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A Riemannian manifold with skew-circulant structures
and an associated locally conformal Kahler manifold

Iva Dokuzovaf] and Dimitar Razpopov|

Abstract. A 4-dimensional Riemannian manifold M, equipped with
an additional tensor structure S, whose fourth power is minus identity,
is considered. The structure S has a skew-circulant matrix with respect
to some basis and S acts as an isometry with respect to the metric g.
A fundamental tensor is defined on such a manifold (M, g,S) by g and
by the covariant derivative of S. This tensor satisfies a characteristic
identity which is invariant to the usual conformal transformation. Some
curvature properties of (M, g, S) are obtained. A Lie group as a manifold
of the considered type is constructed. A Hermitian manifold associated
with (M, g, S) is also considered. It turns out that it is a locally conformal
Kéhler manifold.
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1. Introduction

The classification of almost Hermitian manifolds with respect to the covari-
ant derivative of the almost complex structure J is made by Gray and Hervella
in [6]. The Hermitian manifolds form a class of manifolds with an integrable
almost complex structure J. Their subclass consists of the so-called locally
conformal Kéahler manifolds, determined by a special property of the covari-
ant derivative of J. The class of Kéhler manifolds is common to all classes
in this classification and its manifolds have the richest geometry. The Kéhler
manifolds are extensively studied by many geometers. There is also a great in-
terest in the study of locally conformal Kahler manifolds, since their structure
J satisfies similar but weaker conditions than those of Kédhler manifolds. Some
of the recent investigations of locally conformal Kéhler manifolds are made in
1,3, 17, 0, 11, [12].

Problems in differential geometry of a 4-dimensional Riemannian manifold
M with a tensor structure S of type (1,1), which satisfies S* = —id, are
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considered in [4]. The matrix of S in some basis is skew-circulant. Moreover, S
is compatible with the metric g, so that an isometry is induced in any tangent
space of M. A Hermitian manifold (M, g, J), where J = S, is associated with
such a manifold (M, g, S).

In the present work, we continue the study of (M,g,S) and (M,g,J). In
Section[2] we recall some necessary facts about these manifolds. In Section[3] we
compute the components of the fundamental tensor F' on (M, g,S) determined
by the metric g and by the covariant derivative of S. We obtain an important
characteristic identity for F'. We establish that the image of the fundamental
tensor with respect to the usual conformal transformation satisfies the same
identity. In Section we find some curvature properties of (M,g,S5). In
Section [5] we establish that the associated manifold (M, g, J) belongs to the
class of locally conformal Kahler manifolds. In Section [6} we construct a Lie
group with a Lie algebra of a special class as a manifold with the structure

(9,9).

2. Preliminaries

We consider a 4-dimensional Riemannian manifold M equipped with a ten-
sor S of type (1,1). The structure S has a skew-circulant matrix, with respect
to some basis, given by

0 1 0 0
k|0 0 1 0

2.1) =10 001

-1 0 0 0
Then S has the property

St = —id.

The metric g and the structure S satisfy
(2.2) 9(Sz,5y) = g(z,y), =,y € X(M).

The above condition and (2.1)) imply that the matrix of g has the form:

A B 0 -B

B A B 0
(23) (gij) = 0 B A B

-B 0 B A

Here A and B are smooth functions of an arbitrary point p(z!, 22, 23, 2%) on

M. Tt is supposed that A > /2B > 0 to ensure that g is positive definite. The
manifold (M, g, S) is introduced in [4].

Anywhere in this work, x,y, z,u will stand for arbitrary elements of the
algebra of the smooth vector fields X(M) or vectors in the tangent space T, M.
The Einstein summation convention is used, the range of the summation indices
being always {1, 2, 3,4}.
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In [], it is noted that the manifold (M, g, J), where J = S2, is a Hermi-
tian manifold with an almost complex structure J. For such manifolds Gray-
Hervella’s classification is valid ([6]). This classification is made with respect
to the covariant derivative of the Kéahler form J(z,y) = g(x, Jy). The almost
Hermitian manifolds with an integrable structure J are called Hermitian man-
ifolds. Their subclass of locally conformal Kéhler manifolds is determined by
the property

9((Vad)y, 2) =%{(g(ﬂs, y)w(z) — gz, 2)w(y) + g(z, Jy)w(Jz)
— gz, J2)w(Jy)}, w(@)=g"g((Ve,J)ej,x).

