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Abstract. In this paper, we introduce the notion of slant lightlike submanifold of a
golden semi-Riemannian manifold and provide a characterization theorem with some non-
trivial examples of such submanifolds. We find necessary and sufficient conditions for integra-
bility of distributions. Finally, we study curvature properties of slant lightlike submanifolds
of golden semi-Riemannian manifolds.

1. Introduction

A submanifold (M, g) of a semi-Riemannian manifold (M, g) is called a lightlike sub-
manifold if the induced metric g on it is degenerate, i.e. there exists a non zero vector
field Y ∈ Γ(TM) such that g(Y,Z) = 0, for all Z ∈ Γ(TM). In [3], Duggal and
Bejancu introduced the notion of lightlike submanifolds of a semi-Riemannian mani-
fold. The geometry of slant lightlike submanifolds of indefinite Hermitian manifolds
has been studied in [14]. Many authors have studied on lightlike submanifolds in
various spaces [4, 15, 16]. In [16], the authors found some equivalent conditions for
integrability of distributions. Golden proportion ψ is the real positive root of the

equation x2 − x − 1 = 0 (thus ψ = 1+
√
5

2 ≈ 1.618 . . .) and was described by Kepler
(1571-1630). Inspired by the Golden proportion, Crasmareanu and Hretcanu defined

golden structure P̃ which is a tensor field satisfying P̃ 2 − P̃ − I = 0 on a manifold
M [2].

A Riemannian manifold M with a golden structure P̃ is called a golden Rie-
mannian manifold and was studied in [2, 6]. In [6], the authors studied invariant
submanifolds of a golden Riemannian manifold. In [5], the authors investigated the
integrability of golden Riemannian structures. In [10], Poyraz and Yasar studied
lightlike hypersurfaces of a golden semi-Riemannian manifold and proved that there
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is no radical anti-invariant lightlike hypersurface of a golden semi-Riemannian man-
ifold. In [10], they also studied screen semi-invariant and screen conformal screen
semi-invariant lightlike hypersurfaces of a golden semi-Riemannian manifold. In [11],
Poyraz and Yasar studied lightlike submanifolds of a golden semi-Riemannian mani-
fold and proved that there is no radical anti-invariant lightlike submanifold of a golden
semi-Riemannian manifolds. In [1], Acet introduced the notion of screen pseudo slant
lightlike submanifolds of a golden semi-Riemannian manifold and also found some
equivalent conditions for integrability of distributions. In [9], Poyraz introduced the
notion of golden GCR-lightlike submanifold of a golden semi-Riemannian manifold
and found some equivalent conditions for integrability and totally geodesic foliation of
distributions. In [12], Poyraz introduced the notion of screen semi-invariant lightlike
submanifolds of a golden semi-Riemannian manifold and found equivalant conditions
for integrability of distributions. He proved some results for totally umbilical screen
semi-invariant lightlike submanifolds of golden semi-Riemannian manifolds.

The purpose of this paper is to study slant lightlike submanifolds of a golden semi-
Riemannian manifold. The paper is arranged as follows. In Section 2, some definitions
and basic results about lightlike submanifolds and golden semi-Riemannian manifolds
are given. In Section 3, we study slant lightlike submanifolds of a golden semi-
Riemannian manifold, with examples and investigate the integrability of distributions.
In Section 4, we study curvature invariant and irrotational lightlike submanifolds of
a golden semi-Riemannian manifold.

2. Preliminaries

Let M be a differentiable manifold. If a (1, 1) type tensor field P̃ on M satisfies the
following equation P̃ 2 = P̃ + I, then P̃ is called a golden structure on M , where I is
the identity transformation. Let (M, g) be a semi-Riemannian manifold and P̃ be a
golden structure on M . If P̃ satisfies the equation

g(P̃U,W ) = g(U, P̃W ), (1)

for all U,W ∈ Γ(TM), then (M, g, P̃ ) is called a golden semi-Riemannian manifold
[13]. Also, if P̃ is integrable then we have [2]

∇U P̃W = P̃∇UW. (2)

Now, from (1), we get

g(P̃U, P̃W ) = g(P̃U,W ) + g(U,W ), (3)

for all U,W ∈ Γ(TM).
We denote real space forms with constant sectional curvatures cp and cq byMp and

Mq, respectively. Then similar calculations of semi-Riemannian product real space
form [17], the Riemannian curvature tensor R of a locally golden product space form
(M =Mp(cp)×Mq(cq), g, P̃ ) is given as follows

R(X,Y )Z =(− (1− ψ)cp − ψcq

2
√
5

){g(Y,Z)X − g(X,Z)Y
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+ g(P̃ Y, Z)P̃X − g(P̃X,Z)P̃ Y } (4)

+ (− (1− ψ)cp + ψcq
4

){g(P̃ Y, Z)X − g(P̃X,Z)Y

+ g(Y, Z)P̃X − g(X,Z)P̃ Y },

where ψ = 1+
√
5

2 ≈ 1.618 . . .) is Golden proportion and X,Y, Z ∈ Γ(TM).

A submanifold (Mm, g) immersed in a semi-Riemannian manifold (M
m+n

, g) is
called a lightlike submanifold [3] if the metric g induced from g is degenerate and the
radical distribution RadTM is of rank r, where 1 ≤ r ≤ m. Let S(TM) be a screen
distribution which is a semi-Riemannian complementary distribution of RadTM in
TM, that is TM = RadTM ⊕orth S(TM).

Consider a screen transversal vector bundle S(TM⊥), which is a semi-Riemannian
complementary vector bundle of RadTM in TM⊥. Since for any local basis {ξi} of
RadTM , there exists a local null frame {Ni} of sections with values in the orthogonal
complement of S(TM⊥) in [S(TM)]⊥ such that g(ξi, Nj) = δij and g(Ni, Nj) = 0, it
follows that there exists a lightlike transversal vector bundle ltr(TM) locally spanned
by {Ni}. Let tr(TM) be complementary (but not orthogonal) vector bundle to TM
in TM |M . Then

tr(TM) =ltr(TM)⊕orth S(TM⊥), TM |M = TM ⊕ tr(TM),

TM |M =S(TM)⊕orth [RadTM ⊕ ltr(TM)]⊕orth S(TM⊥).

