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Abstract. In this paper we shall prove a fixed pcint theorem in topological vec-
tor space, using the theory of the topological semifield ard a result of Kasahara.

1. First, we shall give some notations and definitions which will be used in
the following text. By R we shall denote the set of all real numbers. Further, let
X be a vector space over K (real or complex number field), R, the set of all ma-
ppings from A into R with the Tychonoff product topology and the operations -
and scalar multiplication as usual. If f, geR, we shall say that f<<giff f (¢) <g (2), for
every teA and fz~g. By P, we shall denote the cone of nonnegative elements in R.

DEFINITION 1. The wipler (X, ||, ®) is a P-paranormed space iff
I : X—Pa, @ is a linear, continuous, positive mapping from Ra into Ry such that the
following conditions are satisfied:

1. [x]|=0<>x=0.

2. [Ax]l= 7] [x, for everv xeX and every AeK.

3. [ x+yl <@ (xl)+ P (yl), for every x, yeX.

Let us denote by %/ the family of neighbourhoods of zero in R, and for every
Ue%! we shall denote the set:

{x|xeX, |x|€U}
by Vy. Then X is a topological vecroi space in which {Vy}uc? is the family of
neighbourhoods of zero in X.
In [2] itis proved that every Hausdorff topological vector space X is a paranor-

med space (X, |- [, ®) over a topological semifield R, and we shall say that the trip-
let (X, |']l, @) is the associated paranormed space.

DEFINITION 2. Let X be a Hausdorff topological wector space and
(X, -, @) be the associated paranormed space. The set K= X is of O-type iff for
every neN:

n n
||‘Zi haxel| <’Z; 2 O (Ixel), for every weK—K (i=1,2,...,n)

n

and every Me [0, 11,2 M=1.
{=]
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DEFINITION 3. Let X be a topological vector space, K< X and 9 be the
SJundamental svstem of neighbourhoods of zero in X. The set K is locally convex iff for
every Wel and every xeK there exists Ue?d such that: co (x+U)NK)c W+x.

In [5] Bogdan Rzepecki proved the following fixed point theorem.

THEOREM A. Let E be a Hausdorff topological vector space and let K be a
nonempty, closed and convex subset of E. Suppose that T is a continuous mapping from
K ito a compact subset Z of K. Assume, moreover that the following condition is satis-
fied:

*) For every x in Z and every neighbourhood W of x there exists a neighbourhood V
of x such that:

co(VnZ)cW.
Then T has a fixed point in K.
Using Theorem A and the following proposition we shall obtain a fixed point
theorem.
PROPOSITION 1. Let X be a topological vector space and K be a subset
of X of O-type. Then K is a locally convex subset of X.

Proof: We shsll prove that for every We? and every xeK there exists UeZ!
such that:
co((x+UnK)cx+W

which meens that K is a locally convex subset of X. Let We?. Let (X, |||, D)
be the associsted @ paranormed space over the topological semifield R,. Then
there exists w={r1, t2,. . . . » tn}< A and €>>0 such that the following implication
holds:

lulleUy, e=>ueW

where: Up,.={x] x|l (t)<<e, for every rep}.

Since the mapping @ is linear and continuous there exists a neighbourhood Uj of
zero in R, such that:
lulleUr=D (|u|)eU,,e.

Suppose, further that Us is a symmetric neighbourhood of zero in X such that
Uzc Vy,. Let us prove that:

¢)) co ((x+U)NnK)cx+W.
n

Suppose that u eco ((x+ Uz)nK). Then u=Z Axi, where xie (x+ U)K (=
i=1

n
=1,2,...,n) and Ae[0, 1], 2, Ae=1. Then we have:
i=1

lu—2xi(z)= ||{.=Z1 M (e —)I1(®) %_Zl M D (Ixi—xl) (<<e

for every tep. So, it follows that |u—x|eU,, . and consequently u—xelW which
completes the proof, since (1) holds.
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COROLLARY. Let X be a topological vector space, K be a nonempty, closed
and convex subset of X and T be a continuous mapping from K into a compact subset
ZcK of © type. Then T has a fixed point in K.

In [4] the following problem is proposed:

PROBLEM. If Kc X, X is a topological vector space and K is a locally convex
subset under which conditions K has the following property:

A cK and A is precompact=>co A is precompact.

PROPOSITION 2. Let X be a topological vector space, K be a subset of
X of © type, 0eK and A is a precompact subset of K. Then co A is precompact.