(2.4)

Here V is the Levi-Civita connection of g, and g% are the components of the
inverse matrix of (g;;) with respect to the basis {e;} of T,M.

It is known that the class of 4-dimensional locally conformal K&hler man-
ifolds is non-trivial. Every Kéahler manifold belongs to the class of locally
conformal Kahler manifolds ([6]).

Now we consider an associated metric g with g on (M, g,.5), determined by

(2.5) 9(x,y) = gz, Sy) + 9(Sz,y).

The fundamental tensor F' of type (0,3) and the 1-form 6 are defined by
(2.6) F(z,y,2) = (Va§)(y,2), 0(z) = g F(ei e;,2),

and F' has the property

(2.7) F(z,z,y) = F(x,y, 2).

The following necessary and sufficient conditions for S and also for J = S?
to be parallel structures with respect to V are established in [4].

Theorem 2.1. The manifold (M, g,S) satisfies V.S = 0 if and only if
A1 =By — By, Ay=Bi1+Bs, A3=DBy+ By, As=DBs3— B,

0A 0B
where A; 9’ D= o
Theorem 2.2. The structure S on (M,g,S) satisfies V.S = 0 if and only if
VJ =0, ie (M,g,J) is a Kihler manifold.

3. The fundamental tensor F on (M, g, S)

In this section, we obtain a characteristic property of the tensor F' on
(M,g,S), which is an analogue of the property (2.4) of VJ on (M, g, J). For
this purpose we calculate the components of F'.
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Lemma 3.1. The components F;ji, = F(e;, ej,e) of the fundamental tensor
F on the manifold (M, g,S) are given by

Fi11 =2F194 = 2F313 = Ay — Ay — 2By,

Fagp =2Fyp4 = —2F313 = A1 + A3 — 2By,

F333 =2F113 = —2F394 = Ay + Ay — 2B3,

Fiag =2F394 = 2F 13 = Az — Ay — 2By,

(3.1) Figz3 =F311 =0, Fhyy = Fyoo =0,

Fazz =Fy33 = —2F112 = —2F114 = —2F134 = 2F123 = Ba + By — A3,
Fioo =F399 = —2Fy12 = —2Fy14 = —2Fy34 = 2Fy23 = By + B3 — Ao,
Fo11 = — Fyi1 = 2F310 = 2F314 = 2F334 = —2F393 = By — By — Ay,
F344 = — Fiyq = 2F510 = 2F514 = 2F334 = —2F333 = B3 — By — Ay.

Proof. The inverse matrix of (g;;) has the form:

A -B 0 B
1 |(-B A -B 0
Dl 0 -B A -B)’

B 0 -B A

(3-2) (9™)

where D = A2 — 2B2.

Using (2.1) and (2.3) we get that the matrix g, determined by (2.5)), is of
the type:

Due to (2.6) the components of F' are Fjj, = V;§;5. We apply to g the following
well-known formula for the covariant derivative of tensors:
(3.4) Vigik = 0iGjk — UijGar — T Gay-

Here I'j; are the Christoffel symbols of V. They are determined by

(3.5) 2%, = g (0i9aj + 0j9ai — 0agij)-
Then, with the help of (2.3)), (2.6), (2.7), (3.2)), (3.3)) and (3.4) we calculate the
components of F, given in (3.1)). O

Immediately, we have the following
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Corollary 3.2. The components 0 = g F(e;,e;,ex) of the 1-form 6 on the
manifold (M, g,S) are expressed by the equalities

0, = %(A(Ag — Ay —2B;) —2B(By — Bs — A1),
56 0y = %(A(Al + A3 — 2B;) — 2B(B;y + Bz — A2)),
' 03 = %(A(Az + Ay — 2Bs) + 2B(By + By — A3)),
04 = %(A(Ag — Ay —2By) 4+ 2B(Bs — By — Ay)).

