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OPERATOR ENTROPY
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Abstract. This paper establishes some upper and lower bounds for Tsallis operator
entropy. Some applications are also given when A and B are bounded above and below by
positive constants.

We also corrected the error in the article by H. R. Moradi et al., published in 2017.

1. Introduction and preliminaries

A capital letter means an operator on a Hilbert space . The 1, symbol will
denote the identity operator. An operator, X, is said to be strictly positive (denoted
by X > 0) if X is positive and invertible. For two strictly positive operators A, B
and p € [0, 1], the operator geometric mean Af, B is specified by

At,B = A% (A‘%BA—%)’)A%,

and we note that Af,B = A'™PBP if A commutes with B. The weighted operator
arithmetic mean asserts that AV,B := (1 —p) A+ pB, for any p € [0, 1].

Let f be a continuous function defined on the interval I of real numbers, let B be
a self-adjoint operator on the Hilbert space 7, and let A be a positive and invertible

operator on J¢. Assume that the spectrum sp (A*%BA’%) cT (the interior of T).
Then, by employing the continuous functional calculus, we can define the perspective
P (B|A) by appointing

P (BJA) = A% f (A*%BA*%) A3
If A and B are commutative, then 2 (B|A) := Af (BA™') provided that sp (BA™!) cr.
For related works, the reader can refer to [10].
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202 Some reverse inequalities involving Tsallis operator entropy

Tsallis relative operator entropy T, (A|B) in the paper by Yanagi-Kuriyama-
Furuichi [11], for p € (0, 1], is defined by

Az (A*%BA*%)pA% A

T, (A|B) := )
Notice that T}, (A|B) can be written by using the notation of Af,B as follows:
At B~ A
T, (A|B) = —F——,

for p € (0,1]. The relative operator entropy S (A|B) in [3] is defined by
S(A|B) = A% (mA—%BA—%) A3,
as an extension of [11]. The relation between S (A|B) and T}, (A|B) and T_, (A|B)
was considered in [5] and the following inequalities was proved
T, (A|B) < S(A|B) < T, (A[B)
A—AB'A<T,(AB)<B- A (1)
For proofs and more facts about the Tsallis relative operator entropy, we refer the
reader to [4,6-8].
It has been shown in [2] that the following inequality for weighted arithmetic and

harmonic operator means

[pup) (1““’}) 1| By (a,b) < A, (a,0)

max {a, b}
< [pu—p) (el 1) 1] (), )

for any a,b > 0 and p € [0,1], where A, (a,b) and H, (a,b) are the scalar weighted
arithmetic mean and harmonic mean, respectively, namely A, (a,b) = (1 —p) a + pb,

ab
Hy (a,b) = 7=pj5pa-

Motivated by the above points, we establish in this paper some inequalities for
Tsallis relative operator entropy, relative operator entropy, and perspective of two
operators under various assumptions for the positive invertible operators A and B.

2. Main results

Although the following result has been shown in [9, Theorem 2.1], we give proof for
the reader’s convenience. Notice that we aim to demonstrate that this theorem is also
true under a different condition, shown in the subsequent remark.

THEOREM 2.1. Let A, B be positive invertible operators and let M > m > 0 be such
1 1
thatm » A< B< M »A, where 0 <p<1. Then
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_%z l(pﬂ—p) (1—?%)11) (4} (av, (ag,B)) " AY) 4| =T, (A1B)
> _Lpz l(p(l—p) (Hm—1>2+1> (A%(AVP (AlipB))_lA%) 4l 3)

Proof. If we write the inequality (2) for a =1 and b = = € (0, 00) then we have

[p(l—p) (l—min{l’x}>2+1

max {1,z} x ((1 -p) —|—p:c_1)71 <(1-p)+pz

< [p(l—p) (ma}‘{l’m}—l)QH

i (127 (- p) )7 )

for any 0 < p < 1. If ¢z € [m,M] C (,00), then max{m,1} < max{x,1} <
max {M,1} and min {m, 1} < min{z, 1} < min {M,1}. We have

(max{l,x} B 1>2 - (max{MJ} - 1>2

min {1, z} min {m, 1}

for any = € [m, M] C (0,00). Therefore by (4) we get

[p(l—p) (1—min{M’1})2+1

max {m, 1}

o (e 2y

min {m, 1}

(1-p) +p$_1)71 <(1-p)+px

(1=p)+p )"

or, equivalently, we have

_%2 Kp(lp) (1mm{Ml}> +1> ((1p)+px1)‘11] > @-1)

max {m, 1} —p
Z_lpgl<17(1—p) (m—l) —|—1> ((1—p)—|—px1)_1—11 (5)

for any x € [m, M] and any 0 < p < 1. If we use the continuous functional calculus for
the positive invertible operator X with m1, < X < M1 4, then we have from (5)
that

: 2
(000 (0 oy, ] 2 O

2
> _ipz Kp(l—p) <maX{M’1}—1) +1> (1—p) 19f+pX_1)_1_1W] '

min {m, 1}



204 Some reverse inequalities involving Tsallis operator entropy

—p
By writing X = (A*%BA*%) , for any 0 < p < 1, we obtain

(p (1-p) (l—m> 2+1> ((1—p) 1%+p(A*%BA*%)p) _1—134

_1 _1\ 7P
§ (A }BA ) 1 "

-p

> _Lpz Kp(l—p) <m—1>2+1> (=) lyf+P(A;BA%)p)_l_1%] '

If we multiply the inequality (6) both sides with A2, then we get

_p2

_ipz KP“—P) (1—m)2+1> (43 (AV, (4,B)) 7 AY) —A| 2T, (A|B)
> _ipg l(p(lp) (Wlfﬂ) (A%(Avp (AtipB»*lA%) —Al.

