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Abstract. In this work, we investigate a class of nonlinear combined Sturm-Liouville
problems with zero Dirichlet boundary conditions. Using the Karamata regular variation
theory and the Schauder fixed point theorem, we prove the existence of a unique positive
solution satisfying a precise asymptotic behavior where a competition between singular and
non singular terms in the nonlinearity appears.

1. Introduction

The study of behavioral properties of solutions of differential equations is of huge
importance and it continues to attract many scholar’s attention. In this paper, we
will present some recent contributions to the asymptotic analysis of positive solutions
of the following combined Sturm-Liouville problem:

{A(Au')' =pu” +qu®, in (0,1),

where 7,5 € (—1,1), p, ¢ are nonnegative functions in C} ((0,1)), 0 <y < 1, and A
verifies the following hypothesis:

(Hp) A is a differentiable positive function in (0,1), satisfying A(t) ~ t*1(1 — ¢)*2,
t € (0,1), with g, < 1.

Here and throughout the paper, for two nonnegative functions g and h defined on a
set D, the notation g(x) ~ h(x), x € D, means that there exists ¢ > 0 such that for
every x € D, 1 h(z) < g(x) < ch(z). We note that the function A may be singular
at t = 0 and/or t = 1 and the function & is integrable on (0,1). Without loss of

generality, we may suppose that f;% =1.

(1)

Our main purpose is to investigate the problem (1). Under suitable hypotheses
on p and ¢, we prove the existence of a unique positive classical solution to (1) which
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satisfies an asymptotic behavior similar to that of the nonlinearities p and ¢. For
convenience, let us fix some notations and give some assumptions.

We denote by BT((0,1)) the set of nonnegative measurable functions. We recall
the definition of the potential kernel V' defined on BT ((0,1)) by:

Vi) :/0 Gt ) f(8)dt, @ € (0,1),

where G denotes the Green function of the Sturm-Liouville operator u — — X (Au’)’
on (0,1) with Dirichlet boundary conditions «(0) = u(1) = 0, given by

min(t,z) r 1 pe
Gt z) = A(t) ( /O %) < /m o ff%), () e (0.1)x (0,1). (2)

Further, if A satisfies (Hp), then we obtain that

G(t,x) =~ t* (1—t)*2 (min(¢, 2))' = (1— max(t,z))' =2, (t,z) € (0,1) x (0,1). (3)
We refer to Cp([0,1]) as the collection of all maps h in C([0,1]) satisfying h(0) =
h(1) = 0.

REMARK 1.1. If f € BT((0,1)) satisfies folt(l —t)f(t)dt < oo, then by (2) we have
Vfe Co([o, 1])

Throughout this paper, K denotes the collection of Karamata functions L defined by

L(z) = cexp </nzf) dt) Lz e (0,1),

for some 1 > 0, ¢ > 0 and z € C([0, n]) satisfying z(0) = 0.

Here, we have to mention that the functions in the class IC are slowly varying.
In [13,14], Karamata improved the initial theory in this field. These functions were
first used in the generalization of the Abelian and Tauberian theorems, as well as
in the theory of trigonometric series [11,15]. We also point out that Cirstea and
Radulescu were the first who exploited the Karamata regular variation theory to study
the asymptotic and qualitative behavior near the boundary of positive solutions of
nonlinear differential problems [7-10].

Our motivation in this work are recent advances in the study of nonlinear prob-
lems including both singular and non singular nonlinearities which have wide applica-
tions to physical models. Indeed, the study of combined problems, involving different
differential operators in both bounded and unbounded domains subject to different
boundary conditions, has received a lot of interest and lots of excellent results have
been obtained; see for example [1-3,5, 6, 20].

