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In [2] M. K. Singal and S. P. Arya have introduced and studied the class
of almost paracompact spaces. A space X is said to be almost paracompact iff
for every open covering % of X there is a locally finite family 2! of open sets which
refines %/ and is such that the family of closures of members of ! forms a covering
of X. Clearly, the class of almost paracompact spaces contains the class of para-
compact spaces. A space X is said to be almost compact [2] iff each open covering
of X has a finite subfamily the closures of whose members cover X. The class
of almost compact spaces is contained in the class of almest paracompact spaces.
The principal purpose of the present paper is to introduce a new class of topological
spaces called locally almost paracompact spaces and to study some properties
of the same. Notation is standard except that « (A) will be used to denote the interior
of the closure of A.

1. Subsets and almost paracompact spaces

DEFINITION 1.1. Let X be a topological space and A be a subset of X.
The set A 1s w~almost paracompact iff for every X-open cover of A there exists a locally
finite (for every point in X, denoted X-locally finite) family of X-open sets, which
refines it and the X-closures of whose members cover the ser A.

The subset A is almost paracompact iff it is almost paracompact as a subspace.

A subset A of a space X is said to be H closed if for every cover {U,:a € I}
of A by open sets of X, there exists a finite subfomily I, of I such that A< U {U,:
rae Ip}, [1]. ’

LEMMA 1.1. A proper regularly closed subset of an a-almost paracompact
set is itself w-~almost paracompact.

Proof. Let C be any a-almost paracompact subset, B a proper regularly
closed set and B< C. Let % be any X-open covering of B. Then, 2u {X\ B}
is an X-open covering of C, therefore there exists an X-locally finite family
{Va:BeJ} of open subsets of X, which refines 2 u {X\ B} and is such that
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{VaiB e} is a covering of C. Let Jo be a subset of J such that for each B € Jo
Vec U, for some « € I. For each B e\ Jo, VecX\B,i.e. Ve X\ B. Since
X\ BN B=§, therefore Vpn BO=0 for each B € J\ Jo. Hence B°< u{V;:B € Jo},
i. e. Bcu{Vs:Be o}

Hence, {Vg:P € Jo} is a locally finite family of X-open sets which refines
¢ and the closures of whose members cover B. Hence B is a-almost paracompact.

COROLLARY 1.1. A proper regularly closed subset of an almost para-
compact space X is o-almost paracompact.

THEOREM 1.1. 4 space X is almost paracompact iff every proper regularly
closed subset of X is a-almost paracompact.

Proof. First suppose X is almost paracompact. Then by Corollary 1.1.
every proper regularly closed subset of X is x-almost paracompact.

Conversely, suppose every proper regularly closed subset of X is a-almost

paracompact. Let {U,:a € I} be any open covering of X. If U, # X, then X\ U,
is 2 proper regularly closed subset of X. Now {Up:8 € I, f # «} is an X-open covering

of X\ U,. By hypothesis X\f]d is a-almost paracompact. Therefore there exists
an X-locally finite family of X-open subsets {Va:A € A} which refines {Ug:p e I,

B#a} such that X\ U,cu{Va:AeA}. Then {U,} u {Vi:reA) is a locally
finite family of open subsets of X whose closures cover X and which is a refinement
of {U,:ax € I'}l. Hence X is almost paracompact.

THEOREM 1.2. Letr X be any almost regular space and let A be any
a~almost paracompact subset of X. Then, every regularly open cover of A has an X-
-locally finite regularly closed refinement 9, which covers A. (A space X is said to
be almost regular iff for any regularly closed set F and any point x ¢ F, there exist
disjoint open sets conmtaining F and x respectively, [3]).

Proof. Let U={U,:x€ I} be any regularly open cover of 4. By almost
regularity, for each x € 4, there exists a regularly open neighbourhood Vz of x
such that x € V,c V= U, for some « € I. Consider the regularly open covernig
YP={Vz:xe€ A} of A. There exists an X-locally finite family ¢={Gg:p e J}
of open subsets of X which refines 2! and the closures of whose members cover
the set A. The family €*={Gg:B € J} is then an X-locally finite family of regularly
closed sets which refines %/ and covers A.

LEMMA 1.2. Let X be a topological space. A subset A of X 1s «-almost
paracompact iff every X-open cover U={Uy:x eI} of A has an X—locglly finite
family of X-open sets UD={V,:aw€ I} which refines U and: Ac v {V,.ael},
V.cU, for each « € I.

