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Abstract. In this article, we discuss the curvature properties of statistical submani-
folds in cosymplectic statistical manifolds with constant curvature. We also establish some
pinching results for such submanifolds and hypersurfaces in cosymplectic statistical man-
ifolds having constant curvature. As an application of the main result we also obtain an
obstruction condition for such immersion.

1. Introduction

In 1993, B. Y. Chen [6] established the simple relationships between the invariants
namely, the main extrinsic invariants and the main intrinsic invariants of submani-
folds. The development of such relations is one of the most interesting fields of research
in differential geometry. B. Y. Chen established bound for squared mean curvature
| H||? in terms of the intrinsic invariant §p; for submanifold M of a real space form
M (c). This inequality also holds good in case of anti-invariant submanifold of com-
plex space form [10]. Motivated by this result, a similar inequality is also obtained for
C-totally real submanifolds by taking Sasakian space form as an ambient space [11].
The starting work of Chen revolves around the development of inequalities among
squared mean curvature, sectional curvature and scalar curvature of a submanifold
in a real space form. He also obtained the inequalities between the squared mean
curvature, the shape operator and k-Ricci curvature for the submanifolds in the real
space forms [9]. After that many geometers obtained similar inequalities for different
submanifolds and ambient spaces [2,3,7,8,14,17,18].

Aydin et al. [5] derived a Chen-Ricci inequality for statistical submanifolds of a
statistical manifold of constant curvature. Mihai and Mihai [19] established a Chen-
Ricci inequality with respect to a sectional curvature of the ambient Hessian manifold.
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Recently, M. Aquib [1] obtained the inequality for statistical submanifolds of quater-
nion Kaehler-like statistical space forms.

Here, our aim is to derive Chen-Ricci inequality for statistical submanifolds in
cosymplectic manifolds having constant curvature. We also obtain a non-existence
result as an application of the obtained result.

2. Statistical manifolds and statistical submanifolds

In 1987, the notation of statistical manifolds was introduced by Lauritzen [15].

DEFINITION 2.1. A statistical manifold is a triple (M , gﬁ) formed of a Rieman-

nian manifold (M, g) and a torsion free connection subject to the following identity
(Veg)(F,G) = (Vrg)(E,G), for E,F,G € T'(TM).

Given a statistical manifold (M, g, V), the g-dual connection of V, namely V* is
defined by the following identity §(V%F,G) = E§(F,G) — §(F,V5Q), VE,F,G €
T(TM). Tt is easy to check that V* is torsion free, too, and that (M,g, V*) is a
statistical structure. The Levi Civita connection of (M, j), namely V° is linked with
(V,V*) in a following manner: V° = 1 (V + V*).

Let R and R* be Riemannian curvature tensor fields with respect to V and V*,
respectively. Then we have [20]:

J(R(E,F)G,W) =g(R(E,F)G,W)

+g(h(E’G)7h*(F>W))_g(h*(E7W)7h(F7G))’ (1)
and  §(R*(E,F)G,W) =g§(R*(E,F)G,W)
—l—g(h*(E,G),h(F,W))—g(h(E,W),h*(F,G)), (2)

where h and h* are second fundamental forms for V and V*, respectively.
The relation between second fundamental forms h and the shape operators A are
given as

{g(ANEvF)g(h(EvF)7N)a (3)

g(A}kVEvF) = g(h*(EvF)vN)a

for any N € T(TM™*) and E, F € T(TM). o

Let K be a difference (1,2)-tensor on a statistical manifold (M, g, V). Then [13],
KgF =K(E,F)=VgF -V%F, KpF=KpE and §(KgF,G)=§(F, KpG).
DEFINITION 2.2 ([16]). A cosymplectic statistical manifold is a (2m + 1)-dimensional
manifold M carrying a quintuple (g, V, ¢,&,n) where (M, g, V) is a statistical mani-
fold, ¢ is (1-1)-tensor on M, n is a differential 1-form, £ is a vector field. These data
are subject to the following requirements:
FE=-E+nE)E nE) =1 ¢ =0, §eEF)+g(E ¢F)=0, Vip=0.
The structure (g, ¢,&,7) is called a cosymplectic structure on M, and for any E, F €
x(M), Kg¢F + ¢KgF = 0.
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For a statistical manifold (M , V, §) the statistical curvature tensor field S is defined
as [13]