In 2012, by using Karamata regular variation theory and by means of the sub-
super solution method, Chammam et al. [6] established the existence of a positive
continuous solution for

—Au=pu” +qu®, in D,
u =0, on 0D,

where D is a bounded C'! domain, r,s5 < 1 and p,q are nonnegative functions in
C} (D), 0 <« < 1, satisfying some suitable assumptions related to Karamata theory.

loc
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Most recently, Bachar and Maagli proved in [1] the existence of a unique positive
continuous solution of the boundary value problem

{_imu')’ —pu + qut, in (0,00),

: (t)_
tl_l)r(r)1+u()—0 lim M—O

where 7,5 < 1, A is a continuous function on [0, 00) which is positive differentiable
n (0,00), such that fl d§ < oo and fm% = oo with p(t ftA‘é), t > 0. The
functions p, q are nonnegatlve and may be singular at t = 0.
For the special case p =0 and A = 1, problem (1) is reduced to the following

{—u” = qu®, in (0,1),
u(0) = u(l) =0.

Problems of the form (4) can properly describe many phenomena in non-Newtonian
fluid theory, such as boundary layer theory [4] and the transport of coal slurries down
conveyor belts [17].

Taliaferro showed in [19], that the singular boundary value problem (4) has a
solution in C([0,1]) N C((0,1)) when s < 0, g is a nonnegative function in C((0,1))
satisfying folt(l —t)q(t) dt < cc.

In recent paper [12], Dridi et al. considered problem (1) when ¢ > 0 and p = 0.
More precisely, the authors dealt with the following semilinear problem

{—A(Au’)’ =qu®, in (0,1),

(4)

()

u(0) = u(l) =0,
where s < 1, the weight A satisfies (Hg) and ¢ satisfies the following assumption:
(H) ¢ C’?OC(( 1)), 0 < v < 1, such that ¢(t) ~ ¢t (1 — )72 Ly (t)L2(1 — t),

€ (O7 1), for i =1,2, 9, < 2 and L; € K defined on (0,n], n > 1 satisfying
"
/ ENL(E) dE < .
0

By employing some potential theory tools and properties of functions in the class K,
the authors established the following.

THEOREM 1.2. Suppose that (Hp)-(H) hold. Then, there exists a unique classical
solution w of (5) such that for z € (0,1),

. 2—
(1 — @)= =0y () (1 — ). (6)
Here fori = 1,2, v; is given on ( 1) by:

1, if v <a;+14s(l—aq),

ftn ) S’ if v =i + 14 s(1 - ay),
_1
(fo Lf) d&)l =2

ifa;, +14+s(l—aq;) <7y <2,
In the present paper, we generalize the previous result to deal with problem (1).

min(1—ay,2 —
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Inspired by [12], we assume the following condition:
(Hy) Let p,q € C}_((0,1)),0 <~ < 1, satisfy for z € (0,1),
p(x) =™ (1 — )" My (z)Ma(1 — ),
g(x) a1 (1= 2) 2 Ny (2)No (1 — ),
where for i € {1,2}, pu;, A; < 2, and M;, N; € K defined on (0,7], for some n > 1,
satisfy

/fl ki M, d£<ooand/ e ’\’N(f)d§<oo

We note that the estimates (6) depend closely on min(1 — «y, 2171‘)7 = 1,2.
Also, as it will be seen, for ¢ = 1,2, the numbers v; = min(l — o, 21 £, & =

min(1 — a;, %) play an important role in the combined effects of singular and non
singular nonlinearities 1n (1) and lead to a competition. Without loss of generality,
we may assume that 2 T < 217)‘1 and 7“2 < 21 22 We consider 6, the function

defined on (0, 1), by

O(x) = 2" Ky (2)(1 — 2)? K3(1 — x), (7)
where, for i € {1, 2},
O M+ Ny, ifv; =¢&.

Here for i = 1,2, M; and N; are respectively given on (0, 1) by:

1, if <o +14+7r1—aq),
1
- (f; Mg dt) T it =+ 14 r(l— o),
M;(z) = 1 .
(M;(z))™, fa; +14+7r(1—q;) < p <2,
1
(ﬁ)z M0 dt) T i =2,
1, if A <a;+14s(1— ),
1
) (SR8 at) ™7 A = g+ 1+ 5(1 - ag),
and Ni(x) :== 1 .
(Ni(:r)PS, 1fai+1+s(1—ai)<)\¢<2,
1
( Jr dt) TS V)

Our main results are the following.