Proof. The proof follows from and by direct computations. O

Corollary 3.3. The components 0; = "/ F(e;, Se;, ex) of the 1-form 6* on the
manifold (M, g,S) are expressed by the equalities

A BQ*B4*A1)*B(A2*A4*281)

- 5 )
2
05 = = (A(B1 + Bs — A2) — B(A1 + A3 — 2By)),
(37) b
05 = 5 (A(B2 + Bi — A3) = B(Az + A4 — 2B3)),
2
)

0; = = (A(Bs = Bi — A1) — B(As — A1 —2By)

Proof. Using (2.1)), (3.1) and (3.2]), we find (3.7). O

Having in mind Lemma[3.1} Corollary [3.2]and Corollary [3.3] we get the next
statements.

Theorem 3.4. The fundamental tensor F on the manifold (M, g,S) satisfies
the identity

1 *
F(w,y,2) =7{9(x,9)0(2) + g(x,2)0(y) + (9(Sz,y) + g(x, 59))6"(2)
+ (9(Sz, 2) + g(x,52)) 0% (y) }-
Proof. Using (2.1), (2.3)), (3.1), (3.3), (3.6) and (3.7) we obtain
1 S
(3.9) Frij = 1(9@'91 + grilj + k07 + Grit; ),
which is equivalent to (3.8). O

Remark 3.5. Comparing equalities in Theorem [2.I] and Lemma [3.I] we state
that F' = 0 if and only if the structure S is parallel with respect to V.

Theorem 3.6. The fundamental tensor F on the manifold (M,g,S) has the
property

(3.8)

(3.10) F(a,Jy, J2) + Py, J2, Jz) + F(z, Ja, Jy) = 0,
where J = S2.
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Proof. Due to (2.1), (2.6)), (2.7) and (3.1]) we get that (3.10)) holds true. O
Theorem 3.7. Under the conformal transformation
(3.11) 9(x,y) = ag(z,y),

where « is a smooth positive function, the tensor F is transformed into the
tensor

F(r,y.2) = {9(e.0)0(2) + 32, 20(0) + (3(5.) + (2, 59))7 (2
)P (

v}

with 0 = 0 + gdoco(S—S?’) and 0" = 0* — gdc)c.
(€7 «

(3.12)
+ (9(Sz, 2) + g(, Sz)

Proof. The inverse matrix of (g;;) has the form

2B A 0 -A
1 A —2B A 0
2D | 0 A -2B A
—A 0 A —2B

Bearing in mind (23), (:2), (3) and B-13), we get

(3.13) (") =

(3.14) Gugt =) 0ud" = 5,
where
0O 1 0 -1
(3.15) @=1y 54 1
101 0

Because of (2.1)) and (3.15) we have ® = S — S3.

Now, from (3.6]), (3.7) and (3.15]), we find

(3.16) o — _%qﬁes.

According to the transformation (3.11)), the components of the tensor F

are Fij = ﬁlﬁjk, where § = ag and V is the Levi-Civita connection of g.
Therefore, it follows

(3.17) V §g=aVj+gVa.
From the Christoffel formulas (3.5) and

= _ksio = _ _
2L = 97°(0iFs; + 9595 — 05735);
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and due to (3.11]) we get
¢ _ rk Lok k ks _ O«
Ly =15+ %((% a; + 070 — gi;9% ), o = ppt

Then, applying (3.4) to V§ and using (3.14)), we obtain

1 -
—(Gjiou + Giney; — g P o)

Vidji = Vidji — 5

(3.18)

1 0 et s
- %(gkjai + gijax — gikq)jas).