(B, F)G = %{R(E, F)G + B*(E, F)G}. (@)

DEFINITION 2.3 ([16]). A cosymplectic statistical manifold (M, V, g, ¢,£) is said to
be of constant ¢-sectional curvature c if

S(B,F)G ={3(F.G)E — §(B,G)F + §(E,6G)6F — §(F.¢G)6E + 23(B, 6F )G

+(E)n(G)F —n(F)n(G)E + §(E,G)n(F)§ — §(F,G)n(E)s}, ()
holds for any E, F,G € X(M)

Suppose that {eq, ..., e,+1=¢} is an orthonormal basis of T,, M and {e,t2, ..., €2mt1}
is an orthonormal basis of T:- M. Then, the mean curvature vector fields H (z), H* (x),
H°(x) are given by
(z) = n+1 Yonli hlea €q),
*(I) = n+1 Zn+1 h*(em ea)7 (6)
(w) n+1 Zn+1 ho(ea, €a)-

mi anffian]

We also set

1112 = 205, G(h(eas es), hleas eg)),
5117 = 320 1 (0 (eas g), h* (eas e5)). (7)
11212 = 0= G(h° (eas €p), h° (eas e5)).
Here, it is important to remark that a submanifold is a minimal submanifold if
H°(z) =0 (resp. H(z) =0, or H*(xz) =0).
If we consider a plane section @ C T, M at a point p on a Riemannian manifold
M and if K(m) denotes the sectional curvature of M, then the scalar curvature 7 at p
is defined by 7(p) = 3>, << p<ni1 K(€a Aeg), for {er,...,enq1} as the orthonormal
basis of T, M and {e,42,...,e2m+1} as the orthonormal basis of TJ-M
n(n+1) We also put haﬁ =
g(h(eases),ey), hop = g(h*(easep)eq), s B €L, on+2,y €{n+2,....2m +1}.

The normalized scalar curvature p is defined as p =

3. Statistical hypersurfaces

Let us consider any two statistical manifolds (M,g,V) and (M,gﬁ). Then, an
immersion f : M — M is called a statistical immersion if the statistical structure
(V, g) is the induced statistical structure by f from (§, V) and it satisfies [12] g = f*,
g(VeF,G) = §(Vef.F, f.G). Further, if we consider such immersion of codimension
one and ¢ € F(f*T]\Zf) is the unit normal vector field of f, then from [12] we have
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the following Gauss and Weingarten formulas:

W = [ ,VpF + h*(E, F)g,

VEs = —f.A*E + 7*(E)s,
Bs = —fAE + 7(E)s,

where h, h* € D(TM©2) A, A* € D(TM™Y) and 7, 7% € T(TM*) satisfy

h(E,F)=g(AE,F)
h*(E,F) =g(A*E, F),
T(E) +71*(E) =0,

for any E, F € I'(TM).

Denote by R,R* . R and R* the curvature tensor fields of the connections V, V*,
V and V*, respectively.

We recall the following results for later use.

PROPOSITION 3.1 ([4]). Consider a statistical submanifold (M,g,V) of a statistical
manifold (M, g, V). Let V be the g-dual of V, and let V be the g-dual of V. Then,
the Gauss, Codazzi and Ricci equations are given by

R(E,F)G =R(E,F)G — h(F,G)A*E + h(E,G)A*F + (Vgh)(F,G)s
— (Vrh)(E,G)s + 7" (E)h(F, G)s — 7" (F)h(E, G)s,

(R(E,F)G)* =(VEh)(F,G)s — Vrh)(E,G)s + 7 (E)h(F,G)s — 7 (F)h(E, G)s,
and R(E,F)s = — (VgA")F + (Vp A )E — 7" (F)A*E
+7*(E)A*F — h(E, A*F)s + h(A*E, F)s + dr*(E, F)s,

respectively.