THEOREM 1.3. Letr,s € (—1,1) and 8 be the function given by (7). If (Hp)-(Hy) are
satisfied. then

Vpo" +q0°)(x) =~ 0(x), xe€e(0,1). 9)

THEOREM 1.4. Let r,s € (—1,1) and 6 be the function defined by (7). Assume
that (Hp)-(H1) are satisfied. Then problem (1) admits a unique positive classical
solution u satisfying u(z) =~ 0(x), x € (0,1).
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The outline of the paper is as follows. In Section 2, we state some preliminaries
involving some already known results on Karamata functions and some potential
theory tools useful for our study. Sections 3 and 4 are respectively devoted to the
proofs of Theorems 1.3 and 1.4. The last section is reserved to an example illustrating
our Theorem 1.4.

2. Preliminary results

In what follows, we state some fundamental facts on the functions belonging to the
Karamata class, which will be used in the proofs of our main results. For more details,
please refer to [16,18].

It is clear that a function L € K if and only if there exists n > 0, such that L is a

positive function in C*((0, 7)), satisfying
m tL'(t)
t—0+ L(t)
We give bellow a standard example of Karamata functions.

m

w —HEk
L) =TT (logs(5))
k=1
where log, (z) denotes the k-th iteration of the logarithm, m € N*, (u1, 2, ..., ftm) €
R™ and w > 0 sufficiently large such that L is defined and positive on (0, 7], for some
n> 1.
According to the Karamata integration theorem, we obtain the following.

LEMMA 2.1. Let a« € R and L € K be defined on (0,7n], n > 0. Then

e Tio ' T L(a
1. If a > —1, then [t*L(t)dt converges and [;t*L(t)dt . ﬁTa(ﬁ)

=0.

2. If a < —1, then ['t*L(t)dt diverges and []'t*L(t)dt ~ _ 2 L@)

r—0+ Ita

LEMMA 2.2. (i) Let L1,Ly € K, and p € R. Then the functions L1La, L1 + Lo and
LY belong to K.

(ii) Let L € K. Then, for any e > 0, lirgl+ 2°L(z) =0.
Tr—
(i1i) Let L € K be defined on (0,n], n > 0. Then,
L
lim+ "L((?)) -

n
In particular, T — / L(;) d¢ € K.

If further fon% d€ < oo, then we have
Liz)
Jo 7€ d€
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In particular, T — / df ekK.

LEMMA 2.3 ([6]). For z,t >0 and r,s < 1, we have:
27max(1fr,1fs)(t+x) < tlfr(t_i_x)r +Z‘175(t+3))s < 2(t—|—$).

LEMMA 2.4 ([6]). Let r,s <1 and M,N € K be defined on (0,n], n > 1.

Put for x € (0,n), I(z) = (/:Mg(f) d§) - + (/:Nf) df) -
Then, for xz € (0,n), /:%ISN)(Q d¢ =~ I(x).

LEMMA 2.5. Letr,s <1 and M,N € K be defined on (0,n], n > 1, satisfying

TM(E) "N(§)
/0 € d€ < o0 nd/o ¢ d¢ < o0

Put for z € (0,n], H(x) = ( TME) df) o + </1N(€) d§> o .
o & o §
Then we have / (H™M +£HSN)(£) d§ ~ H(z), z € (0,7].
0

Next, we give some potential theory results which are taken from [12]. Indeed, we
recall properties of some potential functions including estimates and a careful analysis
of continuity. The next lemma plays a crucial role in establishing an existence result
for problem (1).

LEMMA 2.6. Let h € C((0,1)) satzsfy fo —&)h(&) d§ < co. Then Vh is the unique
solution in C([0,1]) N C?((0,1)) of
{—(Av) =h, in(0,1),
(0) = (1) =

LEMMA 2.7. Assume that condition (Hy) is satisfied and let q be a function satisfy-
ing (H). Then for x € (0,1),
Vq(x) ~ xmin(l—a1,2—'yl)(1 _ m)min(l—ag,Q—'yg)El(x)l':2(1 _ .’L‘),

where fori=1,2,

1, if v < ay+1,
L) | 550 =it L,
i\r) ‘=

Li(z), if i +1 <7 <2,

Jri gt iy = 2.