The Gauss and Weingarten formulae are given as

∇XY = ∇XY + h(X,Y ), ∇XV = −AVX +∇t
XV, (5)

for all X,Y ∈ Γ(TM) and V ∈ Γ(tr(TM)), where ∇XY,AVX belong to Γ(TM)
and h(X,Y ),∇t

XV belong to Γ(tr(TM)). ∇ and ∇t are linear connections on M
and on the vector bundle tr(TM), respectively. The second fundamental form h is a
symmetric F (M)-bilinear form on Γ(TM) with values in Γ(tr(TM)) and the shape
operator AV is a linear endomorphism of Γ(TM). From (5), for any X,Y ∈ Γ(TM),
N ∈ Γ(ltr(TM)) and W ∈ Γ(S(TM⊥)), we have

∇XY =∇XY + hl (X,Y ) + hs (X,Y ) , (6)

∇XN =−ANX +∇l
XN +Ds (X,N) , (7)

∇XW =−AWX +∇s
XW +Dl (X,W ) , (8)

where hl(X,Y ) = L (h(X,Y )), hs(X,Y ) = S (h(X,Y )), Dl(X,W ) = L(∇t
XW ),

Ds(X,N) = S(∇t
XN). L and S are the projection morphisms of tr(TM) on ltr(TM)

and S(TM⊥), respectively. ∇l and∇s are linear connections on ltr(TM) and S(TM⊥)
called the lightlike connection and screen transversal connection on M , respectively.

Also, by using (5), (6)-(8) and metric connection ∇, we obtain

g(hs(X,Y ),W ) + g(Y,Dl(X,W )) = g(AWX,Y ),

g(Ds(X,N),W ) = g(N,AWX).

Now, denote the projection of TM on S(TM) by S̃. Then from the decomposition
of the tangent bundle of a lightlike submanifold, for any X,Y ∈ Γ(TM) and ξ ∈
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Γ(RadTM), we have

∇X S̃Y = ∇∗
X S̃Y + h∗(X, S̃Y ), ∇Xξ = −A∗

ξX +∇∗t
Xξ.

By using above equations, we obtain g(hl(X, S̃Y ), ξ) = g(A∗
ξX, S̃Y ), g(h∗(X, S̃Y ), N) =

g(ANX, S̃Y ), g(hl(X, ξ), ξ) = 0, A∗
ξξ = 0.

It is important to note that in general ∇ is not a metric connection on M . Since
∇ is a metric connection on M , by using (6), we get (∇Xg)(Y, Z) = g(hl(X,Y ), Z)+
g(hl(X,Z), Y ), for all X,Y, Z ∈ Γ(TM).

Definition 2.1 ([8]). A lightlike submanifold (M, g) of a semi-Riemannian manifold
(M, g) is said to be irrotational if ∇Xξ ∈ Γ(TM) for any X ∈ Γ(TM) and ξ ∈
Γ(RadTM).

Gauss equation for lightlike submanifold of semi-Riemannian manifold is given
in [3]:

R(X,Y )Z =R(X,Y )Z+Ahl(X,Z)Y−Ahl(Y,Z)X+Ahs(X,Z)Y−Ahs(Y,Z)X

+(∇Xh
l)(Y, Z)−(∇Y h

l)(X,Z)+Dl(X,hs(Y,Z))−Dl(Y, hs(X,Z)) (9)

+(∇Xh
s)(Y,Z)−(∇Y h

s)(X,Z)+Ds(X,hl(Y,Z))−Ds(Y, hl(X,Z)),

for any X,Y, Z ∈ Γ(TM).

3. Slant lightlike submanifolds

In this section, we study slant lightlike submanifolds of golden semi-Riemannian man-
ifolds. First, we give the following lemmas which will be used to define slant notion
on the screen distribution.

Lemma 3.1. Let (M, g) be a q-lightlike submanifold of a golden semi-Riemannian
manifold (M, g) of index 2q. Suppose that P̃RadTM is a distribution on M such that
RadTM ∩ P̃RadTM = {0}. Then P̃ ltr(TM) is a subbundle of the screen distribution
S(TM) and P̃RadTM ∩ P̃ ltr(TM) = {0}.

Proof. Since, by hypothesis, P̃RadTM is a distribution on M such that P̃RadTM ∩
RadTM = 0, we have P̃RadTM ⊂ S(TM). Now we claim that ltr(TM) is not
invariant with respect to P̃ . Let us suppose the contrary. Choose ξ ∈ Γ(RadTM)
and N ∈ Γltr(TM) such that g(N, ξ) = 1. Then from (3), we have 1 = g(ξ,N) =
g(P̃ ξ, P̃N) − g(P̃ ξ,N) = 0, due to P̃ ξ ∈ ΓS(TM) and P̃N ∈ Γltr(TM). This is
a contradiction, so ltr(TM) is not invariant with respect to P̃ . Also P̃N does not
belong to S(TM⊥), since S(TM⊥) is orthogonal to S(TM), g(P̃N, P̃ ξ) must be
zero, but from (3) we have g(P̃N, P̃ ξ)=g(P̃ ξ,N)+g(N, ξ)̸=0, for some ξ ∈ ΓRadTM ,
this is again a contradiction. Thus we conclude that P̃ ltr(TM) is a distribution on
M . Moreover, P̃N does not belong to Rad(TM). Indeed, if P̃N ∈ ΓRad(TM), we
would have P̃ 2N = P̃N + N ∈ Γ(P̃RadTM), but this is impossible. Finally, let
P̃N ∈ Γ(P̃RadTM), we obtain P̃ 2N = P̃N + N ∈ Γ(P̃RadTM + RadTM), this
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is not possible. Hence P̃N does not belong to P̃RadTM . Thus we conclude that
P̃ ltr(TM) ⊂ S(TM) and P̃RadTM ∩ P̃ ltr(TM) = {0}. □

Lemma 3.2. Let (M, g) be a q-lightlike submanifold of a golden semi-Riemannian
manifold (M, g) of index 2q. Suppose P̃RadTM is a distribution on M such that
RadTM ∩ P̃RadTM = {0}. Then any complementary distribution to P̃RadTM ⊕
P̃ ltr(TM) in S(TM) is Riemannian.

