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Let L={ao, a1,...,ap} with p>>1, pe N, L* be the Cartesian product
of L; let (P, +,) be a commutative ring with a unit element 1; with no zero divi-
sors; and let the order on P be defined by a binary relation =,

A function f:L»—P is called a pseudo-Boolean function.
Let us define a function from L2 to P, xf :

0 =1 iff (x;,b)=(x,x)

b . .
x; =0 in the other case i=1,...,n),

where O is the zero, | the unit element of P. Directly from (1) follows:
2) Y oxi=1, i=l,...,n

Each generalised pseudo-Boolean function f can be written

3) F O oo )= F(Bly v o s Ba) Xl X,
(bl,. B .,bn)ELn
it is evident in [2].
If we take in (2) a fixed point C=(c1, co, . . . , cn) from L», we get
4) =1— Y xh oi=l...,n
bieL™{e:}
where a+(—a)=0, ae P.

If we put (4) and (2) in (3) we can transform the generalised pscudo-Boolean
function f in the forin ’

i

(5) FGue s x)=dty, Y dpxy, d=f(0)
I=1 beL\{cU'.}
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where 71,12, . . ., in is the permutation of the set {1,2,...,n}, || is the index
of j.

The generalised pseudo-Boolean functions

(6) dpp=dm (X7141> « . - > Xtn)s J=f1y...5tn be L\{cm}

(6’) d{lc]. (x)=. . .=d{nc"(x)=0, x=(x1, s e ey xn),

are called the derivatives of f.

According to (5) for L={0,1,...,p} and C={p,...,p) the generalised
pseudo-Boolean function f can be transformed in

n

(7) f(x)=d+ Z d‘ia (x‘i+1: c e xﬂ) x:"*" é_f d‘nax:b

i=1 «L’
L'=L\{p})>
where d=f(p,...,p); the derivatives dyy, i=1,...,rn—1;
je L' are generalised pseudo-Boolean functions

(8) dij:Lr~t—>P, i=1,...,8—1, je{0,1,...,p—1},
while the derivatives
(8’) an, dnl, LI ) dnp—l

are constants in P.

THEOREM 1. One and only one oriented tree (qn, Xn) with the root d,
with n levels and (p+1)r—1—1 poles, where Xn={f (x1, ..., %n) | (x1, . . . xn) € L7},

F@see s (@isps o s D)= (D5 5050 D5 .. .5 D)
PO

{—1-times
) am (f(, . .. ,p))=f(p, oD (“l)ip Ds--5D)
a=12,...,n; w1el’,
(11) qn (f(P: Y (“1)41, Do P))=f (_P’ e ,P(“Z)lz, D

oD (@)igs Py - o5 )y 01=2,3,...,m; dp=1,2,...,n—1;
<lf1; w, g€ l’,

(iii) gn (f (D5 -5 D5 (@)t D5 o -5 D5 (g5 5 - - -5 D))=
=f(ps... ,P(O‘a)fanp: ceesDs (“2)42)1)) oD (“1)f1’P3 .. D)
1=34,...,n; 2=2,3... n—1; 3=1,2,...,n—1;
13<<12<<f13 oy, o0, g € L,

(n=11i) gn (f(Ds - o5 D5 (@n-1in_15 D « - 5 D5 (@1)tg> D)) =F (otn -1, . . ., 1)
n=n—1,n; a=n—2,n—1;... i 1=1,2,; tn_1<tp_a<<...<ta<<113
o1, &2, .« . ~>aneLl>

can be assoctated to each injective generalised pseudo-Boolean function f.
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Proof. If n=1 the generalised pseudo-Boolean function f has the following
from

f(xl)=d+ ZLfdlaxalts xmel,
aEL’

where f(p)=d, f(x)=d+diy, aeL’,
The oriented tree (g1, X1), associated to the function f (x1) has a root d and
one level with p poles (fig. 1.),

® o 0
d+die d+dn d+dip
Fig. 1
where
q1 (d)zd'l'dlau ae L
Xi={f(x1) | x1 € L}.
If n=2, the generalised pseudo-Boolean function f has the following form

I (x1, x2)=d+ % d1,(x2) X1+ 211‘, doax3, (a1, %2) € L2,
acel’ aEL’

The oriented tree (g2, x2) associated to the function f (x1, x2) (Fig. 2) has:

a) Aroot f(p, p)=d.
b) Poles of the first level
flo p)=d+d(p), ael
f(p ®)=d+dzq, ael'.
¢) Poles of the second level
f (o, B)y=d+dop+dia B), «,Pel’.