LEMMA 2.8. Let h € BT((0,1)) such that folt(l —t)h(t) dt < oco. Then the family of
functions Fy, :={Vp; p € BT((0,1)), p < h} is relatively compact in Cy([0,1]).
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3. Proof of Theorem 1.3

Let p,q be two functions satisfying (H;) and € be the function given by (7). Notice

that
0(z) ~ "' K1(z), on (0, %) and fO(x)~ (1—x)”?Ky(1—z), on (%, 1), (10)

where for ¢ = 1,2, K; is the function given by (8). So to prove (9), it is enough to
prove that

Vip 0"+ 7)) = 2 K@), on (0, 3) ()
and Vip 0"+ q 6°)(x) =~ (1 —x)”?Ks(l —x), on (%7 1). (12)

As it can be seen, there is a complete analogy between (11) and (12). Indeed, (12)
can be recovered from (11) by interchanging = by 1 — z, 141 by s and K7 by Ks. So,
we limited the proof to the interval (0, 3).
Let i = 1,2, since v; < &; is equivalent to 21__’ff < % and p; > 14+ «a; +r(l — ay),
then we deduce that,

_1
Milfr (:L'), if 1+ai+r(1*ai)<ﬂi<2a 21:;:»1‘ <21i):7
_1
(foac ]\J,it(t) dt) 1—r , if ‘U,Z:2 5 )\z<27
_1
(f: Mi(t) dt) T—r 7 if pi=l4ai+r(l—a;), \i<lda;+s(l—au),
Ki(z)~ {1, if pi<ldoaitr(l—o), \i<ld+ai+s(1—ai),
1 1
M~ (z)+N,;' " (2), if Ttaitr(l—ai)<pi<?, =220
1 1
(szf(t) dt)ﬁ + (f:Nf(t) dt)m i pi=ltaitr(l-—ou)  hi=1+aits(l-ai),
1 4
(40 ) ™ ¢ (5 500) sz nes

On (0,1), we put w = pf”+¢f*. From hypothesis (H;) and (7), we have for z € (0,1),
w(x) mr T (MLKT) (2) (1 — @) 72T (Mo K) (1 — @)
S (NG D) (2)(1 - ) (NS (1 ).
In order to prove (11), we will apply Lemma 2.7. For this, we have to verify that
hypothesis (H) is fulfilled. So, we remark that due to Lemmas 2.1, 2.2 and hypothesis

(Hy), one can see easily that assumption (H) is verified. That is for ¢ € {1,2}, the
functions M; K] and N;K? are in K and satisfy:

n n
/ T (VKT () dt < oo and / ATV (N K () dit < oo
0 0

In what follows, we differentiate four cases based on the comparison between v;
and &, for i =1,2.
Case 1. 11 < & and vy < &s.
Let z € (0,1). By simple calculation and using Lemma 2.2, we obtain that w(z) =~

pTmETNT(] — g) TR trer (Mler) (x) (MQMQT) (1 —x), for € (0,1). So applying
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Lemma 2.7 for i € {1,2}, v; = u; — vyr and L; = MZ-MZ-T, on (0, %), we obtain

2-p i ,u 2—)
x T M (), if 14ag+r(l—ay)<p < 2,2 T

1—-s?
T ]\/11 (ft M1y(y)d ) dt7 if = 2’

which gives that on (0, 1), Vw(z) ~ "1 K1 (z). That is on (0, 3), Vw(z) ~ 0(z).

Vw(z) =

Case 2. v; =& and vy < €. In this case, we have for z € (0,1),
() ma T (1= @) My () (M 4+ Ny ) () (M) (1 - )
N (1= )N () (M + N ) (@) (Na M) (1 - )
=p(x) + ().
Now, we distinguish five subcases.
Subcase 1. 1 =14+a;+r(1—aq), A1 <14+ a3 +s(l—ay).