Proof. Let M be an m-dimensional q-lightlike submanifold of an (m+n)-dimensional
golden semi-Riemannian manifoldM of index 2q. From Lemma 3.1, we have P̃RadTM
∩P̃ ltr(TM) = {0} and P̃RadTM⊕P̃ ltr(TM) ⊂ S(TM). We denote the complemen-
tary distribution to P̃RadTM⊕ P̃ ltr(TM) in S(TM) by D. Then we have a local or-
thonormal frame of fields on M along M {ξi, Ni, P̃ ξi, P̃Ni, Xα,Wa}, i ∈ {1, 2, . . . , q},
α ∈ {3q + 1, . . . ,m}, a ∈ {q + 1, . . . , n}, where {ξi} and {Ni} are lightlike bases of
RadTM and ltrTM , respectively and {Xα} and {Wa} are orthonormal bases of D
and S(TM⊥), respectively.

Now, from the bases {ξ1, . . . , ξq, N1, . . . , Nq, P̃ ξ1, . . . , P̃ ξq, P̃N1, . . . , P̃Nq} of

RadTM ⊕ ltrTM ⊕ P̃RadTM ⊕ P̃ ltr(TM), we can construct an orthonormal bases
{U1, . . . , U2q, V1, . . . , V2q} as follows:

U1 =
1√
2
(ξ1 +N1), U2 =

1√
2
(ξ1 −N1)

U3 =
1√
2
(ξ2 +N2), U4 =

1√
2
(ξ2 −N2)

. . . , . . .

. . . , . . .

U2q−1 =
1√
2
(ξq +Nq), U2q =

1√
2
(ξq −Nq)

V1 =
1√
2
(P̃ ξ1 + P̃N1), V2 =

1√
2
(P̃ ξ1 − P̃N1)

V3 =
1√
2
(P̃ ξ2 + P̃N2), V4 =

1√
2
(P̃ ξ2 − P̃N2)

. . . , . . .

. . . , . . .

V2q−1 =
1√
2
(P̃ ξq + P̃Nq), V2q =

1√
2
(P̃ ξq − P̃Nq).

Hence, span{ξi, Ni, P̃ ξi, P̃Ni} is a non-degenerate space of constant index 2q.
Thus we conclude that RadTM⊕ ltr(TM)⊕P̃RadTM⊕P̃ ltr(TM) is non-degenerate
and of constant index 2q on M . Since index(TM) = index(RadTM ⊕ ltr(TM) ⊕
P̃RadTM ⊕ P̃ ltr(TM)) + index (D⊕orth S(TM⊥)), we have 2q = 2q + index (D+
S(TM⊥)). Thus, D⊕orthS(TM⊥) is Riemannian, i.e., index (D⊕orthS(TM⊥)) = 0.
Hence D is Riemannian. □
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Definition 3.3. Let (M, g) be a q-lightlike submanifold of a golden semi-Riemannian
manifold (M, g) of index 2q such that 2q < dim (M). Then we say that M is a slant
lightlike submanifold of M if the following conditions are satisfied:
(i) P̃RadTM is a distribution on M such that RadTM ∩ P̃RadTM = {0},
(ii) there exists a non-degenerate orthogonal complementary distribution D on M
such that S(TM) = (P̃RadTM ⊕ P̃ ltr(TM))⊕orth D,

(iii) the distribution D is slant with angle θ( ̸= 0), i.e. for each x ∈M and each non-
zero vector X ∈ (D)x, the angle θ between P̃X and the vector subspace (D)x is a
non-zero constant, which is independent of the choice of x ∈M and X ∈ (D)x.

This constant angle θ is called the slant angle of distribution D. A slant lightlike
submanifold is said to be proper if D ̸= {0} and θ ̸= 0, π2 .

From the above definition, we have the following decomposition

TM = RadTM ⊕orth (P̃RadTM ⊕ P̃ ltr(TM))⊕orth D. (10)

Now, for any vector field X tangent to M , we put

P̃X = PX + FX, (11)

where PX and FX are tangential and transversal parts of P̃X respectively. We
denote the projections on RadTM , P̃RadTM , P̃ ltr(TM) and D in TM by P1, P2,
P3 and P4 respectively. Similarly, we denote the projections of tr(TM) on ltr(TM)
and S(TM⊥) by Q1 and Q2 respectively. Thus, for any X ∈ Γ(TM), we get

X =P1X + P2X + P3X + P4X. (12)

Now applying P̃ to (12), we have

P̃X =P̃P1X + P̃P2X + P̃P3X + P̃P4X, (13)

which gives

P̃X =P̃P1X + P̃P2X + P̃P3X + PP4X + FP4X, (14)

where P̃P2X = K1P̃P2X+K2P̃P2X, P̃P3X = L1P̃P3X+L2P̃P3X and PP4X (resp.
FP4X) denotes the tangential (resp. transversal) component of P̃P4X. Thus we get
P̃P1X ∈ Γ(P̃RadTM),K1P̃P2X ∈ Γ(RadTM),K2P̃P2X ∈ Γ(P̃RadTM), L1P̃P3X ∈
Γ(ltr(TM)), L2P̃P3X ∈ Γ(P̃ ltr(TM)), PP4X ∈ Γ(D) and FP4X ∈ Γ(S(TM⊥)).
Also, for any W ∈ Γ(tr(TM)), we have W = Q1W + Q2W . Applying P̃ to it, we
obtain P̃W = P̃Q1W + P̃Q2W , which gives

P̃W = P̃Q1W +BQ2W + CQ2W, (15)

where BQ2W (resp. CQ2W ) denotes the tangential (resp. transversal) component
of P̃Q2W . Thus we get P̃Q1W ∈ Γ(P̃ ltr(TM)), BQ2W ∈ Γ(D) and CQ2W ∈
Γ(S(TM⊥)).