Proof. Let %U={U,:x € I} be any open cover of the set 4. By hypothesis,
there exists an X-locally finite family {V:8 €/} of X-open sets which refines it and
the closures of whose members cover the set A. For each €/, let us select a (B) el

such that Vg U,@). Let V,=yU Vs Then U={V,:ael}isan X-locally finite
a{B)=a
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family of X-open sets which refines %/ and the X-closures of whose members
cover the set 4. ’ :

LEMMA 1.3. Let X be a ropological space. A subset A of X is u-almost para-
compact iff for every regularly open covering U of A roere exists an X-locally finite
family of X-open sets which refines it and the closures of whose members cover the
set A.

Progf. Only the ,,if“ part need be proved. Let §={Gr:Ae A} be any
open cover of 4. Then G*={« (Gi):A e A} is a regularly open covering of A.
By hypothesis there exists an X-locally finite family Fe={Hr:x e A} of X-open
sets which refines ¢* such that A< v {Hy:A e A} and Hrcu(G)) for each A€ A.
For each A € A, let My=H)\\[G.\ G,]. Since Hj <« (G,)< Gy, therefore M=
=H, NGy Thus {M,:reA} is an X-locally finite family of X-open sets which
refines §. We shall prove that Ac U{My:Ae€A}. Let xe€ A. Then x € H, for
some A€A Now

M_;,=Hx mN Gx=H;, ('\-Gx=]17x.

Thus x € M,. Hence {Mp:reA} is an X-locally finite family of X-open sets
which refines § and the closures of whose members cover the set A4, therefore
A is a-almost paracompact.

THEOREM 1.3. Let X be an almost regular space and let A be any
a-almost paracompact subest of X. Then A is the a-almost paracompact subset of X.

Proof. Let A be any «-almost paracompact subset of X. Let U={Uy:a € I}
be any regularly open covering of 4. For each x € A there exists U, such that
x € U,. Since X is almost regular, there exists a regularly open set V such that
x € Vzc Vz<= U,. Consider, the regularly open covering U={Vz;:xe A} of A.
By hypothesis there exists an X-locally finite family /= {Mg:B € J} of X-open
sets such that _7 is a refinement of ¢ and the family of closures of members of

M is a covering of A. Then, Ac U {Ma:B eJ}=u {My:8 €J}. Hence, by the
preceeding lemma, A is an «-almost paracompact subset of X.

THEOREM 1.4. In any space the union of an X-locally finite family of
open a-almost paracompact sets is w«-almost paracompact.

Proof. Let {U,:a € I} be any locally finite family of open o-almost para-
compact sets and let U=uU{U,:ae I}. Let{Vy:B = J} be any X-open covering
of U. Then, foreachae I {VanU,:BeJ} is en X-open covering of U,. Since
U, is a-almost paracompact, there exists an X-locally finite family {D,:A € K*}
of X-open subsets which refines {Vgn U,:BeJ} and the closures of whose members
cover U,. Consider the family {Dj:x € K% « & I'}. Then, this is an X-locally finite
family of X-open sets which refines {V:8 € J} and the closures of whose members
cover the set U, hence U is «-almost paracompact.

COROLLARY L1.2. In an almost regular space the union of the closures
of a locally finite family of open a-almost paracompact sets is a-almost paracompact,
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THEOREM 1.5. Ler A be any a-almost paracompact subset of a space X
and let B be an H-closed subset of a space Y. Then, the product A X B is an x-almost
paracompact subset of X X Y.

Proof. It is similar to the proof of the correspoding theorem for almost
paracompact and almost compact spaces, [2].

2. Locally almost paracompact spaces

DEFINITION 2.1. A space X 1s locally almost paracompact iff each point
of X has an open neighbourhood U such that U is a-almost paracompact.

“Obviously every almost paracompact space is locally almost paracompact.
But a locally almost paracompact space may fail to be almost paracompact as is
shown by the following example.

Example 2.1. Let o be the set of all ordinal numbers less than the first
uncountable ordinal Q and let the topology be the order topology (The order
topology has a subbase consisting of all the sets of the form {x:x<a}or {x:a<<x}
for some a in (). Then Qo is a Hausdorff locally compact space. Therefoie Qg
is a regular space. Since every locally compact space is locally almost paracompact,
Qo is a locally a'most paracompact space. (y is not paracompact (Consider the
cover of all the sets of the form {x:x<a}. The supremum of an arbitrary refi-
nement of this cover is less that Q.). Qg is not almost paracompact (Every regular,
almost paracompact space is paracompact).

