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p(X)-LAPLACIAN PROBLEMS OF KIRCHHOFF TYPE

Y. Ouedraogo, B. Kone and S. Ouaro

Abstract. In this paper we consider the discrete anisotropic difference equation with
variable exponent using critical point theory. The study of nonlinear difference equations
has now attracted special attention as they have important applications in various research
areas such as numerical analysis, computer science, mechanical engineering, cellular neural
networks and population growth, cybernetics, etc. In many studies, the authors consider
Dirichlet, Neumann or Robin type boundary conditions. However, in this paper, we consider
a homoclinic boundary condition, which means that the value of the solution is equal to a
constant at infinity. Here we assume that the value of the solution vanishes at infinity.
In this paper, we are also interested in the existence of at least one non-trivial homoclinc
solution. To achieve this, we apply firstly the direct variational method and secondly the
well-known Mountain pass technique, known as the Mountain pass theorem of Ambrosetti
and Rabinowitz, to obtain the existence of at least one non-trivial homoclinic solution.

1. Introduction

In this note, we consider the following anisotropic difference equation of Kirchhoff
type with homoclinic condition at the boundary

~M(1(0) [Aalk=1, Au(k=1)~r(R)6,00 ()] = (k. k), keZ

u(k) — 0, k| — oo,
where

I(u) =Y Ak —1,Au(k—1))+ Y L:)\u(k;ﬂp(k),
kEZ kEZ p(k)

Au(k—1) = u(k) —u(k —1) is the forward difference operator; u(k) € R for all k € Z.
¢ is an homomorphism defined by ¢,)(y) = ly[PF) =2y, M : (0,00) — (0,00) is a
non-decreasing continuous function and A is a positive real number.
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250 The discrete p(z)-Laplacian problems of Kirchhoff type

In the last few years, the study of nonlinear difference equations has attracted spe-
cial attention due to their important applications in various research areas such as nu-
merical analysis, computer science, mechanical engineering, cellular neural networks
and population growth, cybernetics, etc. For recent advances in discrete problems,
we refer to [2,3,6,20,23,24] and the references therein.

To our knowledge, there are only a few papers in the literature that deal with the
weak homoclinic solutions of the discrete difference equation with the p(k)-Laplacian
operator of Kirchhoff type. Recently, Guiro et al. [10] proved the existence of weak
homoclinic solutions under competition phenomena between parameters for the fol-
lowing problem using the direct variational method

—A(a(k—1,Au(k — 1)) + a(k)|uk)[P®2u(k) = 6 f(k,u(k)), kcZ
lim | o0 u(k) = 0.

(2)
In [17] Mihailescu et al. investigated the following problem

A (0 (Au(k — 1)) = V (k) Ju(k)|*™2u(k) + f(k,u(k)) =0, keZ
lim| |00 u(k) = 0,

3)

which is a special case of the problem (1). In their work, they rely on the theory
of critical point theory in combination with suitable variational methods, mainly
based on the Mountain pass lemma, to prove the existence of at least one non-trivial
homoclinic solution.

Note that there are some works dealing with problems like (2) and (3) in the
p-Laplacian case (see e.g. [11,13,14]).

In the literature, the Mountain pass theorem of Ambrosetti and Rabinowitz [5]
was applied to find solutions for various Kirchhoff type equations. In [4], for example,
Alves et al. studied the Kirchhoff equations using the variational method and the
Mountain pass theorem under the following conditions. There exists a constant mg
such that m(t) > mg, Vt > 0, and

/t m(s)ds > tm(t), Vt>0. (4)
0

Subsequently, using (4) and Polynomial growth condition, Afrouzi et al. in [1] and
Chung in [7] proposed the solvability of degenerate Kirchhoff equations. A standard
way to deal with problems on unbounded domains is to introduce coercive weight
functions due to Omana and Willem [18]. In this paper, we follow the ideas developed
in [8,16,21,22] for the study of anisotropic PDEs under the above conditions to prove
the existence of homoclinic solutions to the problem (1). More precisely, the classical
minimization methods and the Mountain pass lemma are used.

We point out that in Theorem 3.2 and Theorem 4.1 an exact estimate of the
parameter A is given.