Now, by using (2), (6)-(8), (12)-(14), (15) and identifying the components on
RadTM , P̃RadTM , P̃ ltr(TM), D, ltr(TM) and S(TM⊥), we obtain

P1(∇X P̃P1Y ) + P1(∇X P̃P2Y ) + P1(∇XL2P̃P3Y ) + P1(∇XPP4Y )

= P1(AFP4YX) + P1(AL1P̃P3Y
X) +K1P̃P2∇XY,

(16)
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P2(∇X P̃P1Y ) + P2(∇X P̃P2Y ) + P2(∇XL2P̃P3Y ) + P2(∇XPP4Y )

= P2(AFP4YX) + P2(AL1P̃P3Y
X) +K2P̃P2∇XY + P̃P1∇XY,

(17)

P3(∇X P̃P1Y ) + P3(∇X P̃P2Y ) + P3(∇XL2P̃P3Y ) + P3(∇XPP4Y )

= P3(AFP4YX) + P3(AL1P̃P3Y
X) + L2P̃P3∇XY + P̃ hl(X,Y ),

(18)

P4(∇X P̃P1Y ) + P4(∇X P̃P2Y ) + P4(∇XL2P̃P3Y ) + P4(∇XPP4Y )

= P4(AFP4YX) + P4(AL1P̃P3Y
X) + PP4∇XY +BQ2h

s(X,Y ),
(19)

hl(X, P̃P1Y ) + hl(X,K1P̃P2Y ) + hl(X,K2P̃P2Y ) + hl(X,PP4Y )

+ hl(X,L2P̃P3Y ) = L1P̃P3∇XY −∇l
sL1P̃P3Y −Dl(X,FP4Y ),

(20)

hs(X, P̃P1Y ) + hs(X,K1P̃P2Y ) + hs(X,K2P̃P2Y ) + hs(X,PP4Y ) + hs(X,

L2P̃P3Y ) = FP4∇XY + CQ2h
s(X,Y )−∇s

XFP4Y −Ds(X,L1P̃P3Y ).
(21)

Example 3.4. Let (R8
2, g, P̃ ) be a golden semi-Riemannian manifold, where metric g

is of signature (−,−,+,+,+,+,+,+) with respect to the canonical basis {∂x1, ∂x2,
∂x3, ∂x4, ∂x5, ∂x6, ∂x7, ∂x8} with (x1, x2, x3, x4, x5, x6, x7, x8) being standard coordi-
nates of R8

2.
Take P̃ (∂x1, . . . , ∂x8) = ((1 − ψ)∂x1, ψ∂x2, ψ∂x3, (1 − ψ)∂x4, ψ∂x5, ψ∂x6, (1 −

ψ)∂x7, (1 − ψ)∂x8), where ψ = 1+
√
5

2 and (1 − ψ) = 1−
√
5

2 are the roots of equation

x2 − x − 1 = 0. Thus, P̃ 2 = P̃ + I and P̃ is a golden structure on R8
2. Suppose

M is a submanifold of R8
2 given by x1 = ψu1 + u2 − u3, x2 = u1 − ψu2 + ψu3,

x3 = u1 + ψu2 + ψu3, x4 = ψu1 − u2 − u3, x5 = ψu4, x6 = ψu5, x7 = (1 − ψ)u4,
x8 = (1 − ψ)u5. The local frame of TM is given by {Z1, Z2, Z3, Z4, Z5}, where
Z1 = ψ∂x1+∂x2+∂x3+ψ∂x4, Z2 = ∂x1−ψ∂x2+ψ∂x3−∂x4, Z3 = −∂x1+ψ∂x2+
ψ∂x3 − ∂x4, Z4 = ψ∂x5 + (1− ψ)∂x7 and Z5 = ψ∂x6 + (1− ψ)∂x8.

Hence, RadTM = span {Z1} and S(TM) = span {Z2, Z3, Z4, Z5}. Now ltr(TM)
is spanned by N1 = 1

2(1+ψ2) (−ψ∂x
1− ∂x2+ ∂x3+ψ∂x4) and S(TM⊥) is spanned by

W1 = (1 − ψ)∂x5 − ψ∂x7, W2 = (1 − ψ)∂x6 − ψ∂x8. It follows that P̃Z1 = Z3 and
P̃N1 = Z2 and distribution D = span {Z4, Z5} is a slant distribution with slant angle
θ = arccos( 4√

21
). Hence M is a slant 1-lightlike submanifold of R8

2.

Example 3.5. Let (R8
2, g, P̃ ) be a golden semi-Riemannian manifold, where metric g

is of signature (+,−,+,−,+,+,+,+) with respect to the canonical basis {∂x1, ∂x2,
∂x3, ∂x4, ∂x5, ∂x6, ∂x7, ∂x8} and (x1, x2, x3, x4, x5, x6, x7, x8) representing standard
coordinates of R8

2.
Take P̃ (∂x1, . . . , ∂x8) = (ψ∂x1, ψ∂x2, (1−ψ)∂x3, (1−ψ)∂x4, (1−ψ)∂x5, ψ∂x6, (1−

ψ)∂x7, ψ∂x8), where ψ = 1+
√
5

2 and (1 − ψ) = 1−
√
5

2 are the roots of equation x2 −
x − 1 = 0. Thus P̃ 2 = P̃ + I and P̃ is a golden structure on R8

2. Suppose M is a
submanifold of R8

2 given by x1 = u1+ψu2−ψu3, x2 = u1+ψu2+ψu3, x3 = ψu1−u2+
u3, x4 = ψu1−u2−u3, x5 = ψu4, x6 = (1−ψ)u4, x7 = ψu5, x8 = (1−ψ)u5. The local
frame of TM is given by {Z1, Z2, Z3, Z4, Z5}, where Z1 = ∂x1 + ∂x2 + ψ∂x3 + ψ∂x4,
Z2 = ψ∂x1+ψ∂x2−∂x3−∂x4, Z3 = −ψ∂x1+ψ∂x2+∂x3−∂x4, Z4 = ψ∂x5+(1−ψ)∂x6
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and Z5 = ψ∂x7 + (1− ψ)∂x8.
Hence, RadTM = span {Z1} and S(TM) = span {Z2, Z3, Z4, Z5}. Now, ltr(TM)

is spanned by N1 = − 1
2(1+ψ2) (−∂x

1 + ∂x2 − ψ∂x3 + ψ∂x4) and S(TM⊥) is spanned

by W1 = (1 − ψ)∂x5 − ψ∂x6, W2 = (1 − ψ)∂x7 − ψ∂x8. It follows that P̃Z1 = Z2

and P̃N1 = Z3 and distribution D = span {Z4, Z5} is a slant distribution with slant
angle θ = arccos(1/

√
6). Hence M is a slant 1-lightlike submanifold of R8

2.