Substituting (3.18)) into (3.17), and taking into account (3.9), (3.14), (3.15)

and (3.16|), we get

ﬁkgﬂ - {agkj( ) + 0‘91“( )

- . 2 L e 20y
+ ag; (07 - 71) + agri (05 - 73)}7

which implies

1

Frji =~ (Grj0 + Ti0j + 9105 + 310,

4
_ 2 —x 1 .-
91‘:91'4-*(1’?0(3, 91- = —7<I>f93.
o 2
Thus, for (M,g,S), the identity (3.12) is valid . O

Remark 3.8. According to Theorem [3.7] we can say that (M, g, S) and (M, g, S)
belong to classes of the same type, defined by the equality (3.8)) for the corre-
sponding metric.

Immediately, from (2.5)), (2.6, (3.12) and (3.14) follows

Corollary 3.9. If F =0 holds, then it is valid that

(3.19) Fz,y,2 *f{g y)a(®z) + gz, 2)a(Py) — §(z,y)a(2)

—g(z, )a(y)}-

Next, we obtain
Corollary 3.10. If F = 0 holds, then F vanishes if and only if o is a constant.
Proof. The local form of (3.19) is

_ 1 _ ~
(3.20) Frij = 5(91@3“1’?% + gri @5y — G — Grictj).
Let the tensor F vanish. Hence equality (3.20]) yields
I P s + gri®ias — grjo — Qkioéj =0.

Contracting by ¢*/ in the latter equality, and using and -, we find
®?ay = 0, which implies oy = g = a3 = a4 =0, i.e. gls a constant.
Vice versa. If « is a constant, then (3.20)) implies F' = 0. O
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4. Some curvature properties of (M, g, S)
It is well-known, that the curvature tensor R of V is defined by
R(z,y)z = Vo Vyz =V, Vo2 — V[, 2.
The tensor of type (0,4) associated with R is defined as follows:
R(z,y,z,u) = g(R(x,y)z,u).

The Ricci tensor p and the scalar curvature 7 with respect to g are as
usually:

(41) p(yvz) :giljR(eiayvzaej)v T:giljp(eiaej)'

In this section we investigate some curvature properties of (M, g,.S), corre-
sponding to the metric g and to the associated metric g.

Let ' be the Christoffel symbols of § and V the Levi-Civita connection of
g. Let R be the curvature tensor of V. The Ricci tensor p and the scalar
curvature 7 with respect to g are given by

ij ~

(4.2) ply.2) = §Y Reiy, 2,¢5), 7 =37 pleie5).
Let us denote

(4.3) T =g"pleie;), T =g7p(ei e;).

Therefore we establish the following

Theorem 4.1. Let § be the associated metric with g on (M,g,S). For the
Ricci tensors p and p and for the scalar quantities T, T, T and 7* the following
relation is valid:

(L) play) = pley) + {7~ Dgley) + 37— i),

Proof. From ({3.4)), applying the Christoffel formulas (3.5) to I and also to T,

we obtain

~ 1 o . .
LY =T+ igk‘ (Vigjs + Vjgis — VsGij)-

Substituting (3.9 into the above equality, we get

~ ]. ~ks ~ *
(4.5) Ly = T3 + 79" (930 + 5:507).

Using (3.14), (3.15) and (3.16) we find

1
(4.6) g0 =0 ghOT= =08 GadT = =205, k0™ = —0).
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Bearing in mind . the first and the second equality of ., we calculate
the components of the tensor T = I' — T" of the affine deformation. They are as
follows:

1.
fgijﬁk) .

1 *
(4.7) Th = (030 +

4

For the components of the curvature tensors R and R, it is well-known that
the following relation holds:

R, =RE +V,TE —V.T} + TATY, — TATE,.

Ve 198 187 aj 1] as”
Then, taking into account (3.9)), (3.16)), (4.6) and (4.7), we calculate
1 1 1 1
k _ pk *k * nxk *k * nkk
Rzy@ les‘ - Zgzs(vje - 1039 ) + Zgl](v‘?g - 1099 )
1

1 1 1
T pk _ T p.p*k S~ k- *k
ngs(Vﬂ 40]0 )+ 8gU(Vst9 4959 ).