PROPOSITION 3.2 ([4]). Consider a statistical submanifold (M, g,V*) of a statistical
manifold (M, §,V*). Let V* be the g-dual of V*, and let V* be the g-dual of V*.

Then, the Gauss, Codazzi and Ricci equations are given by
R*(E,F)G =R*(E,F)G — h*(F,G)AE + h*(E,G)AF + (Vh*)(F, G)s
—(Vph*)(E,G)s + 7(E)W*(F,G)s — 7(F)h*(E,G)s,
(B (B.F)G)" =(Vh")(F.G)s = (Vih*)(B, G)s
+ 7(E)h*(F,G)s — 7(F)h*(E,G)s
and R*(E,F)s = — (VyA)F + (V2 A)E — 7(F)AE + 7(E)AF — h*(E, AF)s
+ h*(AE,F)s + dr(E, F)s,

respectively.
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4. General inequality for cosymplectic statistical submanifolds

Consider a (n + 1)-dimensional statistical submanifold M of a (2m + 1)-dimensional
cosymplectic statistical manifold M (c). Then for curvature tensor fields R and R* of
V and V*, respectively, we use the notation

R(E,F,G,W) = g(R(E,F)G,W),
R*(E,F,G,W) = g(R*(E, F)G,W).

Also, the mean curvature vector fields are defined as
1 n+1 1 2m+1 ,n+1
= h ayCa) = h
i Mot =g 3 (B

t=n-+2
hfxﬁ :g(h(eOH eﬁ),et)a
n+1

1 1 2m—+1 n+1
* * _ *t
and H _n+1az:1h (emea)—in_i_l Z (Zhaa>€t

t=n-+2 a=1
hztﬁ :g(h*(eau eﬁ)v et)7
for {e1,...,ent+1} and {ey42,...,€am11} as orthonormal tangent and normal frames,
respectively, on M.
Now, we prove the following result.

PROPOSITION 4.1. Let M(c) be a (2m+1)-dimensional cosymplectic statistical mani-
fold of constant curvature ¢ € R and M an (n+1)-dimensional statistical submanifold
of M(c) such that € is tangent to M. Then the Ricci tensor Q satisfies

c
Q(E, F) = 7 [(n=1)g(E, F)+3g(¢ E, $F) = (n—1)n(E)n(F)]
1 2m—+1
-3 Z [g(AetRA:tE)—f—g(A;F, Ae,E)—g(A., E, F)trA:t—g(A:tE,F)trAet], (8)
t=n-+2
where Ay and A} are linear transformations defined by (3).

Proof. We know that
n+1

Zg (e, E)F,eg). (9)

Combining (9) with (1), (2), and (4 )yleldb
n+1

Q(E7F)* (5(65, )Faeﬁ)
p=1
1 n+1
—5 > [9(h(es, F), 1™ (B, e5))=3(h"(ep, ep), h(E, F))
B=1
+g(h* (e, F), h(E, ep))—g(h(ep, ep), h* (E, F))]. (10)
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Using (5) in (10), we get
QUE,F) ={g(B, F)g(es, e5)—=g(es, F)g(E, e5)+g(es, 6F)g(SE, e5)

—g(E, 9F)g(dep, es)+2g(es, OE)g(dF, eg)+n(es)n(F)g(E, ep)
)g

~(E)1(F)g(es, e5)+olea FIn(E)g(€-c)~g(E, F)nes)g(& e5))
n+1

=5 37 [3hlep, ), h° (B, 5))~3(h" (e, ¢5), (B, F)

B=1

§(" (e, ), h(E e))~(h(ep, ¢5), h* (B, )]