Theorem 3.6. Let (M, g) be a q-lightlike submanifold of a golden semi-Riemannian
manifold (M, g) of index 2q. Then M is a slant lightlike submanifold of M if and
only if
(i) P̃RadTM is a distribution on M such that RadTM ∩ P̃RadTM = 0,

(ii) the screen distribution S(TM) split as S(TM)=(P̃RadTM⊕P̃ ltr(TM))⊕orthD,

(iii) there exists a constant λ ∈ [0, 1) such that P 2X = λ(PX+X), for all X ∈ Γ(D).
Moreover, in this case λ = cos2 θ and θ is the slant angle of D.

Proof. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian man-
ifold (M, g). Then the distribution P̃RadTM is a distribution on M such that
RadTM ∩ P̃RadTM = 0 and S(TM) = (P̃RadTM ⊕ P̃ ltr(TM))⊕orth D.

Now for any X ∈ Γ(D) we have |PX| = |P̃X| cos θ, which implies

cos θ =
|PX|
|P̃X|

. (22)

In view of (22), we get cos2 θ = |PX|2

|P̃X|2 = g(PX,PX)

g(P̃X,P̃X)
= g(X,P 2X)

g(X,P̃ 2X)
, which gives

g(X,P 2X) = cos2 θ g(X, P̃ 2X). (23)

Since M is a slant lightlike submanifold, cos2 θ = λ(constant) ∈ [0, 1) and therefore

from (23), we get g(X,P 2X) = λg(X, P̃ 2X) = g(X,λP̃ 2X) = g(X,λ(P̃X + X)),
which implies

g(X,P 2X − λ(PX +X)) = 0. (24)

Since P 2X−λ(PX+X) ∈ Γ(D) and the induced metric g = g|D×D is non-degenerate
(positive definite), from (24), we have (P 2X − λ(PX +X)) = 0, which implies

P 2X = λ(PX +X), (25)

for all X ∈ Γ(D). This proves (iii).
Conversely, suppose that conditions (i), (ii) and (iii) are satisfied. From (iii), we

have P 2X = λ(PX +X), for all X ∈ Γ(D), where λ(constant) ∈ [0, 1). Now,

cos θ =
g(P̃X, PX)

|P̃X||PX|
=
g(X, P̃PX)

|P̃X||PX|
=
g(X,P 2X)

|P̃X||PX|
=
g(X,λ(PX +X))

|P̃X||PX|

=
g(X,λ(P̃X +X))

|P̃X||PX|
= λ

g(X, P̃ 2X)

|P̃X||PX|
= λ

g(P̃X, P̃X)

|P̃X||PX|
.

From the above equation, we get cos θ = λ |P̃X|
|PX| . Therefore, this with (22) gives

cos2 θ = λ(constant). Hence (M, g) is a slant lightlike submanifold. □
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Corollary 3.7. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian
manifold (M, g) with slant angle θ; then for any X,Y ∈ Γ(D), we have
(i) g(PX,PY ) = cos2 θ (g(X,Y ) + g(X,PY )),

(ii) g(FX,FY ) = sin2 θ (g(X,Y ) + g(PX, Y )).

Proof. From (1), (11) and (25), we obtain (i). Moreover, we get (ii) from (1), (11)
and (i). Hence, the proof is complete. □

Theorem 3.8. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian
manifold (M, g). Then RadTM is integrable if and only if
(i) P1(∇X P̃P1Y )− P1(∇Y P̃P1X) + P2(∇X P̃P1Y )− P2(∇Y P̃P1X) = P̃P1[X,Y ],

(ii) P3(∇X P̃P1Y )− P3(∇Y P̃P1X) = hl(Y, P̃P1X)− hl(X, P̃P1Y ),

(iii) P4(∇X P̃P1Y ) = P4(∇Y P̃P1X) and hs(X, P̃P1Y ) = hs(Y, P̃P1X), for all X,Y ∈
Γ(RadTM).

Proof. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian man-
ifold (M, g). Let X,Y ∈ Γ(RadTM). From (16) and (17), we have P1(∇X P̃P1Y ) +
P2(∇X P̃P1Y )− P̃P1∇XY = P̃P2∇XY , which gives P1(∇X P̃P1Y )−P1(∇Y P̃P1X)+
P2(∇X P̃P1Y )−P2(∇Y P̃P1X)− P̃P1[X,Y ] = P̃P2[X,Y ]. From (18) and (20), we get
P3(∇X P̃P1Y )+hl(X, P̃P1Y )−P̃ hl(X,Y ) = P̃P3∇XY , which implies P3(∇X P̃P1Y )−
P3(∇Y P̃P1X) + hl(X, P̃P1Y ) − hl(Y, P̃P1X) = P̃P3[X,Y ]. From (19), we have
P4(∇X P̃P1Y ) = PP4∇XY+BQ2h

s(X,Y ), which gives P4(∇X P̃P1Y )−P4(∇Y P̃P1X)
= PP4[X,Y ]. In view of (21), we have hs(X, P̃P1Y ) = CQ2h

s(X,Y ) + FP4∇XY ,
which gives hs(X, P̃P1Y )−hs(Y, P̃P1X) = FP4[X,Y ]. This concludes the proof. □

Theorem 3.9. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian
manifold (M, g). Then P̃RadTM is integrable if and only if
(i) P2(∇X P̃P2Y )− P2(∇Y P̃P2X) = K2P̃P2∇XY −K2P̃P2∇YX,

(ii) P3(∇X P̃P2Y )− P3(∇Y P̃P2X) + hl(X,K1P̃P2Y )− hl(Y,K1P̃P2X) =
− hl(X,K2P̃P2Y ) + hl(Y,K2P̃P2X),

(iii) P4(∇X P̃P2Y ) = P4(∇Y P̃P2X) and hs(X,K1P̃P2Y )− hs(Y,K1P̃P2X) =
hs(Y,K2P̃P2X)− hs(X,K2P̃P2Y ), for all X,Y ∈ Γ(P̃RadTM).