By contracting k: = s in the latter equality, and having in mind (3.9)), (3.14]),
@.16), @.1), @-2) and [@5), we get

N 1 ws 1 s
(4.8) pij = pij + Zgi_jvse + Zgijvsﬂ .

Due to (3.14), (£.1), [2), (&.3) and ([&.8) we obtain
. L, 1.
pij = Pij + Z(T —T7)gij + Z(T

which is a local form of (4.4). O

) Gij

Further, we use the following statements for a special basis of T),M on
(M, g,S) that are established in [4].

(i) A basis of type {S3z, S%x, Sz, z} of T, M exists and it is called an S-basis.
In this case we say that the vector x induces an S-basis of T,M.

(ii) If a vector x induces an S-basis and ¢ is the angle between z and Sz,
then

(4.9) g(z,S2) = g(w,z)cosp,  §l,x) = 29(w, ) cos p,

and § <p < 37

(iii) An orthogonal S-basis of T, M exists.

Now, we recall that the Ricci curvature, with respect to g, in the direction
of a nonzero vector x is the value

() = P&
(4.10) @) = e

Due to Theorem [A.1] we establish the following
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Corollary 4.2. Let a vector x induce an S-basis of T, M and let ¢ be the angle
between x and Sx. If r and T are the Ricci curvatures in the direction of x with
respect to the metrics g and g, then

1 1 1

(4.11) 7(x) = 20%@7"(33) + 8cosgo(7-* —7)+ Z(f' —7%), ©#

|3

Proof. The proof follows directly from (4.4]), (4.9) and (4.10). O

In [], a Riemannian manifold (M,g,S) is called almost Einstein if the
metrics g and g satisfy

(4.12) p(x,y) = Bg(x,y) +vg(x,y),

where 8 and ~y are smooth functions on M.
It is known that a Riemannian manifold (M,g) is called Einstein if the
metric g satisfies

(4.13) p(z,y) = By(x,y).

Proposition 4.3. Let the Levi-Civita connection V of § be a locally flat con-
nection on the manifold (M, g,S). Then the following statements are valid.

(i) (M,g,S) is an almost Einstein manifold, and the Ricci tensor p has the
form

(4.14) p(z,y) = g(x,y).

(i) If a vector x induces an S-basis, then the Ricci curvatures in the direc-
tion of the basis vectors are

-
g(z,y) + VR

=1

*

(4.15) r(z) = r(Sz) = r(S*z) = r(S%z) = 2 + 2 cos ©,

where ¢ = Z(x, Sx).

Proof. If V is a locally flat connection, then R = 0. From ([£.2) and (.3) it
follows that p = 0 and 7 = 7* = 0. Hence (4.4) implies (4.14). Therefore,
according to (4.12)), we have that (M, g,S) is an almost Einstein manifold.

Since p is given by (4.14)), using (2.2) and (2.5)), we obtain
p(x, ) =p(Sz, Sx) = p(S?x, S%x) = p(S3z, S3x)

(4.16) T T
= Tgla ) + ()

Let a vector x induce an S-basis. Hence equalities (4.9 , and -

imply (E.15).

Corollary 4.4. Let (M,g,S) be an Einstein manifold. If a vector x induces
an S-basis, then the Ricci curvatures in the direction of the basis vectors are

T

r(z) = r(Sz) = r(S%z) = r(S%z) = 1
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Proof. By comparing (4.14) and (4.13) we have that 7* vanishes. Thus the
above equalities follow directly by substituting 7* = 0 into (4.15)). O

In a similar way to Proposition [£.3] we prove the next

Proposition 4.5. Let the Levi-Civita connection V of g be a locally flat con-
nection on the manifold (M, g,S). Then the following statements are valid.

(i) (M, g,S) is an almost Einstein manifold and the Ricci tensor p has the
form

=k

gla,y) + Tolay).