This paper is organized as follows. In Section 2, we provide some necessary back-
ground material. In Section 3 and Section 4, we give the results of the existence of
homoclinic solutions of (1).
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2. Mathematical background

In this section we provide some tools that are used throughout the paper. We intro-
duce the spaces

PO = {u L —R: pyy(u) = Z lu(k)[P*) < oo} )

kEZ

rp) = {u L —R: prypy(u) = Zr(kﬂu(k)\p(k) < oo}

keZ

HH = {u L Ry 100 = Y r(R)u(R)PP + ) [Au(k)P®) < oo} :
kEZ kEZ

endowed respectevly with the Luxembourg norm

]l = inf{u >0, Y |—~

kEZ

. u(k
[l ().p() := inf {V >0, Y (k) ‘ (V )

kEZ

and lullre),1p0) 2= lullee)pe) + lAuUllp()-
The data a respect the following conditions a(k,.) : R — R is continuous Vk € Z
and there exists a mapping A : Z x R — R which satisfies

a(k,&) = %A(k,f), A(k,0) =0, VkeZ. (5)
We also assume that there exists a positive constant C; > 1 such that
la(k,©)] < C1 (3(k) +1gP"®), (6)
, 1 1
for all £ € R, where j(k) € ) with — 4+ —— =1, and
¢ /) b))
€1P™) < ak, )¢ < p(k)A(K,€), VEER. (7)

There exists a positive constant Cy > 1 such that for almost every k € Z and every

& n € R with &7 n,
Col¢ =™ if |np—¢[>1
(alk, &) — alk,m) (€ — ) = | IE T =] )

Cal€ =l if [n—¢ <1l
For the function M : (0,00) — (0,00), we suppose that it’s continuous, non-
decreasing and there exist positive numbers R;, R, with R; < Ry and o > 1 such that

Rt P < M(t) < Rot®™ ' for t>t* >0; (9)
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and there also exists a constant My > 0 such that

M(t) > My, Vit>D0. (10)
Suppose that there exists a function r : Z — R such that
r(k) >rg>0forall k€Z and r(k) — oo as |k| = occ. (11)
Moreover, the continuous functions f, F': Z x R — R, with F' defined by
3
F(k,§) = | [f(k,s)ds, k€ Z, LR, (12)
0
are such that
[fks)l
lim |spIL = 0, uniformly for all k € Z. (13)

EXAMPLE 2.1. As example of functions which satisfies assumptions (5)-(9), we can
give the following.

o. A(k,&)= (1k) ((1+ €] ) a 1), where a(k,€) = (1+ |¢[?) = &, keZ, E€R.
o. A(k,&)= mmp(@, where a(k, &) = [¢[PR)=2¢: ¢ € R; k € Z with p(k) > 2.

o. M(t) = at* ! + b with a and b two positive constants.

In this paper we assume that the function p(.) : Z — [2,00). One denotes by
p~ = if p(k) and pt = sup p(k).
REMARK 2.2 ([9,10]). Let u € H}%", then limyy o u(k) = 0.

PROPOSITION 2.3 ([9,17)). Ifu € IP") and pt < oo then the following
properties hold.

L fullyy > 1 = [l < ppro () < [lull?y:

2 lullyy <1 = [lull% ) < ppey () < lull?

3. [tnllpcy = 0 ppey(un) =0 as n — oco.

PROPOSITION 2.4 ([10]). If uEHrl(”'O)(') and pT<oco then the following properties hold.
L ullyapey > 1 =l D1 < < ety (W) < lull?l 4o
2 ulloy im0y <1 = llP0 0 < Preyne (@) < 1l 1 o0

||un|| Hp()—>0<:>pr()1p()( n)—)OaSﬂ—)OO.

/ 1 1
THEOREM 2.5 ([9]). Let u € IP0) and v € P’ ) with — + —— =1, Vk € Z. Then
(D FORT0

1 1
Z |u(k)||v(k (_ + ,_) lwllpy ol y-
p= (P)

keZ
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Let us recall some results on critical point theory.

DEFINITION 2.6 ([19]). Let X be a reflexive Banach space. We say that a functional
I: X — R satisfy the Palais-Smale (PS) condition if every sequence {u,} such that
{I(uy)} is bounded and I'(u,) — 0, has a convergent subsequence.

THEOREM 2.7 ([15]). Let X be a reflezive Banach space. If a functional I € C*(X,R)
is weakly lower semi-continous and coercive, then there exists ug € X such that
I(ug) = infyexI(u) and ug is also a critical point of I, i.e. I'(ug) = 0. Moreover, if
1 is strictly convex, then the critical point is unique.