This completes the proof of Theorem 2.1, since

A3 ((1—p)A+pad(aipas) ad)as

= A (1-p) A+ p(AB) A~} = 473 (AV, (a3, B) A~ L. -

A particular case of Theorem 2.1 can be seen as follows.

k\J

REMARK 2.2. Let A, B positive invertible operators and let m,m’, M, M’ be such
that the condition 0<mly <A<m'ly <M1, <B< M1, holds. Put h::%

and h':=2L then we have A < WA =224 < B < MA=nA By (3) we get
( - 1) + 1) ((a72(av, (45,B) A~F) - 4) =T, (4B)
> ? ( 1—p)(h—1)>+ 1) ((A*% (AV, (AjjpB))A*%> - A) (7)

for any 0<p<1 Notlce that if 0<ml p<B<m'lp<M'1,<A<M1 4 holds, then
for h:=2 and n':= +A < B <54 <A Finally, from (7) we get (3).

The followmg result is similar to the previous theorem but for the positive parameter.

THEOREM 2.3. Let A, B be positive invertible operators and let M > m > 0 such that
1 1
mrA<B<M?r»A. Then, for0 <p<1

: (p(l -p) (1 - my + 1) (A‘% (AV, (AﬁpB))A—%) —A

) STP (A‘B)
< Kp(l - (xR 1)2 n 1) (A% (aV, (45,B) A7) — 4| .

P2
P min {m, 1} (®)
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Proof. Tf we write the inequality (2) for a =1 and b = = € (0, 00) then we have

[p(l—p) (1—min{1’x}>2+1

max {1, z}

< [p(l—p) (W—l)zﬂ

x (1=p)+pz ) < (1—-p)+pr

min {1, 7} X ((L=p)pr ) (9)

for any 0 < p < 1. If ¢ € [m,M] C (,00), then max{m,1} < max{z,1} <
max {M,1} and min {m, 1} < min{z,1} < min{M,1}. We have

(max{l,x} - 1>2 - (max{M,l} - 1>2

min {'1, x} 2 min {,'n’ 1} :
and (1—%) 3(1—M)

for any = € [m, M] C (0,00). Therefore by (9), we get

- (1 e

max {m, 1) (1=p) +pr ) <A =p)+pz

or, equivalently, we have

1% Kp(l—p) <1—min{M’1}> +1> (1=p)+pz )" —1] < (z=1)

max {m, 1} P

s% Kp(l_p) (HW{Ml}_l) +1> (1=p)+pa )" —1] (10)

(1—p)+pe )"

min {m, 1}

for any = € [m, M| and any 0 < p < 1. If we use the continuous functional calculus for
the positive invertible operator X with m1 ., < X < M1 4, then we have from (10)
that forany 0 <p <1

: 2
- [(p“_p) (et +1> ((1-p) 1ﬂ+pxl)‘1—14 < ()

max {m, 1}
SZ% Kp(lp) <Iml> +1> (1-p) 1f+pX1)_11%] )

P
By writing X = (A_%BA_%) , we obtain

z% <p(1_p) (l_m)2+1> ((1—p) Lyp+p(A~hBA~

N—
|
bS]
N—
L
|
=
L

(A—%BA‘%)p—L;f
p

<
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SZ% Kp(l—p) (Hm_1)2+1> ((l—p) 1ﬁ+p(A§BA§)_p>_l_1%]

for any 0 < p < 1.
1
If we multiply the inequality (11) both sides with Az, then we get

in {M,1})° ) ;
]% Kp(l “p) (1 - m> + 1) (A*E (AV, (AﬁpB))A*E) —A| <T,(A|B)
X M 2 1 1
< Kp(l ) (M - 1) " 1) (A% (aV, (a5,8) A7) — 4| .
Since
A ((1—p)A+pa(aipas) a) as
= A3 ((1-p) A+ p(A4,B) A% = A~2 (AV, (44,B)) A" 7.
This completes the proof of Theorem 2.3. 0

A particular case of Theorem 2.3 can be seen as follows.

REMARK 2.4. Let A, B positive invertible operators and positive real numbers m, m/,
M, M’ such that the condition 0 < mlyy < A < m'ly < M'ly < B < Mly,
holds. Put hzz% and h’::]‘"{,'7 then we have A < WA = %’A < B < %A = hA.
By (8), we get

z% l(p(l —p)) (h,h_, 1)2 +1 (Bl%p (AP1,B7) B*7" — B) < T, (B|A)
< s lea-me -1 1 (85 @5 55 - b)) (12

for any 0 < p < 1. Notice that if 0 < ml,y < B<m'lyy < M1, < A< M1y,

’

holds, then for h:= 2 and b’ := 2 we also + A < B < ;- A < A. Finally, from (12),
we get (8).