(i) If a vector x induces an S-basis, then the Ricci curvatures in the direc-
tion of the basis vectors are

plx,y) =

=

P(x) = #(Sz) = 7(S%x) = 7(S°x) = Z I

5. A locally conformal Kéihler manifold (M, g, J)

The fundamental Kéhler form of the structure (g, J) on an almost complex
manifold (M, g, J) is determined by

(51) J(‘T7y) :g(z7‘]y)

and it is skew-symmetric, i.e. J(z,y) = —J(y,z) ([6]).
In this section we consider a Hermitian manifold (M, g, J) with a complex
structure J = S2.

Lemma 5.1. The nonzero components V;Jj, = g((Ve,J)e;, ex) of the funda-
mental tensor VJ on the manifold (M, g,J) are given by

V3Jiz = =V3d3y = Vidoz = =ViJyy = %(31 + B3 — Aj),
(5.2) Vid3s = —ViJio = V3Ja3 = —V3J1y = ?(A4 + By — Bs),
Vad3y = —VaJio = Vydoz = —=VyJiy = ?(32 + By — Ajg),
ViJia = =V4J3g = Vadog = —VaJiy = 5(A1 + By — Bs).

Proof. Because of (12.1)), (2.3)) and (5.1), we get that the matrix of the funda-
mental Kéhler form is of the type:

0 B A B
-B 0 B A
(53) (Jzk) = ~-A —B 0 B

-B -A -B 0

Applying the Christoffel symbols I', obtained by (2.3)), (3.2) and (3.5), and the
components of the matrix (5.3) to equality

Viij = aiij - F?jJak - F?kJaja

we calculate the nonzero components of V.J, given in (5.2]). O
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Immediately, we have the following

Corollary 5.2. The components wy = g g((Ve,J)ej, ex) of the 1-form w on
the manifold (M, g,J) are expressed by the equalities

1
wi = = (A(By + By = As) + B(2Bs — A — Ay)),
1
Wy = 7(14(33 — By — A4)+ B(2Bs+ Ay — A3)),
(5.4) b
w3 = = (A(AL + By — B) + B(=2B1 + Az — Ay)),

wy = —(A(A2 — By — B3) + B(—2By + A1 + A3)),

ol ~

Proof. The equalities (5.4)) follow from (3.2)) and (5.2)) by direct computations.
O

Due to Lemma [5.1] and Corollary [5.2] we establish the following
Theorem 5.3. The manifold (M, g, J) is a locally conformal Kihler manifold.

Proof. Using (2.1)), (2.3)), (5.3), (5.4) and Lemmawe obtain
1 ~ ~ ~ a
(5.5) VkJij :i(gkiwj — Jkjwi + Jkiwj - kawi); w; = Ji'wa.-

The latter identity is the local form of (2.4)), which is a defining condition of a
locally conformal K&hler manifold. O

6. A Lie group with a structure (g, S)

Let G be a 4-dimensional real connected Lie group. Let g be the corre-
sponding Lie algebra with a basis {e1, e, e3,e4} of left invariant vector fields.
We introduce a skew-circulant structure S and a metric g as follows:

(6.1) Se; = —ey, Sey=-¢e;, Se3=-¢es, Ses=esz;
g(ei, ej) = dij,

where §;; is the Kronecker delta.

Consequently the used basis {e;} is an orthonormal S-basis. Obviously,
and are valid and (g, S) is a structure of the considered type. We
denote the corresponding manifold by (G, g,.5). Then the associated manifold
is (G, g,J), where J satisfies

(63) J@l = —€3, J@Q = —€4, J€3 = é€1, J€4 = €3.

The real four-dimensional indecomposable Lie algebras are classified by
Mubarakzyanov ([I0]). This scheme seems to be the most popular (see [2]
and the references therein). We pay attention to the class {g4 5}, which repre-
sents an indecomposable Lie algebra, depending on two real parameters a and
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b. Actually, it induces a family of manifolds whose properties are functions of
a and b.