THEOREM 2.8 ([15]). Let I satisfy (PS) condition. Suppose that
1. 1(0) = 0
2. there exist p > 0 and oo > 0 such that I(u) > a for all u € X, with ||u|| = p;

3. there exists uy € X with ||ui|| > p such that I(u1) < a.
Then I has a critical value ¢ > «. Moreover ¢ can be characterized as

c¢=inf max I(u), where T'={g € C([0,1],X):9(0) =0, g(1) = u1}.
g€Tueg([0,1])

3. Existence of solutions by direct variational method

DEFINITION 3.1. A weak homoclinic solution for problem (1) is a function u € Hl(p)( )

such that

M (I(w) |3 alk—1,Au(k = 1)Av(k — 1) + > r(k)|u(k)PH 2uk)o(k) | =

kEZ keZ

A" flk,u(k))u(k);  for any v e HEY.
keZ

The main result of this paper is given by the following theorem.

THEOREM 3.2. Assume that condition (9)-(13) are fulfilled. Then, problem (1) has
at least one weak homoclinic solution for all A > 0 with ap™ > p™.

For each A > 0, the functional corresponding to problem (1) is defined as J) :

ng’)“ — R,

<ZA k-1 Au(k—1)+Y ~ ’; |Pk>>—AZF(k,u(k)

kEZ kEZ kEZ

— 3 3
where M (§) = / M(s)ds and F(&) = /0 f(s)ds with £ € R.

0
We begin the proof of Theorem 3.2 with some basic properties on functional J).
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LEMMA 3.3. The functional Jy is well defined on H, (’p)( ) and is of class C1(H 1(’7)( ) ,R)

with the derivative given by

(Ji(u),v) = M (I(u)) lz a(k — 1, Au(k — 1) Av(k — 1) + Y r(k)|u(k)[P*) 2 (k:)v(k;)]

kEZ kezZ

=AY flk,u(k))o(k)

keZ

forallquH()().

Proof. For any u € H'P () PO) and A > 0, let
— k
P(u) = — — p(k)
(u) = M(I <ZA 1, Au(k — 1)) +Z k k)|
kEZ ez P
and U(u) =Y F(k,u(k))

Then, Jy(u) := ®(u) — A¥(u). From (5)-(6), we deduce that

u)| < ZA —1,Au(k — 1)) +Z Z k) |P(k)
keZ keZ
Au(k—1) 1
< Z/ la(k —1,s)|ds + — Z 7 (k) |u(k)|P*)
kez 0 kez
Au(k—1) 1
< Z/ Cy (j(k -1)+ \s\P<k—1>—1) ds+ — > r(k)|u(k)[P™®)
kez V0 Pz
. Au(k — 1)[P=1) 1
<y (1t nliaute - i+ DI LS p®
kEZ p p keZ
quﬁ-ﬁMmmwm+?Zwaw +Au(k - PEY)
p~ (P) r- &

1 1 . Ch
sa(p+@g)mmmmm+pm“mmw<w

Moreover, we use (9) to get
/ M(s

Using (13) as in [11], there exists § > 0 such that for k € Z and || < 4, |f(k,t)] <
|t[P(®)=1. Then,

= > F(k,u(k)

keZ

@) < [F(I(w))] < )ds| < 2| 1(u)|* < oo,

< [Pk uk) < >0 [F(ku(k)| + Y |F(ku(k)| < oo

kEZ |k|<h |k|>h

We can conclude that the functional Jy is well defined on H (p)( ). From [9] and [12],
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we have

(@ (u),v) = M(I(w)) | > a(k—1, Au(k—1))Av(k—1) + > r(k)|u(k) PP~ 2u(k)v(k)
kEeZ kEZ

and ( Zf K, u( 0

keZ
Assume that (J}(u),v) = 0, which is equivalent to saying
—M(I(w) > [Aa(k — 1, Au(k — 1)) = r(k) gy (w) — Af(k, u(k))] v(k) =0, (14)
kezZ
for all v € H:(’g(').

For any k € Z, we define ¢}, € Hj(’?)(') by putting ej(k) = dpx for k € Z such
that opr, = 1 if k = h and 6y = 0 if & # h. Taking v(k) = e, in the equality (14),
we obtain —M (I(u)) [Aa(k — 1, Au(k — 1)) = 7(k)¢p) ()] = Af (k,u(k)) =0, k € Z.
Therefore, the critical point u of Jy satisfies the problem (1).

LEMMA 3.4. The functional J) : Hrl(p)() — R is weakly lower semi-continuous.