[(n—1)g (E F)+39(¢E, oF)—(n—1)n(E)n(F)]
n+1
5O [3(hlen, F), 1 (B, e))~5(h"(e5, ¢5), h(E, F))
B=1
+§(h*(65’ F)’ h(E7 65))*@(}1(65, 65)7 h*(Ev F))} . (11)
On the other hand we have

+
_C
T4

2m-+1

G(h*(egrep), h(E, F) = Y g(Ac, B, F)g(ALes,e5) (12)
t=n-+2
2m—+1

and g(hles, F), (B e5)) = Y g(AL, B ep)g(Ac, Fes). (13)
t=n-+2
Applying (12) and (13) into (11), we get
QE,F) = “[(n — 1)g(E. F) + 3g(E, 6F) — (n — Dn(E)n(F)]
n+1 2m-+1

—*Z > [9(ALE ep)g(Ac Frep)g(Ae B, F) — (Ales,ep)
B=1t=n+2

+g(A:tF7 eﬁ)g(AEtEveﬁ) - g(Aeteﬂveﬂ)g(AztEaF)]

=2 [(n = 1)g(E, F) + 39(6E, 6F) — (n — n(E)n(F)]
2m+1
— = i [9(Ae, F, A% E) + (AL F, A, E)
t n+2

—9(Ae, B, F)trA;, — g(A;, B, F)trA.,],
which is the required equality (8). 0
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5. Inequalities for cosymplectic hypersurfaces

PROPOSITION 5.1. Let M(c) be a (2m + 1)-dimensional cosymplectic statistical man-
ifold. Let M be a hypersurface of M(c) of a constant curvature ¢ € R. Then

2r = [4m® — 6m + 2+ 3IIP|2] +4m?5(H, H) — |[p°]* (14)
and the equality in the inequality holds if
W2t = B Yo, =1, 2m. (15)
Proof. From (1), (2), (4) and (5) we have
9(S(B, F)G,W) = L{g(F,C)g(B.W) = g(E.C)g(F, W) + g(E,6G)g(¢F. W)
—9(F,0G)g(oE, W) + 29(E, oF)g(¢G, W) + n(E)n(G)g(F, W)
= n(EF)m(G)g(E, W) + g(E,G)n(F)g(&; W) — g(F, G)n(E)g(¢, W)}

1 ~ * ~ 7 %

+ (1" (B,G), h(F, W) = §(h(E, W), 1*(F,G))|, (16)
where E, F, G and W € (T'M). Substituting £ =W =e,, F' = G = eg, it is easy to
see that

g(S(eave,ﬁ’)eﬁvea) = z{g(eﬂaeﬁ)g(eaaea) - g(eave,ﬁ)g(eﬁaea) + g(ea,qﬁe,@)g(aﬁeg,ea)

- g(eﬁa qi)eg)g(qi)ea, ea) +29(eq, ¢6ﬁ)g(¢6ﬁv ea) + 77(%)77(66)9(%7 €a)

— n(epIn(ea)g(eas ea) + gleas epIn(es)g (€ ea) = gles e5)n(ea)g(E ca) |
1

= 5 |9(h(eas ep), 1" (es, €a)) = §(h" (ea, €a), hles, €5))
+ (0" (Cas es): hlepsea)) = G(h(eas ca), h* (e5,00))] - (17)
If we consider {ey,...,e2, = &} as an orthonormal frame of M and e, 11 as a unit

normal vector to M, then by applying summation over 1 < «, 5 < 2m, (17) reduces to

1
2r =7 [4m? = 6m + 2.+ 3P| | = g(h(eas c0), b (e5,€a))

+ 500 (ar€a). e, e9) + 3i(h(easca)s W (es,ea)). (15)

On the other hand, in this case the mean curvature vector fields H and H* can be
given as