Every locally almost compact space (A space X is locally almost compact
iff each point of X has an open neighbourhood U such that U is an H-closed subset
of X) is locally almost paracompact. The converse statement is not necessarily
true. For our putpose, let X be any regular paracompact space which is not localy
compact. X is a locally almost paracompact space which is not locally almost
compact (every regular locally almost compact space is locally compact).

Obviously, every locally paracompact space is locally almost paracompact.
The converse statement is not necessarily true. The following example will serve
the purpose.

Example 2.2. Let X={ay, as, a:1,j=1,2,...}. Let each point as; be
isolated. Let {U* (ar):k=1, 2, . . .} be the fundamental system of neighbourhoods
of ay where U* (a;) {at, aiy:j >k} and let the fundamental system of neighbourhoods
of a be {V*(a):k 2,....} where V¥ (a)={a, ayy:i =k, j=k}. Then X is a
Hausdorff space Wthh is not regular at point a and hence X is not locally para-
compact. (Every Hausdorff locally paracompact space is regular.) But X is locally

almost paracompact (in fact almost compact), for if §={Gr:Ae A} is an open

covering of X, then a € G for some A (a@) e A. Denote by G, ) that G, e4
which contains a; and by G, (i) that which contains as;. Then, V™ (a)< Gy
for some m. Also o (V™ (a))=V™(a) U {am, am41, - - -}. Thus

{Gr@, G (15 Gr y:1=1.2, ..., m—1, j=1,2,. ..,m—1}
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is a locally finite family of open sets which refines § and the closures of whose
members cover X. Hence X is almost paracompact, i.e. locally almost paracompact.

Let X be a topological space and M a subset of X. The set M is a-para-~
compact iff every X-open cover of M has an X-open refinement which covers
M and is X-locally finite, [4].

LEMMA 2.1. If E is an a-paracompact subset of a locally almost paracom-
pact almost regular space whit a regularly open set W containing it, then there is a
locally finite family of regularly closed a-almost paracompact sets {Fy:j € J} such
that
Ec U{F;jel}c U{F;:jel}cW.

Proof. Let x be any point of E. Then, there exists a regular open set V)
such that xe Vyc V,cW. Since X is locally almost paracompact, there exists
an open neighbourhood V3 of x such that V% is a-almost paracompact. Then
« (V% Vy is a regularly open set containing x such that a (V) n Vy< V%, there-
fore o (V%) N V=W, is an a-almost paracompact subset of X. a (V3) n V= Ve W.
Therefore for each x € E there exists a regularly closed x-almost paiacompact
neighbourhood W, contained in W. Consider the famuly &*={x (Ws):x € E}.
&* is an open cover of E therefore there exists an X-open X-locally finite family
{U;:jeJ} which refines @*, and Ec u{U;:;jeJ}. The family {Uj;:;jelt} is
the claimed {Fj:jeJ}.

LEMMA 2.2. Let E be an a-paracompact subset of a locally almost para-
compact almost regular space X and let {Fy:je J} be a locally finite family of regu-
larly closed a-almost paracompact sets which contain E in the union of their interiors.
Then there is a family {Aj:j € J} of regularly closed a-almost paracompact sets which

. . . .. . . .0 .
contain E in the union of their interiors and Ay is contained in F; for each jeJ,

Proof. Since the space is almost regular and locally almost paracompact
for every x € E there is a regularly closed a-almost paracompact neighbourhood
V. which is contained in F} for some F;. Since {V::x € E} is a regularly open cove-
ring of E, there is an X-open X-locally finite family § which refines {Vg:x € E}
and Ec U{G:G e g}. The famuly {G:G € &} is a regularly closed locally finite
cover of E and for every G e g, G is a-almost paracompact as a regularly closed
subset of V, for some x € E. Now, observe that every set G is cortained in F}’
for some F;. Let A;=u{G:Gc F(}} Clearly A; is reuglarly closed and since
u{G:Gc F?}CA(}, we have Ec u {A(j’:je J}. Clearly, {4;:7€J} is locally finite
and A;c Fj, yields A; a-almost paracompact.