According to a), b) and c) the oriented tree (ga, X3) associated to the function
S (x1, x2) has a root d, two levels with (p+1)2—1 poles (fig. 2.), where

b ¢z (p)=d+d1. (P), ael
q2 (P)=d+d2m aecl’,
c") g2 (d+dze)=d+dop+d1, (B), a,Bel.
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We conclude by the induction that one and only one oriented tree (gn, xn)

with a root d, with n levels and with (p+1)»—1 poles can be associated to the injective
generalised pseudo-Boolean function of the form (7).

d+dy, i t+d,, (p—1)

d+d,, +d, (p—1)

d+dy, +Hd(p—1)

d+dy+d,,-, (1)

ddytd, (1)

d+d;,+dn(l)

d+dypt+d,,, (0)

d+dy+d, (0)
d4dy,(p)

d+dy+dn(0)

d+d,(p)

Fig. 2

THEOREM 2. If the derivatives (8) and (8") are diy>0 (dy;<<0) i=1,...,n,
7€{0, 1,...,p—1} then the generalised pseudo-Boolean function (7) has a unique
minimum at (P, p, ..., p) the minimum 15 fuun (P, . . ., p)=d | (a unique maximum

fmez (p5 - - 5 p)=d). . -
Proof. Let the derivatives (8) and (8") be positive (negative); di;>0 (dy;<<0)
i=1,...,nj€{0,1,...,p—1}. For every vector (a1, ..., a,) from L» function
(7) has the form
(9) f(“li CRCONE S “ﬂ)—f (P) cee P)zdlul (“2’ LIPS “n)_‘"d&zz (“3, s Oﬁv)—i—
+.. -+d‘n—1un-l (aﬂ)_‘—d’wn'
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As we supposed that the derivatives di;>0 (diy<<0), from (9) follows that for every
(x15...5,%p) € L"

FO s xm)—f (0.5 P)>0(f (31, .o s xm)—f (p5 - . ., P)<O).

Let us prove that the function f(7) has a unique minimum. Let us suppose that
the function f(7) has two points of minimum (maximum).

(10) (cts - - s en)Z(Py ..., p) and fmin (c1s - - - s cn)=Ffmin (P> .. . D)
(fmaz (Cls ceay Cn)=fmao: (P: e :P))

If we put (c1,...,¢n) in (7) we get (11). We supposed that dic;>0, =1
coon—1, dy>0 (dicy<<0, dp<<0, 7=1,...,n—1).

This implies
fmi‘r! (CI, cee Cﬂ) zfmi‘n, (P: e :P):d

(1m) fl....en)=f(p... :P)+d1c1 (c2s ... Cn)+d20, (cg. .. cn)+
+...+dn1 [ (Cn)+dc”-

It is in contradiction with (10).

Theorem 2 is proved.

COROLLARY. Every tnjective generalised pseudo-Boolean function f: L*—> P
ts associated with n! oriented trees with a root d, n levels and (p+1)*—1 poles, the
poles are toe values of the function f.

Proof. According to (5), a generalised pseudo-Boolean function can be
ttansformed in n! forms and according to Theorem 1 we have »! oriented trees.

EXAMPLE. Let the function f:{0, 1, 2}2>>R (R is a set of real numbers)
be written in the following way

(%, 3)=x10 (y)+di1 (3)x1+doyo+daiyt +f (2, 2)

The corresponding oriented tree is in Fig. 3.

22

f(2.2)+du(?) £(2.2)+d10(2) f(2:2)+dn £(2,2)+deo

12,2 +du+dn(l), F(2,2)+dar+dw(l), F(@2)+dao+du (0), F (22 +dw+dwd

Fig. 3
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The other problem is to associate the given tree (g, x) with a generalised
pseudo-Boolean function. Let an oriented tree be given in Fig. 4.

9

1 2 3
Fig. 4

Let us compare the trees from Fig. 3 and 4. Another pole can be added to
the tree in Fig. 5.

Fig. 5

Let us compare the trees from Fig. 5 and Fig. 3 and let us find the derivatives
da1, daos dio (), dui (y) when deo=—35, dn=—4, and dio (), du(y) are given

y 0o 1 2 y | 0 1 2

dio () ‘—l -3 =2 du (y) -1 —4 -3
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where
dio (y)=—y°—3y1—2*
du (y)=—y"—4y' ="
Therefore the generalised function
f (6 3)=x° (—y° =3yl =29 +-al-(—y° — 4yt —3y?) —5y° —4y1 +9
is associated to the tree given by Fig. 5.
I am grateful to Mirko Stojakovi¢ who put up this problem.
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PRIMENA GENERAIISANTH
PSEUDO-BULOVIH FUNKCIJA U TEORIJI STABALA

Koriolan Gilezan

REZIME

Dokazano je da se svakoj injektivnoj generalisanoj pseudo-Bulovoj funkciji moZe pridru-
Ziti jedno jedino orijentisano stablo. Takode je dokazano da generalisana pseudo-Bulova funkgcija
sa pozitivnim (negativnim) derivatima ima jedinstvenim minimum (maksimum).