Proof: It is known that co 4 is precompact iff for every We%Z! there exists
a finite set {y1,¥2, ... yn}cco 4 such that:
n
codc u {y+W}
=1

Let We? and >0, p={n, 2 ..., tm}<=A such that:
|ulleU,,.=>ueW.

Since @ is a linesr and continuous mapping there exists a neighbourhood V7 of
zero in R, such that:

luleVi=® (|«l)eU, :

and an open, symmetric neighbourhood of zero in X such that:

ueVso=|ulel.

Since the set 4 is precompact there exists a finite set {x1, x2, . . . , ¥n} =4 such that:
n
€ AQ‘u1 {x:-+V3}.
Let S be the subset of R* consisting of all s=(s1, 52, . . . , $») such that:
(/]
50, i=1,2,...,n and . s=LI.

1=1

Since S is a compact subser of R%, for every 8 >0 there exists a finite set of points
{B}1es (J is a finite set), B/=(B],...,P%) eR® such that for every se€S there
exists B/e{B}es such that:

i ls—pi <8
i=1

Let 8>0 be such that for every 1=1,2,...,% and every r=1,2,...,m:
g

D (llxl)) e < >
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We shall show that:
n
cods v (D) Blx+W).
e i-1
Suppose that yeco 4. Then:

N N
y=kZ1'fkyk, where yred (k=1,2,...,N), yx20(k=1,2,...,N), D yi=1.
- k=1

From (1) it follows thar:

Ye=Xy+2k 2keVe (B=1,2,...,N)

and so:
N N n

N
Y= Yuxut O, YeRE= D, Yixi+ D Yezr.
k=1 k=1 =1 k=1

Suppose that $7 is such that:

n
,Zi lvi —B1] <3
and let us show that:

@ y e‘; Blxi+W.

For every re{l,2,...,m} we have that:
ﬂ_‘ n N
Ily— 2, Bl () =12, (i =B e+ 2, yrael (i) <

n N
<l =B @ Ul @)+ 3 v @ (l2el) (tr)<——-8+—=¢
=1 k=1 23 2
and so:

n
ly—2, BixilleUs,c
which implies that:

y—i BixieW
i=1

and so relation (2) is proved.

Now, let E be a Hausdorff topological vector space. In [5] a set function ¢
on E (similar to a certain sense to the measure of non-compactness of Kurarowski)
is infroduced ir the following way:

Let L be a linear space, let S be a cone in L generating the partiai order
<g, and let S, be a set contamning S. If S\ S7#@ it is assumed that in S,
linear operations are defined which are extensions of those in S and in Sy :

x, ye8 and x<gy
x<y means %, ¥€S\ S and x=y
xeS§ and yeS,\ S
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Further, let the function §:2E—+S, has the following properties:
L ¢ (Xu{x})=¢ (X), for every X<E and every xeE.
2. If X<Y then ¢ (X) < (Y), for every X, YcE,
3. If ¢ (X)=0, then X is a relatively compact subset of E.
In [5] the following theorem is proved.

THEOREM B. Let E be a Hausdorff topological vector space, K be a closed
and convex subset of E such that for every compact subset Z of K is the condition (*)
satisfied. Suppose, moreover, thar the mapping { satisfies 1., 2. and 3. and ¢ (K)eS,
¥ (¢o X)=¢ (X)), for each X<K. If T:K—K is a continuous mapping such that
O<{ (X) (X<=K) implies $ (T (X))<<¢ (X) then there exists a fixed point of the
mapping T.
From Theorem B we have the following Corollary.

COROLLARY. Let E be a Hausdorff topological vector space, K be a closed
and convex subset of E of D-type, T:K—K be a continuous mapping and the mapping
{ satisfies all the conditions of Theorem B. If ®<<{ (X)(X<K) implies § (T (X))
<Y (X) then there exists a fixed point of the mapping T.

Remark: If E is a Hausdorff topological vector space and ¢ is defined by $ (X)=
=0 if X is a compact subset of E and ¢ (X)=1 if X is rot a compact subset of E (X<
c E) then the function ¢ has in E the properties 1., 2, and 3., where S=S,=
=[0, 00). From the Proposition it follows that ¢ (co X)=¢ (X), for each XcK,
if E is complete. It 1s easy to see that in the Proposition we can suppose tha. 0¢ K.

DEFINITION 1. Let E be a Hausdorff topological vector space, 3#K<E
and T:K—E. The mapping T is a generalized condensing iff:
(a) T is continuous.

(b) If 9#£A<K and T (A)cA such thar ANco T (A) is compact then A is
relativelv compact.