Proof. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian man-
ifold (M, g). Let X,Y ∈ Γ(P̃RadTM). From (18) and (20), we have P3(∇X P̃P2Y )−
P̃ hl(X,Y )+hl(X,K1P̃P2Y )+hl(X,K2P̃P2Y ) = P̃P3∇XY , which gives P3(∇X P̃P2Y )−
P3(∇Y P̃P2X)+hl(X,K1P̃P2Y )−hl(Y,K1P̃P2X)+hl(X,K2P̃P2Y )−hl(Y,K2P̃P2X) =
P̃P3[X,Y ]. From (17), we get P2(∇X P̃P2Y ) − K2P̃P2∇XY = P̃P1∇XY , which
implies P2(∇X P̃P2Y ) − P2(∇Y P̃P2X) −K2P̃P2∇XY +K2P̃P2∇YX = P̃P1[X,Y ].
From (19), we have P4(∇X P̃P2Y ) = PP4∇XY+BQ2h

s(X,Y ), which gives P4(∇X P̃P2Y )
−P4(∇Y P̃P2X)=PP4[X,Y ]. In view of (21), we have hs(X,K1P̃P1Y )+hs(X,K2P̃P2Y )
= CQ2h

s(X,Y )+FP4∇XY , which gives hs(X,K1P̃P2Y )−hs(Y,K1P̃P2X)+hs(X,
K2P̃P2Y )− hs(Y,K2P̃P2Y ) = FP4[X,Y ]. This concludes the proof. □
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Theorem 3.10. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian
manifold (M, g). Then P̃ ltr(TM) is integrable if and only if
(i) P2(∇XL2P̃P3Y )− P2(∇Y L2P̃P3X)− P2(AL1P̃P3Y

X) + P2(AL1P̃P3X
Y ) =

K2P̃P2∇XY −K2P̃P2∇YX,

(ii) P1(∇XL2P̃P3Y )− P1(∇Y L2P̃P3X) + P2(∇XL2P̃P3Y )− P2(∇Y L2P̃P3X) +
P1(AL1P̃P3X

Y )− P1(AL1P̃P3Y
X) + P2(AL1P̃P3X

Y )− P2(AL1P̃P3Y
X) = P̃P1[X,Y ],

(iii) P4(∇XL2P̃P3Y ) − P4(∇Y L2P̃P3X) = P4(AL1P̃P3Y
X) − P4(AL1P̃P3X

Y ) and

Ds(X,L1P̃P3Y )−Ds(Y,L1P̃P3X) = hs(Y,L2P̃P3X)−hs(X,L2P̃P3Y ), for all X,Y ∈
Γ(P̃ ltr(TM)).

Proof. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian mani-
fold (M, g). LetX,Y ∈ Γ(P̃ ltr(TM)). From (16) and (17), we have P1(∇XL2P̃P3Y )+
P2(∇XL2P̃P3Y )−P1(AL1P̃P3Y

X)−P2(AL1P̃P3Y
X)− P̃P1∇XY = P̃P2∇XY , which

gives P1(∇XL2P̃P3Y ) − P1(∇Y L2P̃P3X) + P2(∇XL2P̃P3Y ) − P2(∇Y L2P̃P3X) −
P1(AL1P̃P3Y

X) + P1(AL1P̃P3X
Y )− P2(AL1P̃P3Y

X) + P2(AL1P̃P3X
Y )− P̃P1[X,Y ] =

P̃P2[X,Y ]. From (17), we get P2(∇XL2P̃P3Y ) − P2(AL1P̃P3Y
X) − K2P̃P2∇XY =

P̃P1∇XY , which implies P2(∇XL2P̃P3Y ) − P2(∇Y L2P̃P3X) − P2(AL1P̃P3Y
X) +

P2(AL1P̃P3X
Y ) − K2P̃P2∇XY + K2P̃P2∇YX = P̃P1[X,Y ]. From (19), we have

P4(∇XL2P̃P3Y ) − P4(AL1P̃P3Y
X) = PP4∇XY + BQ2h

s(X,Y ), which gives

P4(∇XL2P̃P3Y )−P4(∇Y L2P̃P3X)−P4(AL1P̃P3Y
X)+P4(AL1P̃P3X

Y ) = PP4[X,Y ].

In view of (21), we haveDs(X,L1P̃P3Y )+hs(X,L2P̃P3Y ) = CQ2h
s(X,Y )+FP4∇XY ,

which gives Ds(X,L1P̃P3Y )−Ds(Y,L1P̃P3X)+hs(X,L2P̃P3Y )−hs(Y, L2P̃P3X) =
FP4[X,Y ]. This concludes the theorem. □

Theorem 3.11. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian
manifold (M, g). Then D is integrable if and only if
(i) P2(∇XPP4Y )− P2(∇Y PP4X)− P2(AFP4YX) + P2(AFP4XY ) = K2P̃P2∇XY −
K2P̃P2∇YX,

(ii) P1(∇XPP4Y )−P1(∇Y PP4X)−P1(AFP4YX)+P1(AFP4XY )+P2(∇XPP4Y )−
P2(∇Y PP4X)− P2(AFP4YX) + P2(AFP4XY ) = P̃P1[X,Y ],

(iii) P3(∇XPP4Y )−P3(∇Y PP4X)−P3(AFP4YX)+P3(AFP4XY )+hl(X,PP4Y )−
hl(Y, PP4X) = −Dl(X,FP4Y ) +Dl(Y, FP4X), for all X,Y ∈ Γ(D).