A new upper bound for the relative operator entropy is given in the following
theorem. This estimate covers the previous bound (1) by letting ¢ = 1.

THEOREM 2.5. Let A, B be positive invertible operators. Then for any t > 0,
1
S (A|B) glntA—A—i—;B. (13)

Proof. We use some ideas from [9, Theorem 2.4]. If f is convex and differentiable, then

f@)=fO)+@-t)f ) (14)
for any x on the domain of f and ¢ > 0. Using the continuous functional calculus for
a positive operator X, we have from (14) in the operator order that

F(X) = [(1) Lo + (X = t1) £ (1) (15)
Now, if we take X = A2 BA~= in (15), then we get
f (A—%BA—%) > f(t) 1 + (A—%BA—% - t1%) 7 (1)
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If we take f (z) = —Inz in (13), and then multiplying both sides with Az we deduce
the desired result. 0

Note that the sign “>” should be reversed to “<” in [9, Corollary 2.2] because
f) = t”;l, (0 <p<1)is a concave function. Therefore, [9, Remark 2.5] isn’t
correct.

A new lower bound for Tsallis relative operator entropy is provided in the following
theorem.

THEOREM 2.6. For any invertible positive operator A and B such that A < B, and
0<p<1 we have

A% <A_2BA_2 + 1,

p—1
_1
. ) A7H(B- A)< T, (BA). (16)
Proof. Consider the function f (t) = t*~!, 0 < p < 1. It is readily to check that f ()
is convex on [1,00). We also have [, tP~1dt = %. On the other hand, by utilizing
the left-hand side of Hermite-Hadamard inequality, one can see that

(Q”)H @<t (17)

where z € [1,00) and p € (0, 1].
1

By taking # = A~2BA~2 and then multiplying both sides by A2 in (17) we
deduce desired inequality (16). O

REMARK 2.7. Easy computations reveal that 1 — % < (“'—'2"1)1771 (z — 1), i.e. Theo-
rem 2.6 provides an improvement for the first inequality in (1).

THEOREM 2.8. For any invertible positive operator A and B such that A < B, and
0 <p <1 we have A,B — A%,_1B < T, (B|A).

Proof. Assume that f is convex and differentiable. Whence

fFO = fls)+f)s<f(H)t (18)
By taking into account that f (¢) = —t?, p € [0,1] is convex and s = 1 from (18) we
infer tP —tP~1 < tpT*l We obtain the desired result using arguments similar to those
in the proof of Theorem 2.6. O

REMARK 2.9. Define g, (t) = t? — P71 — 1 + % This function is always positive,
ie. 1— % < t? — =1 Thus, we can conclude that Equation 19 improves the first
inequality in (1).

We close this paper by presenting the lower and upper bound for &;.

THEOREM 2.10. Let A, B be two positive and invertible operators and let f : [m, M| — R
be a convex function. If mA < B < M B for some scalars 0 < m < M, then
MA-B B—mA
f (M)

P (AIB) < < —f (m) + 75—
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( A—iM — A3 A—BA—l—mJ;MW‘A%) (f(m)+f( )—2f (m+M)>
and
MA-B

B—mA
D )+ 2

1 1 1
—A Az
+(2 +M—m

M) < 2 (A|B)
MM - A"iBA

A3} (rem s an -2 (5.

Proof. In [1] it has been proved that

win foapab (1047 0 =27 (T52) ) €007 (@) +0f ()= (o). (19
and

T @) 4 f ()= (i) < max (onpa} (P07 ) -27 (552)) 0 20

for every convex function f on an interval I and x,y € I, p;,p2 € [0,1] such that
p1+p2 =L i

Putting p; = =2

= A=, D2 ]\124:;” x = M and y = m, in (19), it
follows that
M—t t—m
< M
F(1) S ot (m) 2 (M)
1 1 m+M m+M
B (- t— 21
(357 - 252]) (rem+ran—2r (222)) e
due to min{l\]/y[__;, At[_"ﬁn} = % Mim ’t — #| By (21), we infer that
11\ _ Mly—A"3BA"3 A"3BA 3 —mly
< /
fabBat) < ==X ———f(m) T (M)
1 1 1 1 m+M
- (zlf‘M_m AT2BA 2

e ) (£ s an -2 ("5H)).

Multiplying both sides of the above inequality by Az, gives
MA-B B—mA
P (AB) <
FAIB) < S f (m) +

M
4 )

(e ot St ) (s (252))
On the other hand, it follows from (20) that

M-t

t—m
o d (m) 45 (M)

<f(t)+(1+ LMt ><f(m)+f( ) 2f<m+M>),

. M—t t—m _ 1 1 M+m
since max{Mim, Mfm} =35+ ’—

‘. Applying the same method as in
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the above, we get

1 1 1| M+m IR m+M
+ <2A+M_mA 5 lw—A2BATZ|A > (f (m)+f (M) =2f ( 5 )) ,
as desired. -
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