THEOREM 2.1. Let E be an o-paracompact subset of a locally almost
paracompact almost regular space and let G be any regulary open set containing E.
Then, there is a closed a-almost paracompact neighbourhood of E contained in G.

Proof. Let {F;;jeJ} be the family of regularly closed «-almost paracom-
pact sets given by Lemma 2.1. and let {4y:f € J} be the family of regularly closed
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w-almost paracompact sets given by the preceeding Lemma. We show that S=
=u{As:jeJ} is a-almost paracompact. Let {Gn:ne M} be any X-open cover
of S. For each jeJ let 4={Gn:Gnn A;7#P}. Since A; is a-almost paracompact,
there is an X-open X-locally finite famuly 5 =H{:keK;} which refines &; and
Aj= W {Hg:k e K;}. We may assume Hy to be contained in Fj for every ke K;.
Let Y6=v{Gf:jeJ}. Then Fb6=U{Hi:keK;, jeJ}. covers S. If yeX
there is a neighbourhood Vy which intersects only finitely many Fj, say
Fi, Fe, ..., Fp. If F; does not intersect Vy then no Hi in §; intersects Vy and
for each Fy, i=1,2,...,n, there is a neighbourhood V; of » which intersects
only finitely many elements in §f. Hence U=(n{Vi:k=1,2,...,0})nVy
intersect only finitely many elements of %6 and S is x-almost paracompact.

THEOREM 2.2. If X is locally almost paracompact and Y is locally almost
compact, then X XY is locally almost paracompact.

Proof. It follows easily trom Theorem 1.5.

THEOREM 2.3. If f is a closed, continuous, open mapping of a space X
onto a space Y such that f~1 (v) is compact for each y € Y, then Y is locally almost
paracompact if X is locally almost paracompact.

Proof. First, we shall prove that, every image of an «-almost paracompact
subset of X is an a-almost paracompact subset of Y. Let A be any x-almost para-
compact subset of X. Let {U,:x€ I} be any open covering of f(A4). Then
{f1(U,):« € I} is an open covering of A. Since A isx-almost paracompact, there
exists an X-open X-locslly firite family {Vj,:8 E J} wihch refines {f-1 (U,):« € I}
and is such that {V:8 € J} forms a covering of 4. Since f is a closed, continuous
mapping and f-1(y) is compact for each ye Y, therefore f(Vy)=f(V,) -and
{f(Vs):B eJ} is a locally finite family. Hence {f(V,):B €J} is a Y-locally finite
family of open subsets of Y refining {Us:a € I} such that {f(Vp):BeJ} is a
covering of f(A). Hence f(A) is an a-almost paracompact subset of Y.

Now, we shall prove that Y is locally almost paracompact. Let y € Y. Then,
there exists x € X, such that f(x)=y. Since X is an locally almost paracompact
there exists an open neighbourhood U of x such that U is an a-almost paracompact
subset of X. Then f(U) is a Y-open neighbourhood of y such that f(U)=f(U)
is an a-almost paracompact subset of Y, therefore Y is locally almost paracompact.
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LOKALNO SKORO PARAKOMPAKTNI PROSTORI

Ilija Kovalevié

REZIME

U radu se uvodi nova klasa topolofkih prostora, lokalno skoro parakompaktni prostori,
koji predstavljaju uopstenje skoro parakompaktnih i lokalno parakompaktnih prostora iizudavaju se
razne osobine tih prostora.

Prostor X je lokalno skoro parakompaktan ako i samo ako za svaku tatku x€X postoji otvo-

rena okolina U tako da je U a-skoro parakompaktan podskup prostora X (Podskup A4 je e-skoro
parakompaktan ako i samo ako se u svaki X-otvoren prekrivad 4/ podskupa A moZe upisati X-otvo-

rena X-lokalno konadno porodica 9! sa osobinom AcU{V:Ve?)).

Svaki skoro parakompaktan prostor je i lokalno skoro parakompaktan. Da obrnuto nije
uvek tano pokazano je u Primeru 2.1.

Svaki lokalno skoro kompaktan prostor je ujedno i lokalno skoro parakompaktan. Obrnuto
nije uvek tano. Postoje primeri lokalno skoro parakompaktnog prostora koji nije lokalno skoro
kompaktan, strana 88.

Svaki lokalno parokompaktan prostor je ujedno i lokalno skoro parakompaktan. Da obrnuto
nije uvek tano pokazano je u primeru 2.2,



