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In [1] and [2], multiquasigroups, which represent a convenient extension of
the class of quasigroups, are defined and their properties and relations to some other
structures are investigated. In [2] the notion of linear multiquasigroup is defined
and considered. In this paper some properties of isotopies of multiquasigroups are
given, and then, the existence of finite nonlinear multiquasigroups is proved. Some
mappings by which nonlinear multiquasigroups can be constructed are also given.

1. First we shall give some basic definitions and theorems from [1] and
[2]. Notions from the general theory of quasigroups can be found in [3] and [4].

1.1. Let Q be a nonempty set, n, m positive integers and f a mapping of Q7
into Om. Then Q(f) is said to be an [n, m]-groupoid.

An [n, m]-groupoid Q (f) is called an [n, m]-quasigroup (or multiquasigroup,
when it is not necessary to emphasize n and m) iff for every injection ¢ from Nu=
={1,...,n} into Nyim and every (ai, . .., an)eQ", there exists a unique n-m-
taple (b1, . . ., bnim)eQ™™ such that

f(bla ey bn):'(bn+1, I bn-Hn) and bW (D=als . - . » b(p m=0an.

1.2. A sequence Y, =(fi, . . . , fr) of n-ary operations defined on the same non-
empty set O, where &>n, is said to be an orthogonal system of n-ary operations
on Q iff for each (a1, ..., as)eQ" and each injection ¢:N,— Ny, there exists a
unique {c1, ..., cn)eQ" such that

(VieNw) fowy (€15 . . . s Cn)=a.

A sequence Y =(f1,. .., fx) of n-ary operations on a set Q is said to be a
- strongly orthogonal system iff the sequence Zl=(g1, ceus8n fis...sfk) is an
orthogonal system, where g1, ...,gn are defined by (VieNy) g: (x1,. . ., %n)=2%1.

In a strongly orthogonal system of n-ary operations on a set Q all n-ary ope-
rations are n-quasigroups.

An orthogonal system of n-quasigroups for n=2 is a strongly orthogonal sy-
stem, but for n>>2 a system of n-quasigroups which is an orthogonal system need
not be strongly orthogonal.
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1.3. If Q(f) is an [n, m]-quasigroup and if n-ary _perations gi,...,gn+m
on Q are defined by

Fln ooy xa)=(%n+15 - « 5 Xntm)<>(ViENp1m) xi=g1 (X1, - . . , Xn),
then an orthogonal system of n-ary operations is obtained. The system gp+1, - . . 5

gn+m is a strongly orthogonal system of w-ary quasigroups.

The following proposition shows that there is an equivalence befween the
notions of the orthogonal system of operations and multiquasigroups:

An [n, m]-groupoid Q (f) is an [», m]-quasigroup iff there exists an orthogonal
system of n-ary operations gi,...,8&z+m such that

f(x1, ey xn)=(3én+1, ey x,.+m)¢>(3 L1y oo vy tnEQ) (Vz'ENnm) Xi=gi (zl, e tn).

2. Now we shall consider isotopies of multiquasigroups.
2.1. An [n, m]-groupoid Q (g) is ssid to be isotopic to sn [n, m]-groupoid
O (f) iff there exists a sequence @i, ..., Pn+m Oof permutations of Q such that

f(xls « .y xn)=(xn+1; L) xn-l—m)¢>g (‘Pl (xl) 30003 Pn (xﬂ))=
(CPn+1 (xn+1) 3.5 Pntm (xn+m))-

O (g) is called an isotope of the multigroupoid QO (f), and the sequence T=
see s @nim) is called an 1sotopy of the multigroupoids Q (f) and QO (g). By
Q (g) O (HT we denote that Q (g) is isotopic to Q (f) with the isotopy T.

If p1=.. .=cpn=<pn+1=. .. =q:';+m then O (f) and Q(g) are isomorphic.

2.2. If [n, m]-groupoids O (f) and Q (g) are isotopic then: O (f) is an [», m]-
-quasigroup<>Q (g) is an [n, m]-quasigroup.

2.3. The isotopy is an equivalence relation in the set of all [n, m]-quasigroups
defined on the same set Q.

The set of all isotopies of an [n, m]-quasigroup is a group with respect to
_the multiplication of isotopies defined by

(CPI; DY CPn+m) (q"l, PR qJ?sm):((Pl‘«lJl; ey <Pn+m¢’n+m)-

2.4, Let O(f) and Q(g) be isotopic [n, m]-quasigroups with an isotopy
T=(p1, ..., Patm)s Q&)=Q()T. The isotope Q(g) of the [n, m]-quasigroup
O (f) is called principal iff gpr1=...=@uim=¢, where ¢ is the identity mapping
of the set Q. The isotopy T is then called a principal isotopy.

The following proposition is then valid.