Proof. For any u € H, ’p( ), let

=Y Ak - 1L Au(k— 1)+ Y C Z k)[R = o(u) + @(u)

kez ez P
where o(u) = ZA(]C —1,Au(k —1)) and @(u) = Z ;E:;m(kﬂp(k)_
kez keZ

The functional ¢ is completely continuous and weakly lower semi-continuous. We
have to prove the semi-continuity of ¢.
From (5) and (8), ¢ is convex. Thus, it is enough to show that ¢ is lower semi-

continuous. Let us fix u € H:(’?)(') and € > 0. According to the convexity of the
functional ¢, we have p(v) > p(u) + (¢’ (u),v — u), for any v € Hrlig('). From [9,12],
we obtain

(w)+ Y alk — 1, Au(k — 1)) (Av(k — 1) — Au(k — 1))
kEZ
> o(u) = > la(k =1, Au(k — 1)[|Av(k — 1) — Au(k — 1)]
kEZ
> o(u) = Cr YLk — 1) + [Au(k = D)PED Ak — 1) — u(k — 1)),
keZ

Set h(k —1) = j(k — 1) + |[Au(k — 1)[P*=D=1 we obtain ¢(v) > p(u) — €, for all
v e HPY such that u— v, <6:;.
0 e N ey _
We conclude that the functional I is weakly lower semi-continuous. As M is

continuous and non-decreasing, we deduce that the functional J, is also weakly lower
semi-continuous. U
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PROPOSITION 3.5. Suppose that assumptions (9)-(13) hold and ap™ > p*. Then J)
is coercive and bounded from below for all A > 0.

Proof. Let ||ully(.y,1,p() > 1; according to (9)-(13), we have

(ZA k—1, Au(k—1)) +Z P(’f)) =AY F(k,u(k))

kEZ kez P k€EZ
7Pr(.),1,p(.)(
> / Ruto 1—AZ—|U JPE-X S F(k u(k))
0 ez P |k|<h
1
ST Pr(),1p0) (1) 1 1 N
> |7 Rit® ' =) ——|u(k) PP+ —— | Au(k=1)[P*-D | —C
/ ) (%PU@' WP+ lAulh—)
R 1 A ~
> - a2 —C.
> (p+)a(ﬂr(.),1,p(.)(u)) rop,ﬂr(.);,p(.)(u)
Finally, we use Proposition 2. 4 to get

R’y

Ix(u) > o @ ) Ju || ,p( —” ” (-),L,p()

Since ap™ > pt, Jy(u) = oo as Hu||r(_),17p(,) — 00; then7 the functional Jy is coercive.

- C. (15)

For all w in H (’p)( ) such that llullr(),1,p0) <1, we obtain
R, 1 A -

Ia(u) = EW(pT(.),l,p(.)(u))a - Wpr(.),l,p(.)(u) -C
Ry A - ~
o B L)~ S0y~ €2 0 3 0
Namely, Jy is bounded from below. O

Proof of Theorem 3.2. By Theorem 2.7, it follows that problem (1) has at least
one weak homoclinic solution for all A > 0 with ap™ > p™.

PROPOSITION 3.6. Suppose that (9)-(13) are satisfied with ap~™ = p*. Then, there
exists A0 > 0 such that for any A < X0, the functional Jy is coercive on H'P () O,

Proof. According to (15) and as ap” =pt, we get
Ry

+ -
JA(U) > — o ( ) || ”r( )1p() T = ||UHf(.)71,p(_) -C
Ry 1 ~
2 (S5 ) M0 =
We put A(0)= L0} (p+7;0 Since /\G(O,A(O)), then Jy(u)—00 as [ull,(y,1p)—o0. U
a \p

Therefore, we immediately deduce the following result.

COROLLARY 3.7. Assume that condition (9)-(13) are fulfilled with ap™ = p™. Then,
there exists \°) > 0 such that for any X € (0, X)), problem (1) has at least one weak
homoclinic solution.
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Proof. Indeed, the functional J) is continuous differentiable in the sense of Gateaux.
The assertion follows then from Proposition 3.6 and Theorem 2.7. 0

4. Existence of solution by Mountain pass lemma

In this section, we deal with the existence of nontrivial weak homoclinic solutions for
the problem (1).
We introduce firstly some assumptions.

(fo) There exist u > apt and to > 0 such that
0 < pF(k,t) < f(k,t)t, |t| >to, forallk € Zandt e R.
(f1) There exists ¢ty > 0 such that F(k,t) > 0, for all k € Z and all |t| > t,.

Our main result is the following theorem.