Proof. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian man-
ifold (M, g). Let X,Y ∈ Γ(D). From (16) and (17), we have P1(∇XPP4Y ) −
P1(AFP4YX) + P2(∇XPP4Y ) − P2(AFP4YX) − P̃P1∇XY = P̃P2∇XY , which gives
P1(∇XPP4Y ) − P1(∇Y PP4X) − P1(AFP4YX) + P1(AFP4XY ) + P2(∇XPP4Y ) −
P2(∇Y PP4X)− P2(AFP4YX) + P2(AFP4XY )− P̃P1[X,Y ] = P̃P2[X,Y ]. From (17),
we get P2(∇XPP4Y ) − P2(AFP4YX) − K2P̃P2∇XY = P̃P1∇XY , which implies
P2(∇XPP4Y )− P2(∇Y PP4X)− P2(AFP4YX) + P2(AFP4XY )−K2P̃P2∇XY +
K2P̃P2∇YX = P̃P1[X,Y ]. From (18) and (20), we have P3(∇XPP4Y )−P3(AFP4YX)−
P̃ hl(X,Y )+hl(X,PP4Y )+Dl(X,FP4Y ) = P̃P3∇XY , which implies P3(∇XPP4Y )−
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P3(∇Y PP4X)−P3(AFP4YX)+P3(AFP4XY )+hl(X,PP4Y )−hl(Y, PP4X)+Dl(X,FP4Y )
−Dl(Y, FP4X) = P̃P3[X,Y ]. This concludes the proof. □

Theorem 3.12. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian
manifold (M, g). Then the induced connection ∇ is a metric connection if and only if
(i) P̃P1∇X P̃ Y +K2P̃P2∇X P̃ Y = P2∇X P̃ Y ,

(ii) L2P̃P3∇X P̃ Y + P̃ hl(X, P̃Y ) = P3∇X P̃ Y ,

(iii) PP4∇X P̃ Y+BQ2h
s(X, P̃Y ) = P4∇X P̃ Y , for all X∈Γ(TM) and Y ∈Γ(RadTM).

Proof. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian man-
ifold (M, g). Then the induced connection ∇ is a metric connection if and only
if RadTM is parallel distribution with respect to ∇ [3]. For all X ∈ Γ(TM) and
Y ∈ Γ(RadTM), we have ∇XY = P̃∇X P̃ Y −∇X P̃ Y . From (6), (12), (14) and (15),
we obtain ∇XY = P̃P1∇X P̃ Y +K1P̃P2∇X P̃ Y +K2P̃P2∇X P̃ Y + L1P̃P3∇X P̃ Y +
L2P̃P3∇X P̃ Y + PP4∇X P̃ Y + FP4∇X P̃ Y + P̃ hl(X, P̃Y ) +BQ2h

s(X, P̃Y ) +
CQ2h

s(X, P̃Y )−P1∇X P̃ Y−P2∇X P̃ Y−P3∇X P̃ Y−P4∇X P̃ Y−hl(X, P̃Y )−hs(X, P̃Y ).
On comparing tangential components of both sides of above equation, we obtain
∇XY = P̃P1∇X P̃ Y +K1P̃P2∇X P̃ Y +K2P̃P2∇X P̃ Y +L2P̃P3∇X P̃ Y +PP4∇X P̃ Y +
P̃ hl(X, P̃Y )+BQ2h

s(X, P̃Y )−P1∇X P̃ Y −P2∇X P̃ Y −P3∇X P̃ Y −P4∇X P̃ Y , which
completes the proof. □

4. Curvature properties of slant lightlike submanifolds

In this section, we study curvature properties of slant lightlike submanifolds of golden
semi-Riemannian manifolds.

From (4) and (11), we get the Riemannian curvature of locally golden product
space form (M =Mp(cp)×Mq(cq), g, P̃ ) as

R(X,Y )Z =(− (1− ψ)cp − ψcq

2
√
5

){g(Y,Z)X − g(X,Z)Y + g(P̃ Y, Z)PX

+ g(P̃ Y, Z)FX − g(P̃X,Z)PY − g(P̃X,Z)FY }

+ (− (1− ψ)cp + ψcq
4

){g(P̃ Y, Z)X + g(Y,Z)PX

+ g(Y,Z)FX − g(P̃X,Z)Y − g(X,Z)PY − g(X,Z)FY },

(26)

for any X,Y, Z ∈ Γ(TM).
Also, from (9) and (26), we obtain the equations of Gauss and Codazzi for the

submanifold M , respectively as

R(X,Y )Z =(− (1− ψ)cp − ψcq

2
√
5

){g(Y,Z)X−g(X,Z)Y+g(P̃ Y, Z)PX−g(P̃X,Z)PY }

+ (− (1− ψ)cp + ψcq
4

){g(P̃ Y, Z)X − g(P̃X,Z)Y

+ g(Y, Z)PX − g(X,Z)PY +Ah(Y,Z)X −Ah(X,Z)Y },
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and

(∇Xh)(Y, Z)− (∇Y h)(X,Z) = (− (1− ψ)cp − ψcq

2
√
5

){g(P̃ Y, Z)FX (27)

− g(P̃X,Z)FY }+ (− (1− ψ)cp + ψcq
4

){g(Y, Z)FX − g(X,Z)FY },

for any X,Y, Z ∈ Γ(TM).

Definition 4.1. A lightlike submanifold M of a semi-Riemannian manifold M is
called curvature-invariant lightlike submanifold if

(∇Xh)(Y,Z)− (∇Y h)(X,Z) = 0, (28)

for all X,Y, Z ∈ Γ(TM).

Theorem 4.2. There is no curvature invariant slant lightlike submanifold in any
semi-Riemannian locally golden product space form (M = Mp(cp) × Mq(cq)) with
cp, cq ̸= 0.

Proof. Suppose that (M, g) is a curvature invariant slant lightlike submanifold of
a semi-Riemannian golden product space form (M = Mp(cp) × Mq(cq), g, P̃ ) with
cp, cq ̸= 0. Since M is curvature invariant, then from (27) and (28), we have

(− (1− ψ)cp − ψcq

2
√
5

){g(P̃ Y, Z)FX − g(P̃X,Z)FY }

+ (− (1− ψ)cp + ψcq
4

){g(Y, Z)FX − g(X,Z)FY } = 0,

(29)

for any X,Y, Z ∈ Γ(TM).