Let O (f) be an [, m]-quasigroup. An isotope Q (g), O (g)=0 (f) @1 ---» Fnim)
is isomorphic to a principal isotope of the [n, m]-quasigroup O (f) iff ppr1=...=
=Qn+m-

3. In [2] a class of multiquasigroups which are called linear is defined, some
of their properties are investigated and some conditions on the existence of such
multiquasigroups are given. Here we shall prove the existence of finite nonlinear
multiquasigroups, and give mappings by which such multiquasigroups can be
constructed.
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3.1. Let F be a field and A=/[a;;] and » X (n+m) matrix over F such that
every minor of 4 of order n is nonsingular. If a mapping f: Fr—>Fm is defined
by

Fleay .o xn)=0en+1s -+ o5 Xntm)=>@ 1, . . . 5 ty) € F?) x=t A,

where Xx=[x1, ... ,%+m], t=[f1, . . . , ta], then we get an [n, m]-quasigroup F (f).
3.2. Putting in 3.1. t=[x1, ..., x,], the following proposition is obtained:

Let A=[a;;] be an n X m matrix over a field F, such that every minor* of
A is nonsingular. If a mapping f:F#->Fm is defined by

f(xla e x‘n):(yl e ’yM)¢>y:x‘4’

where x=[x1 ..., %s), Y=[¥1,... ym], then an [n, m]-quasigroup F (f) is obta-
ined.

It is clear that, if an # X m matrix 4 defines an [n, m]-quasigroup, then the
transpose AT of the matrix A defines an [m, n]-quasigroup. Also, every pXx¢
submatrix of 4 defines a. [p, g]-quasigroup.

3.3. For every Galois field F=GF (p*), F#GF (2) and F+# GF (3), there
exist p¥ (p¥—1) ((p¥*—2)!—1) permutations of F which are not linear functions.

For, there exist p* (p*—1) linear functions f (x)=ax-+b (a#0), which are
permutations of F, but there exist p*! permutations of F. If

(1) PrI>p* (pE—1)

then there exist p* (p¥*—1) ((p¥*—2)!—1) nonlinear permutations of F. If k=1
then (1) is satisfied for every prime p>5, and for £>2 for every prime p>2.
It is easy to see that for GF (2) and GF (3) all permutations are linear fun-
ctions.
3.4. For every linear [n, m]-quasigroup F (f) defined a on Galois field
F=GF (p*), F+#GF (2) and F# GF (3), there exist at least (p*¥!)™—(pE(pk—1))m
different nonlinear [#n, m]-quasigroups which are isotopic to F (f).

Proof. Let F=GF (p*) be a Galois field and F(f) a linear quasigroup.
Then, according to 3.2. f can be represented in the form f (x1, . . .. xa)=01, . . . , Im)s
. n

where A, ..., L, are linear functions of x1,...,%s i.e [j= Z Mexg, Mp€F,
k-1

J=1,...,m. We shall consider an isotope F (fi) of the [n, m]-quasigroup F (f)
defined by f(x1, . .., xn)=(g1 (&), . . - > gm (Im)), Where g4, j=1, ..., m are permu-
tations of F. By 2.2. it follows that F (f1) is also an [n, m]-quasigroup, and we shall
prove that F(f1) is a nonlinear [n, m]-quasigroup if at least one function gy is
nonlinear.

Every mapping of F is uniquely determined by its interpolating polynomial.
For, the degree of an interpolating polynomial which goes through p* points is
at most p¥—1, and different polynomials of degree not greater than p¥—1 always
define different functions, because x®#x for every s<(p¥. h,...,Ln are linear
functions, so the degree of a polynomial g (x) is the same as the degree of g (I5)

* of order &, k=1,...,min (n, m).
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This means that if a function g; is nonlinear, then g; (/;) is also nonlinear, so
Silets. .., xa)=(g1(h), ..., 8m (lm)) can not be a linear [n, m]-quasigroup.

If g;, by are different functions on F, g;#hj, then g; (lj);éhj (5. So, if
T= (e, e sE &1 --->&m) and Tl—(e, vv.58 Bi,..., hy), where e is the identity
mapping, are two different isotopies of the [#, m]—quas.1group F(f) then [n, m]-
quasigroups Q ()T and Q (f)™: are different. From 3.3. it follows that there are
(pEHm—(p* (p*—1))ym different isotopies of the form (s, ..., ¢, g1, ..., gm), Where
at least one g; is nonlinear. Hence, for linear [#, m]-quasigroup F (f) there exist
at least (pk)m—(p* (p¥*—1)y® nonlinear isotopic [, m]-quasigroups.

3.5. We shall show how a nonlinear permutation of any Galois field GF (p¥)
can be constructed, p*¥ 2, p¥+3.

a) k=1. Let g (x)=x?-2. Because of the small Fermat theorem x?p-1=1
for x#0, hence g (x)=x"1 for x#0 and g (0)=0, so g is a permutation. Suppose
that g is linear, i.e. x?~2—ax—b=0 for all x from GF (p). Then the polynomial
equation of degree p—2 has p solutions, which is impossible,

b) k=2. Let g (x)=x?, The mapping ¢ is an automorphism of GF (p*),

so it is a bijection. If xP—ax—b=0 for all x from GF (p*) then the polynomial
equation of degrree p has p* solutions which is impossible.
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NELINEARNE MULTIKVAZIGRUPE

Zoran Stojakovié, Pura Paunié

REZIME

U radovima [1] i [2] definisane su multikvazigrupe, koje predstavljaju pogodnu genera-
lizaciju pojma kvazigrupe, i razmotrene njihove osobine i veze sa nekim drugim strukturama,
U [2] je definisan pojam linearne multikvazigrups i navedene su neke osobine takvih multikvazi-
grupa. U ovom radu najpre su navedene neke osobine izotopije multikvazigrupa, a zatim je dokazana
egzistencija kona¢nih nelinearnih multikvazigrupa. Takode su date funkcije pomocu kojih se neli-
nearne multikvazigrupe mogu konstruisati.