2m
1 ~
m(;h(xa)e2m+lahaﬁ = g(h(ea,€p), e2mt1) (19)
1 2m
and * m(thQ)BQm-&-lahZB :g(h*(ea,eﬁ)762m+1)- (20)

a=1
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Combining (18), (19) and (20), a straightforward computation gives

2m

1

¢ * o m *2m
27 = [4m® — 6m + 2+ 3|[P|*] +am®g(H, H*) — |h°|* + 5 > (2t — hogt)?
a,B=1
> [am? — 6m + 2+ 3| P|[*] + 4m?g(H, H*) - |n°|1%,
which gives the required inequality (14) and the equality in the inequality holds if it
satisfies (15). O

THEOREM 5.2. Let M(c) be a (2m+1)-dimensional cosymplectic statistical manifold.
Let M be a hypersurface of M(c). Then, for each E € T,(M), we have

Ric(E) = £[(2(m — 1)+ 3|[PIP] + mlg(h* (B, E), H) + §(h(E, B), H'] = _ hathy.

Proof. Let us consider the orthonormal frame {eq, ..., e, = £} such that £ = G = ¢;
and F =W =e,, a=2,...,2m. With the help of (16), we have

g(S(E, ea)em E) = g{g(em ea)g(E, E) - g(E, ea)g(em E) + g(E, ¢6a)g(¢’em E)
— g(ea, Pea)g(E, E) + 29(E, dpeq)g(dea, E) + n(E)n(eq)g(ea, E)
- W(Ea)n(ea)g(Ea E) + Q(Ea €a)77(€a)g(§, E) - g(em ea)ﬁ(E)g(& E)}
— S, ca), 1 (ea B)) — 5(h° (B, E), hea, €0))

+ g(h*(E, eq), h(ea, E)) — §(M(E, E), h*(ea; €a))]-
Applying summation over 2 < a < 2m in the above equation, we compute

2m

Ric(E) 22 [(2m -1+ 3292(¢E,ea) - Z n*(eq) ] Zg (E,eq), h*(ea, E))

2m

£33 50 (B, B), hleas ) Zg W (eas €a))

a=2
=2[2m - 1) +31P)] - Zg (B, ca), " (ca, E))
+ % [ng(h*(E, E),H)—2§(h*(E,E),h(e1,e1)) +2mg(h(E, E), H*)}
:3[2( —1)+3|P| } Zh 1ha1+m[ (h*(E,E),H)+g(h(E,E),H*)]

4
This completes the proof. 0
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6. Chen-Ricci inequality for cosymplectic statistical manifolds

In this section we mainly prove the following result.

THEOREM 6.1. Let M(c) be a (2m+ 1)-dimensional cosymplectic statistical manifold.

Let M be an (n+ 1)-dimensional statistical submanifold of M(c). Then for each unit

E e T,M, we have

(n+1)* (n+1)?
8 8

+ <20 = 1)+ 30IPI2 — |1 P1IP)| — 200) max K (B 1),

where | Pyl = Yoo speni1 §°(9€s, €a). The equality holds if 2 Zf;n::Q hit = nH*.

Ric(E) >2Ric°(E) — G(H,H) — G(H*, H*)

Proof. Let {eq,...,e,11 = &} be an orthonormal frame of M and {e,42,...,€2m+1}
a normal frame to M. Then by summing over 1 < o, 8 < n+ 1, it follows from (17)
that:

n+1
2r = % [n(n= )43 PIP |+ 125 (H, H')+ Y G(h(easen), h (e ea))-  (21)
a,B=1

Using the fact 2H° = H + H* in (21), we derive

27 = [ — 1) + BIPIP] +20n + 175(H°, H°)