From Satz 1.17 [4] and the Proposition we obtain the following Corollary.

COROLLARY. Let E be a complete Hausdorff topological vector space, K
be a nonempty, closed and convex subset of O-tvpe of E. If T is generalized condensing
mapping from K into K then there exists a fixed point of the mapping T.

2. Ir [3] the following theorem is proved:

Let X be a Hausdorff locally convex topological vector space and G be a nonempty
complete convex subset of X and let T:G—G be continuous. If:

(@) {T™Ynen is an equicontinuous family of functions.
(ii) There exists M< G which is an attractor for compact sets under T,
then T has a fixed poins.

We shsall prove a generalization of this theorem, where X is a Hausdorff
topological vector space and G is a nonempty complete, convex subset of ®-type
of X.

First, we shall giire some definitions and theorems which we shall need laterf3l.
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DEFINITION 5. Let L be a Hausdorff topological vector space and K< L
be nonempty. Then a family F of mappings from K into itself ts said to be equicontinu-
ous (on K) tf for each xeK and each neighbourhood U of the origin 0, there exists a
neighbourhood V. of 0 such that yeK and y—xeV imply Ty— TxeU, for all TeF.

DEFINITION 6. Let X be a Hausdorff topological semigroup. S s said to
act on X if there is a continuous map 7. S X X—X such that 7 (s1, 7 (52, x)) =7 (5152, X),
for any s1, s3€S and xeX.

If seS then:

Dy (5)={sm | m>=n}, I (5)=I1(), KE&)=n{ls ()| n>1}.

DEFINITION 7. Let X be a topological space and T:X—~>X. A subset M
of X is said to be an atrractor for compact sets under T iff:

@) M is a nonempty compact and T (M)c M.

(ii) For ary compact subset C of X and any open neighbourhood U of M, there

exists an integer N such that T™ (C)< U, for all n =N.
In [6] Wallace proved the following theorem.

THEOREM C. Suppose that S acts on X. Let s€S be such that I’ (s) is compact
ard let A< X be nonempty compact such that sA> A. Then for each si€l’ (s), st.A=A4
and s1 acts as a homomorphism on A. In particular, the unit of K (s) acts as identity
map on A.

Let X be a compact Hausdorff and S=C (X, X) be the family of all continuous
maps on X into itself equipped with a compact open topology. For f, geS define
f-g=f-g, the composition of g followed by f. Then S is a Hausdorff topological
semigroup. If 7n: Sx X—X is defined by = (f, x)=f (x), for all feS, xeX then = is
(jointly) continuous and S acts on X. If S=C (X, X) and TeS such that the family

{T"}nen is equicontinuous then T'(T) is compact [3]. Further for A= nT" 0.9

n=1
is T (A)=A and so from Theorem C it follows that the unit  of K (7T’) acts as an
identity map on 4. In [3] it is proved that r is a retraction of X onto 4.

As ‘n [3] we shall prove the following theorem.

THEOREM. Let G be a nonempry, complete, convex subset of © type of
Hausdorff topological vector space X and T:G—G. If:

() {T?}nen is an equicontinuous family of functions,

(ii) There exists M= G which is an attractor for compact sets under T,
then T has a fixed point.

Proof: Let Y=co M. From the Proposition 2, it follows that the set Y is com-
pact. Let: .

X—u T (Y), where T°(YV)=Y.
n=0

In [3] it is proved that X is compact and let A= N T7(X). Then there exists a
n=1

retraction r: X—A and g=T"r is a continuous mapping Y into Y. From the Pro-
position 1, it follows that there exists y0eY such that g (yo)=y0. As in [3] it follows
that yoed and Tyo=yo.
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TEOREMA O NEPOKRETNOJ TACKI U
VEKTORSKO TOPOLOSKIM PROSTORIMA

Olga Had%i¢

REZIME

Kori$cenjem nekih rezultata S. Kasahare [2] u ovom radu je, pored ostalog dokazana sle-
deta teorema o nepokretnoj talki, koja je uopitenje teoreme iz rada [3].

TEOREMA, Neka je G netrazan, kompletan, konveksan poaskup O tipa Hausdorffovog
vektorsko topoloSkog prostora X i 1:G—G rako da su zadovoljeni sledeéi uslovi:
@) {T*}nenN je podjednako neprekidna familija.

(i) Postoji M=G tako da je M atrakior za kompaktne skupove u odnosu na T.
Tada postoji nepokretna tatka preshikavanja T.