THEOREM 4.1. Suppose that (5)-(13) and (fo)-(f1) are satisfied.
Then, there exists \1) > 0 such that for each A € (0,A\V), problem (1) has at
least one nontrivial weak homoclinic solutions.

We need the following auxiliary result for the proof of the main result.

LEMMA 4.2. (a) (Hl’p(') [

() 1,p(4),7'(4)) is a reflexive separable Banach space.

(b) Suppose that there is a sequence {un} C H:(’?)(') such that u, — u H:(’g('), then

the sequence {u,} satisfies w, — u in P().

Proof. From [8,17], it is known that 1?() is a separable Banach space if p* < oo and
reflexive if 1 < p~ < p™ < oo. Consider the mapping u — (u, Au), the space H:(’?)(')

is a closed subspace of lfg)) x [P(). By [8, Proposition 1.4.4], Hrl(’?)(') is separable if

pt < 0o and reflexive if 1 < p~ < pt < 0.

To have (b), let u,, — u in H:(p)() Write v,, = up, — u then v,, — 0 in H:(’_)('). By
Banach-Steinhaus theorem, |[vy|;(.),1,p(.) is uniformly bounded.

In the sequel, we follows the results in [13,14]. Let

Hy 8= Qv T=[=h,hlz = Rt pyiyap0= 2 rR)oR)PO+ Y [Av(k)P®) < o
|k|<h |k|<h

The sequence {v,} is bounded in Hrl(’?)(") which implies that {v,} is bounded in l?(')

) is the set of all functions v : J — R such that

[

||UHJ,p(,) = inf {V > 0; pp(')(y) < 1}.

p
where [}
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By the uniqueness of the weak limit, we deduce that v, — 0 in J. So, there is N € N
such that

S ua(k)P® < g for all n. > N. (16)
[k[<h

Since ||vn|[r(.),1,p(.) is uniformly bounded, there exists K >0 such that |[v, [|,(),1,p() <K.
Let

]? — KPPt if ||’Un||r(.),1’p(') >1
KP— if ||Un||r(.),1,p(.) < 1.
1
Using (11), we obtain — < % for all k € (—o0, —h)z U (h,00)z. Then,

r(k)
2¢ 2€
Do loa®)PP < =Yk o (k)PP < S (17)
|k|>h |k|>h 3
From (16) and (17), there exists N € N such that for all n > N
Do la®)PE =7 Joa ()PP + Y o (k)P < e
kez k| >h k| <h
Note that € is arbitrary then p,()(v,) — 0 as n — oo. From Proposition 2.3 the
result follows. U

LEMMA 4.3. Assume that (8) and (9) are satisfied and ap™ > p*. Then, for all
A > 0, the functional Jy satisfies the Palais-Smale condition.

Proof. Let A > 0 be fixed. Consider {u,} C H:(’?)(') be such that Jy(u,) is bounded
and J4(u,) — 0. This fact and Proposition 3.5 imply that the sequence {u,} is
bounded. By using the preceding result, Lemma 4.2 and passing to a subsequence,
we have u,, — u in Hrl(’?)(‘) and u, — u in [P¢) . Then, for any € > 0, there exists
N € N such that

1w —ullpy <€ n> N. (18)

Taking g(k,un) = (f(k,un) — f(k,u))(u, —u), we obtain
D Lotk wn)l < D 1f (R un) = f(kyw)llun — ul

keZ keZ
<D 1 Gy wn) Jun = ul + | f (ks w) g — ul.
kEZ kezZ

We use Discrete Holder type inequality and (18) to obtain
Z lg(k,un) < 2C1||un —ullpy < 2C1e if n>N.

kEZ
Therefore,
. _ . / R _ —
nlgr;oZg(k,un)—O, and nh—>Holo<J/\(un) Jy(w), uy, —u) = 0. (19)

kEZ
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(T4 () up—u) = M(I(uy)) [Za(k—l,Aun(k DA (un—u)+ Y r(k)d(un) (un— u)]

kEZ keZ
—A Z f (K, un (k) (un—u)
kezZ

and

(I3 (up)s up—u)y = M(I(u)) [Z a(k—1, Au(k—1))A(u,—u)+ Z r(k‘)¢(u)(un—u)1

keZ kEZ

N F (R u(k) (un—u).
keZ
From (8) and (9), we deduce that

(I3 (upn) =I5 (w), up—u) > M, <Z [a(k—1, Au, (k—1))—a(k—1, Au(k—1))] (Aun—Au)>

kEZ

+ Mor(k) (é(un)=¢(w) (un—u)=A Y g(k,un)

keZ keZ
(Z Col A )+ 3 (B —u|W>) A glku)
kEZ kEZ kEZ
(ZA LD SUCT )‘AZgu@un)
keZ kEZ keZ
ZMOPT(.),l,p(.)(un_u)_)‘Z g(kvun)'
kEZ
Letting n — oo, from (19) and Proposition 2.4, we obtain p,.()1,p(.)(un —u) — 0;
then u, — u in Hrl(’_p)('). This show that Jy satisfies (PS) condition. O

REMARK 4.4. For the special case ap~ = pt, for all A € (0, A(9)), the functional Jy
satisfies (PS) condition.

