ(2, 2) Inequality

Let π1, π2 ⊂ TpM be two mutually orthogonal planes spanned by {e1, e2}
and {e3, e4}, respectively. Also let {e1, e2, · · · , em+1} and
{em+2, em+3, · · · , e2n+1} be the orthonormal basis of TpM and T⊥

p M , respec-
tively. Using the Gauss equation for the Levi-Civita connection, the sectional
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curvatures K(π1) and K(π2) of the plane sections π1 and π2 are given by

K(π1) = K0(π1) +
c

4
[1 + 3a(π1)− b(π1)]−

2n+1∑
γ=m+2

[
1

2
{σγ

11σ
γ
22 − (σγ

12)
2}

−1

2
{σ∗γ

11σ
∗γ
22 − (σ∗γ

12 )
2}
]
− 2K̂0(π1),

K(π2) = K0(π2) +
c

4
[1 + 3a(π2)− b(π2)]−

2n+1∑
γ=m+2

[
1

2
{σγ

33σ
γ
44 − (σγ

34)
2}

−1

2
{σ∗γ

33σ
∗γ
44 − (σ∗γ

34 )
2}
]
− 2K̂0(π2).

Using the above two relations and by doing simple calculations and using
Lemma 2.6, we obtain the following inequality

(τ −K(π1)−K(π2))− (τ0 −K0(π1)−K0(π2)) ≥
c

8
[m2 −m− 4 + 3∥P∥2]

+
c

4
[b(π1) + b(π2)− 3(a(π1) + a(π2))]−

(m+ 1)2(m− 2)

2(m− 1)
(∥H∥2 + ∥H∗∥2)

+2K̂0(π1) + 2K̂0(π2)− 2τ̂0.

Theorem 4.1. Let Mm+1 be statistical submanifold of a cosymplectic sta-
tistical manifold M̂2n+1(c) of constant ϕ-sectional curvature c, such that the
structure vector field ξ is tangent to M . Then for any point p ∈ Mn+1 and any
two plane sections π1 and π2 at p, we have

(τ0 −K0(π1)−K0(π2)) ≤ (τ −K(π1)−K(π2))−
c

8
[m2 −m− 4 + 3∥P∥2]

− c

4
[b(π1) + b(π2)− 3(a(π1) + a(π2))] +

(m+ 1)2(m− 2)

2(m− 1)
(∥H∥2 + ∥H∗∥2)

−2K̂0(π1)− 2K̂0(π2) + 2τ̂0.

Moreover, the equalities holds for any γ ∈ {m+2, n+3, . . . , 2n+1} if and only
if

σγ
11 + σγ

22 = σγ
33 + σγ

44 = σγ
55 · · · = σγ

(m+1)(m+1)

σ∗γ
11 + σ∗γ

22 = σ∗γ
33 + σ∗γ

44 = σ∗γ
55 · · · = σ∗γ

(m+1)(m+1)

σγ
ij = σ∗γ

ij = 0 ∀ 1 ≤ i ̸= j ≤ m+ 1.

Corollary 4.2. Let Mm+1 be statistical submanifold of a cosymplectic sta-
tistical manifold M̂2n+1(c) of constant ϕ-sectional curvature c, such that the
structure vector field ξ is tangent to M . If a point p ∈ Mn+1 and two plane
sections π1 and π2 at p satisfy that

(τ −K(π1)−K(π2)) < (τ0 −K0(π1)−K0(π2)) +
c

8
[m2 −m− 4 + 3∥P∥2]

+
c

4
[b(π1) + b(π2)− 3(a(π1) + a(π2))]

+2K̂0(π1) + 2K̂0(π2)− 2τ̂0(π),
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then Mm+1 is non-minimal in M̂2n+1(c).
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