Let X ∈ Γ(D), Y ∈ ΓRadTM and Z ∈ ΓP̃ ltr(TM) then from (29), we get

(− (1− ψ)cp − ψcq

2
√
5

)FX = 0. (30)

Also, let X ∈ Γ(D), Y ∈ ΓP̃RadTM and Z ∈ ΓP̃ ltr(TM); then from (29), we obtain

(− (1− ψ)cp − ψcq

2
√
5

)FX + (− (1− ψ)cp + ψcq
4

)FX = 0. (31)

From (30) and (31), we get cp, cq = 0. This completes the proof. □

Proposition 4.3 ( [7]). Let (M, g) be an irrotational q-lightlike submanifold of a
semi-Riemannian manifold (M, g). Then we have the following equation

g(R(X,Y )Z, ξ) = 0, (32)

for all X,Y, Z ∈ Γ(TM) and ξ ∈ ΓRadTM .

Theorem 4.4. Let (M, g) be an irrotational slant lightlike submanifold of a locally
golden product space form (M =Mp(cp)×Mq(cq), g, P̃ ). Then cp, cq = 0.

Proof. Suppose that (M, g) is an irrotational slant lightlike submanifold of a locally
golden product space form (M, g). Taking scalar product with ξ of (4) and using (1),
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we get

g(R(X,Y )Z, ξ) =(− (1− ψ)cp − ψcq

2
√
5

){g(P̃ Y, Z)g(X, P̃ ξ)− g(P̃X,Z)g(Y, P̃ ξ)}

+ (− (1− ψ)cp + ψcq
4

){g(Y,Z)g(X, P̃ ξ)− g(X,Z)g(Y, P̃ ξ)}.
(33)

From (32) and (33), we obtain

(− (1− ψ)cp − ψcq

2
√
5

){g(P̃ Y, Z)g(X, P̃ ξ)− g(P̃X,Z)g(Y, P̃ ξ)}

+ (− (1− ψ)cp + ψcq
4

){g(Y,Z)g(X, P̃ ξ)− g(X,Z)g(Y, P̃ ξ)} = 0.

(34)

Putting X ∈ ΓP̃ ltr(TM), Y ∈ ΓRadTM and Z ∈ ΓP̃ ltr(TM) in (34), we obtain

(− (1− ψ)cp − ψcq

2
√
5

) = 0. (35)

Putting X ∈ ΓP̃ ltr(TM), Y ∈ ΓP̃RadTM and Z ∈ ΓP̃ ltr(TM) in (4.10), we obtain

(− (1− ψ)cp − ψcq

2
√
5

) + (− (1− ψ)cp + ψcq
4

) = 0. (36)

From (35) and (36), we get cp, cq = 0, which completes the proof. □

Acknowledgement. We would like to thank to the reviewers for their valu-
able comments and suggestions to improve the article. Sachin Kumar gratefully ac-
knowledges the financial support provided by the Council of Scientific and Industrial
Research (C.S.I.R.), India (Grant No. 09/013(0888)/2019-EMR-I).

References

[1] B. E. Acet, Screen pseudo slant lightlike submanifolds of golden semi-Riemannian manifolds,
Hacet. J. Math. Stat., 49(6) (2020), 2037–2045.

[2] M. Crasmareanu, C. E. Hretcanu, Golden differential geometry, Chaos, Solitons and Fractals,
38(5) (2008), 1229–1238.

[3] K. L. Duggal, A. Bejancu, Lightlike Submanifolds of Semi-Riemannian Manifolds and Applica-
tions, Vol. 364 of Mathematics and its applications, Kluwer Academic Publishers, Dordrecht,
The Netherlands, 1996.

[4] K. L. Duggal, B. Sahin, Differential Geomety of Lightlike Submanifolds, Birkhauser Verlag
AG, Basel, Boston, Berlin, 2010.

[5] A. Gezer, N. Cengiz, A. Salimov, On integrability of golden Riemannian structures, Turk. J.
Math., 37 (2013), 693–703.

[6] C. E. Hretcanu, M. Crasmareanu, On some invariant submanifolds in Riemannian manifold
with golden structure, An. Stiins.Univ. Al.I.Cuza Iasi.Mat.(N.S), 53(1) (2007), 199–211.

[7] D. H. Jin, W. J. Lee, Generic lightlike submanifolds of an indefinite Kaehler manifold, Int. J.
Pure Appl. Math., 101(4) (2015), 543–560.

[8] D. N. Kupeli, Singular Semi-Riemannian Geometry, Kluwer Academic Publishers, 366, (1996).

[9] N. Onen Poyraz, Golden GCR-lightlike submanifolds of golden semi-Riemannian manifolds,
Mediterr. J. Math., 17 (2020),170.

[10] N. Onen Poyraz, E. Yasar, Lightlike hypersurface of a golden semi-Riemannian manifold,
Mediterr. J. Math., 14 (2017), 204.



188 Slant lightlike submanifolds of golden semi-Riemannian manifolds

[11] N. Onen Poyraz, E.Yasr, Lightlike submanifolds of golden semi-Riemannian manifolds, J.
Geom. Phys., 141 (2019), 92–104.

[12] N. Onen Poyraz, Screen semi-invariant lightlike submanifolds of golden semi-Riemannian
manifolds, Int. Electron. J. Geom., 14(1) (2021), 207–216.

[13] M. Ozkan, Prolongations of golden structures to tangent bundles, Differ. Geom. Dyn. Syst.,
16 (2014), 227–238.

[14] B. Sahin, Slant lightlike submanifolds of indefinite Hermitian manifolds, Balkan J. Geom.
Appl., 13(1) (2008), 107–119.

[15] S. S. Shukla, A. Yadav, Semi slant lightlike submanifolds of indefinite Kaehler manifolds, Rev.
Unión Mat. Argent., 56(2) (2015), 21–37.

[16] S. S. Shukla, A. Yadav, Lightlike submanifolds of indefinite Para-Sasakian manifolds, Mat.
Vesn., 66(4) (2014), 371–386.

[17] K. Yano, M. Kon, Structure on Manifolds, World Scientific Publishing Co. Ltd.(1984).

(received 03.07.2021; in revised form 28.03.2022; available online 21.01.2023)

Department of Mathematics, Institute of Science, Banaras Hindu University,Varanasi-
221005, India

E-mail: akhilesha68@gmail.com

Department of Mathematics, Institute of Science, Banaras Hindu University,Varanasi-
221005, India

E-mail: sachinkashyapmaths24@gmail.com


	Introduction
	Preliminaries
	Slant lightlike submanifolds
	Curvature properties of slant lightlike submanifolds