According to the definition of the class {g4,5}, we have that the nonzero
brackets are as follows ([2]):

(6.4) [e1,eq] =e1, [ea,eq4] = aeq, [e3,e4] =bez, —-1<b<a<1, ab#0.
The well-known Koszul formula implies

29(Ve,e5,ex) = glei, e5], ) + g([ex, €il, €5) + g([ex, €51, €i)
and, using and , we obtain

6.5) Ve, €1 = —ey, Ve, €4 = e, Ve, €2 = —aey,
’ Ve, €4 = aeg, Ve, €4 = bes, Ve,€3 = —bey.

Furthermore, with the help of the above equalities we compute the components

of the tensor F' on (G, g, S) and the components of the tensor V.J on (G, g, J).

We find conditions under which F' satisfies (3.8]) and VJ satisfies (2.4]).

Proposition 6.1. If g belongs to {gs s}, then the fundamental tensor F on
(G, g,S) satisfies the property (3.8)) if and only if the condition a = b = 1
holds.

Proof. Bearing in mind (2.5)), (2.6)), (6.1]), (6.2) and (6.5 we get the components

Fiji of F, 0; of 6 and 67 of §* with respect to the basis {e;}. The nonzero of
them are the following;:

Fioy = —F113 = —Fi34 = —1, i1 = —Fiyq = -2,
(6.6) F313 = F330 = F394 = —b, Fi33 = —F344 = 2b,
Fo19 = Fog = —Fopz = Fozy = —

91:—2—a—b, 93:2a+b—|—1,

05=1(1-b), 6;=—1(2a+3b+3).

By equalities (2.5)), (6.1)) and (6.2]), we find

(6.7)

glei,er) = glez, e2) = gles, e3) = gles, eq) =0,
(68) 9(61763) §(€2,€4) = 07
glei,e2) = glea, e3) = gles, eq) = —g(e1,eq) = 1.

Hence . . and (6.8]) imply that the condition ) holds if

and only if a = 1 O

Proposition 6.2. If g belongs to {gs5}, then (G,g,J) belongs to the class of
locally conformal Kdahler manifolds if and only if the condition a = b =1 holds.
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Proof. Bearing in mind (5.1)), (6.2)), (6.3) and (6.5) we obtain the components
ViJji of VJ and w; of w with respect to the basis {e;}. The nonzero of them

are the following:
(6.9) Vidio=—=ViJdsys =1, V3J3o=V3Jiu=b wy=0b+1.

By equalities (5.1 . . and ., we get that the condition (5.5 holds

if and only if a = b = 1.

Remark 6.3. Obviously, if g is in {g4 5}, then (G, g, J) is not a Kéhler manifold.

By virtue of Proposition [6.1] and Proposition we immediately have the
following

Corollary 6.4. If g belongs to {ga5}, then the fundamental tensor F on
(G,g,S) satisfies (3.8) if and only if (G,g,J) belongs to the class of locally
conformal Kdhler manifolds.

Next we get

Proposition 6.5. Let (G,g,S) be a manifold with a Lie algebra g from the
class {gas}. If a = b = 1 are valid, then (G,g,S) is a non-flat Einstein
manifold with a negative scalar curvature T = —12.

Proof. We calculate the components R;;s of the curvature tensor R with re-
spect to {e;}, having in mind the symmetries of R and the condition a = b = 1.
The nonzero of them are

(6.10) Ri212 = Ris14 = Ro323 = R3a34 = Ri313 = Rogoq = 1.

Using (4.1) and (6.10]), we compute the components of p and the value of 7.
The nonzero of them are as follows:

P11 = P22 = P33 = Pag = —3, T=—12.

Then, from (6.2)), we get p = 7g. Consequently, due to (4.13), the manifold
(G, g,S) is Einstein.
O

Remark 6.6. Lie groups with a Lie algebra in {g4 5} are studied in [5] as ex-
amples of 4-dimensional Riemannian manifolds with circulant structures.

An example of a locally conformal K&hler manifold constructed on a Lie
group with a Lie algebra in {gs5} is considered in [8]. The metric of the
manifold is indefinite but the condition a = b =1 also exists.

The example of a 4-dimensional Riemannian manifold with skew-circulant
structures, constructed in this section, has similar properties to the above ex-
amples.
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