LEMMA 4.5. (A;) There exists \V) > 0 and two positive real numbers 6 and 1 such
that for each X € (0,A1), Jx(u) >n >0 for all u € {u e H P < ull(yn0) = 9}

(As) There exists u € Hrl(’_p)(') such that for any A > 0, |[ull.)1p0) >0, Ja(u) <O.

Proof. To have (A,), for h € N, taking ko € [—h, h] and set

Lp() 7 (
Sg (Hr(?) ) {u S H p ||u||r( Y,1,p() = 9}
with 6 € (0,1). According to (9)-(13), we obtaln

(ZA —1,Au(k

keZ kGZ

k>> =AY F(k,u(k)

keZ
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Ry 1 o A
> = e (Pr() 1) (W) = = Pr(),1,p() (W) = AM(2h + 1)|F(ko, u(ko))|-
For u € Sy ( 1(’9)( )) by Proposition 2.4, we get
Ry A -
Ia(u) > — ( ) [ ||7~( )P0 T rop— ||U|‘f(,),1,p(.) — A2k + 1)|F(ko, u(ko))|
R1 1 Pt A -
— o — (2 DI|F
S O = 2 = AR+ DI o, u(ko))
- R 1 g .
Pl — gy —r — 2h + 1)|F(k ko))|0~? .
Eeng A=+ @t DIF G, kel )|
Take
& 1 (9)ap+*p_
A\ a (ph)~

1 b
—— + (2h + 1)|F (ko, u(ko))|0—P~
Top

then, for all A € (0, A1) anduesg( 7”“) Ja(u) > 1> 0.

F(k,t
To obtain (As), from (fy) and (f1), one has F(k,t) > (t’: 0>t“ > 0 for all t > tg.
0
For ¢ > 1 and nonnegative u € Hl(p)( set Q1 :={k € Z,u(k) > to} and Qy := {k €

Z,0u(k) > to}, we obtain
Sk su(k) > 37 Bk du(k) > 0 S Bk to)u(k)”

kezZ keQs 0 ke
SH
> o > F(k,to)u(k)* > 6" > F(k,to) > 0. (20)
keQy keQy
7 k;
Recall that ®(u) = M (I (ZA -1, Au(k—-1))+ Z k (k)P ) .
kez ez P

Ry
For all t € R such that |t| > tg, from (9), we have M( ) < ;ta Takew € H, ’p( \{0}.
We have
Ia(tw) = M(I(tw)) = N> F(k, tw)

kEZ

(ZA k—1,Atw(k — 1) +Z |P<’“>> — A F(k, tw).

kez ez P keZ
For each A > 0, combining (5)-(6) and (20), we deduce that there exists a constant
C > 0 such that
Ry

< 2
J)\(tw) =

(C+ 1_) <Z r(k)|tw(k) PP + | Atw(k — 1)|p(k—1)>‘|

rop kez




Y. Ouedraogo, B. Kone, S. Ouaro 261

fAZ (k, to)tH

keQ
<2 (e ) e (ol mP® + - et
« Top—
kEZ
= A > F(k,to)t".
ke

Since p > ap™, for sufficiently large ¢ > 1, we assert that J(tw) < 0 = J»(0).
Then, for each A > 0 and 6 > 0, there exists ¢ > 1 such that ||l|,(),1,() > 0 and
Jx(@) < 0. O

Finally, we give the proof of Theorem 4.1. From Lemma 4.5 and the fact J5(0) =0
and as Jy satisfies the assumptions of Theorem 2.8, problem (1) has at least one
nontrivial weak homoclinic solution.

REMARK 4.6. In the special case ap~ = p*, arguing again as above, but taking
into account Lemma 4.5 and the proof of Theorem 4.1, we can show that for every
A€ (0,A9) N (0,A()) # @, the same conclusion still holds without any additional
assumption. Hence, the problem (1) has at least one nontrivial weak homoclinic
solution.
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