(n+1)% (n+1)2_ . . o2, L .
- g H, H) = g HY) = 2P 4 5 (I 1) (22)
On the other hand, one has
2m-+1
= 3 (04024 Ot i 42 5 (hLP]
t=n+1 1<a<f<n
2m—+1
t t
= > D hiahis
t=n+12<a#pB<n
1 i 2 2
-1y [(h§1+ht22+...+hfm) +(ht11—ht22—...—hfm)}
t=n-+1
2m—+1 2m+1
2
+2 )0 D (el Y0 Y hiahbs
t=n+11<a<f<n t=n+12<a#pB<n
n2 2m—+1
zgllHHQ— > D [hhabbs — (hhs)?]. (23)
t=n+12<a#pL<n
Similarly, we have
7’L2 2m—+1
||h*\|223||H*H2— Z Z (P b — (hifs)?]. (24)

t=n+12<a#pB<n
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Combining (23) and (24) with (22), we find

n+1)?

27 zg [n(n —1)+ 3||P||2} +2(n+1)%g(H®, H®) — ( 5 G(H, H)

(7’L+1) 012 s ot ot
e O R I RIS S o
t=n+22<a#pB<n+1
2m+1 2m-+1

+ > Y h hmf SN k) + ().

t=n+22<a#B<n+1 t=n+22<a#B<n+1
Further, we obtain
c
Z 3(S(easep)eas€5) = Z(n2 —3n+2+ 3| P[]
2<a#B<n+1
2m-+1
t *t t *t
+ > D (haahi — hightls).
t=n+2 2<a#B<n+1
From (25) and (26), we reduce to

(n+1)2

2 25 [nln = 1)+ 3| PI] +2(n +1)5(H°, H?) - §(H. H)

(n+ 1)2 2m+1
- oY = 2Rt =2 Y YD ki
t=n+22<a#B<n+1
~ c
+ Z g(S(ea,eﬁ)ea,eﬂ) 71{n273n+2+3”P2H2]
2<a#B<n+1
2m+1 2m+1

DD htah:;w oY (k)P + (hi)

t=n+22<a#pB<n+1 t n+22<a#pB<n+1
Then, a direct computation gives

Ric(E) > g[2(n—1)+3(IIPII2—IIP1||2)+(n+1)2§(H°7H°)

2m—+1

115

e AT | U G DD D (S (AL N C

t=n+22<a#B<n+1
Equation (1) for Levi-Civita connection yields

Y R(earepeares) =27° — (n+ 1)%G(H, H) + |h°]%,

1<a#B<n+1
and Z R"(ea,e[g,ea,eﬁ) = Z R°(eq, €8, €q,€5)
2<atf<ntl 2<atf<ntl

2m—+1

= > > (hLhgs — (h3h)?).

t=n+22<a#B<n+1

(28)

(29)
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Making use of (28) and (29) in (27), it is easy to see that
. c o
Ric(E) 25 [2(n = 1)+ 3(1PI — | P1])] + 27

~ 10 +1 2 ~ ~ * *
Y i eaen)esen) — P o ) + g )]
1<a#B<n+1
_ Z g(RO (emeﬁ)e&ea) + Z g(RO(eoﬁeﬁ)eﬁ,eO‘).
2<a#B<n+1 2<a#B<n

Finally, we conclude that

Ric(B) 22Ric®(E) + ¢ [2(n — 1) + 3(1PI1* ~ | 1)

1)? o
SO G b 4 g )] <23 RO e
8 a=2
where K°(E A .) is the maximum of the sectional curvature function of M(c). O

As a consequence of the above theorem we have the following obstruction result.

COROLLARY 6.2. Let M(c) be a (2m + 1)-dimensional cosymplectic statistical mani-
fold. Let M be an (n+ 1)-dimensional statistical submanifold of M(c). Then for each
unit £ € T,M, if

Rie(B) <2Ric(E) + ¢ [2(n — 1) + 301 PI1* ~ | 1)

n 2 I
OG0 ) — 2y max (B 1),

then M cannot be minimally immersed in M(c).

Proof. Proof of the result directly follows from the above theorem. If M is a min-
imal submanifold, we have H° = 0. This implies that H + H* = 0. Using this in
Theorem 6.1 we have the required result. O
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