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We shall consider mixed-valued predicate calculi. In this paper we shall
prove an assertion which is an analogue of the Craig Interpolation Theorem (as
in (2)).

The main characteristic of mixed-valued predicate calculi, which were intro-
duced by H. Rasiowa in [3], is: for each predicate p there is an np>2, such that
d is np-valued.

We assume that the reader is familiar with papers [2], [3], [4]. A terminology
and notations are the same as in [3], [4].

The following theorem is well known (see T. 5.1.2. in [3].)

THEOREM 1. Let L=(A, T, F) be an arbitrary mixed-valued predicate
language. Then for each Cc F and acF

Cua #ff Cl—a.
THEOREM 2. Formula a=> (x<>p) is a theorem of L iff ar (v)<Br(v
(er (vV)=Br (V)), for every realization R and valuation v.
Proof: |- a=f iff [—a=f (by (T.1.)
iff (a=Pgr) (v)=e, (by the definition of |=),
ift ag (vV)=>Br (v)=e, (by the definition of R and v),
iff ap (v)<Br(v) (see example in [3], p-217.).

THEOREM 3. If a, B are in F and ord B=m, then o | B iff « — Dm-1 (B))

Proof: Ifa |- B, thena |- D; (B) for 0<i<w (bay rule r-mix, see /3/) that
is « - Dm-1 (B).

Conversely. Dm-1 (B)=f is a theorem for L. This follows from ord f=m,
B=D1 B)ne)yu ... U (Du-2(B) N em-2) U Dp_1 (B) and the fact that Dy (a)<
< Dx (a) for each element a in Py 0<i<w, and e<e1<...<e, This we obtain
B t{\ £M_1 (B)=Dm-1(B), that is, Dp_1 (B)<P. By T.2. Dm_1 (B)=P is a theorem
of L.
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Let | Dp_1 (B), then by modus ponens, from | Dy-1 (B)=p and &}~ Dp1 ()
we obtain « -f.

THEOREM 4. For each o in F°, fi()=a, 0<i<w.
Proof: The proof is based on a definition of F° and f; (see [4]).

THEOREM 5. If v, € F° for 0<i<®, and the formulas (Yi=>vi 1), where
2<i< are theorems in L, and v is the formula (y1nel) U... U (Yine)), then,

D1 (V)r (V)=vir (v) for every realization R and wvaluation wv.

Proof: For every j, 0<j<<ew we have (D;({(yine)u...u(yine))r (v)=
=((D; (yr)n Dy (er)r (Vv . .
in 43 .U(Dj (ye) " Dy (e))r (v)=v3r (v) (see (p1) (p2) (ps) in [3], and T. 1. T. 2.
in

THEOREM 6. For any formula o, 3 € F°, the formula a=f (ord (a=f)=
=m>=>2) is a theorem of L iff f()=f(B) is a theorem of K (A).

Proof: If f(«)=f(B) is not a theorem of K (A) (see [4]), then there is a
model Ry of K (4) and a valution v such that ag, (v)=e. and Bg, (v)=eo. By T. 5.
in [4], there is a realization R of F, such that ap (v)=e, and Bg (v)=e0. Hence,
by T. 1. > a=p is not a theorem in L. Conversely, if «=>f3 is not a theorem of L,
by T. 1. thexe is a realization R of L and valuation v such that (a=p)r (v)= (oc)R (v)=
=)r (v) # e, Hence by T. 1. in [4] ar (v)—em and Br(v)=e. By T. 5. in [4]
(fo)r, (v)=e, and (fB)r, (v)=e,. Since Ro is a model of K (A4), this implies that
(foc=>f{3) is not a theorem of K (A4).

THEOREM 7. (THE CRAIG INTERPOLATION THEOREM FOR
L) If a, B are formuls in L, a is closed and a=B, (ord (a=>B)=m, 2<m<w) is a
theorem of L, then there is a closed formula v which contains only those predicates
that occur in both o and B, and the formulas a=>v, y=>B are theorems of L. If o and
B have no common predicate, then vy is one of the propositional constants eo, . . . , ém-2, e

Proof: Assume that predicates of a are p,o and all predicotes of B are
6, 0. If «a=>PB is a theorem of L, then, by T. 3., T. 2. and /ps/ in [3] D; («)=>D; (8)
is a theorem of L for 0<i<<m. Similarly, as in [2], we have that ffia=ff;=f 0<i<m
is a theorem of K (4) (by T. 6.). It follows that in K, the formula (4, N A N ffia)=
=(Ap=ff18), for 0<<i<m, is a theorem. The common predicates of (4, N A, ffic)
and (Ao=ffi) are some o6y, 69, . . ., 6m-1, (ord (a=p)=m). By the Craig Inter-
polation Theorem, for classical predicate callculi [1], there are closed formulas
v} for 0<<i<<m in F, such that it contains only the predicates from {61, 63, . . . ;6m-1}
and the formuls (A, s ffix)=>y; YI = (o= ffiff) for 0<<i<<m are theorems
of K. Since f is a mapping from F° onto F, then there are v; € F°, such that yf =
=f (1), for 0<<i<<m. It follows that the formulas ffix=>fyi, fye=>ffi# are theorems
of K (A), for 0<<i<<m. Similarly, as in [2], we have, by applying T. 6., T. 3. in
[4), (p7) in [3] and T. 2., that

Di()=>y: and vi=>D;(B)
are theorems of L for 0<<i<m. Let yj=y1N...NnYy: then

@ yi=>vyi-1, for 1<i<m, and
(II) Dya=>y; and y/=DPB for 0<i<m,
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are theorems of L. Let vy be the formula
(yinedu ... u(yiner) for 0<<i<<m—1, and
(yineuy ... U(ymaVe,) for i=m—1.

By (I), (AT) T. 5., T. 2. if follows that Dy ()=>D; (), Dy (v)=>D: (§) are theorems
of L, for 0<<i<<m. By [ps/ in [3] and T. 3. we have that x=>8 and y=>8 are theorems
in L. A similar proof holds in general.
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INTERPOIL ACIONA TEOREMA KREJGA ZA RAZNOVREDNOSNI
PREDIKATSKI RACUN

Gradimir D. Vofvodi¢
REZIME

U radu je dokazana teorema analogna Interpolacionoj teoremi Krejga, za raznovrednosn
predikatski radun.