By (10), we obtain that for z € (0, 1), 6(z) ~ = (fn Mi(t) dt) . By calculus,
we have for z € (0,1),

o(z) ~ 7 My ( ((/ Myt dt) +1>T(1_x)—uzww(MQMJ)u—x)

and  Y(z) =z~ MTISN () <(/n Mlt( ) dt) o + 1) (1— )22 (No ML ) (1 — ).

Using the fact that

(/:M;()dt)llrJrlz(/‘:M;()dtylr (13)

and applying Lemma 2.7, we obtain that on (0, %)

U =
Vo(r) =z~ (/ Mlt( ) dt) and Vip(z) ~ a7,

Using again (13), we deduce that on (0, 1),

Vw(z) ~ 2!~ (/; Mlt( ) dt> - .

Subcase 2. u; <1l+a;+r(1—ay, A\ <1+a;+s(1—a;). Using (10), we have on
(0,3) 0(x) ~ z'~**. Then, we can clearly see that on (0, 1),

p(a) & o O M, (2) (1 — 2) 2 (M My ) (1 — )
and (x) MO N () (1 — ) 722 (N My ) (1 —

z).
By applying Lemma 2.7, from here follows that on (0,3), Vo(z) ~ '~ and
Vip(z) ~ x'~*1. Hence, we have Vw(z) ~ 2721, z € (0, 3).

Subcase 3. 3 =1+a;+7(1 —a1),\1 =1+ a; +s(1 — @;). In this case we have
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0(x) =zt~ ((/: M;( ) dt) - - (/:Nlt( ) dt>113> =zt ().

Then we get that for z € (0,1),
pla) & a T (ML) (@) (1 — )2 (Ma My ) (1 — )
and P(z) ~ x=O (NP (@) (1 — 2) 72242 (N My ) (1 — ).

From Lemma 2.7, we obtain that on (0, %),

T(MLI™)(t T(NI#)(t
Vip(r) ~ z'™™ (/ % dt) and Vi(z) = '™ (/ w dt) .
This imply by using Lemma 2.4 that on (0, §),
1 1
M, (t i—r TN, (t Ti—s
Vw(r) ~ 2!~ ((/ ;()dt> + (/ Z()dt> ) .

Subcase 4. 1+ag+r(l—a1) < py < 2, 21*_"; = 2221 By (10), we have for = € (0, 1),

2—pq -1 1

0(z) = xTr (Mll‘r + Nll‘s) (z).

This implies that on (0,1)

—p 1 1 \" -
o(x) ~ J;_“1+21—r1T <M1 (Mllr + Nlls) ) (x)(1 - x)_“ﬁ'”ﬂ(MzMg )(1—x)

S

and Y(z) &~ NN, (Mf“ +Nf‘5> () (1 — 2) 22 (N My )(1 — ).

Applying Lemma 2.7, on (0, %) we get

Vi(r) ~ a1t (M1 (Mflr + Nfl”)r) (@)

1 1\ ¢
and Vip(z) = x = <N1 (Mll_r Jerl_S) > (z).
From Lemma 2.3, it follows

2—pq = = 1
Vw(z) =z T (Mf"’ + N115> (x), = € (0, 5)

Subcase 5. y; = A\; = 2. In this case, we can clearly see, that for 2 € (0, 1)

</ M) dt> + </Olet( ) dt> - = H(x).

This gives that for x € (0, 1)
p(w) ~ 2> (MUH") (2)(1 — @)~ H2" (Ma My ) (1 - )
and U(x) mam? (NUH®) (2)(1— 2) 27728 (N My ) (1 — ).
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According to Lemma 2.7, we get that for z € (0, 3)
T(M{H™)(t (N 1H®)(¢
Vo(z) ~ (/ mdt) and  Vip(z) = (/ “)()dt) .
0 t 0 t
Due to Lemma 2.5, this implies that on (0, %)

Vw(z) ~ (/:Mlt(t)do Ty (/:Nlt“)dt)lls.

Case 3. 11 <& and vy = &. Let 2 € (0,1), we have
UJ(LL') %x—ul-‘rmr(l _ x)—ltz"r’/?r (Mler) (.Z‘)Mg(l — l‘) (Mg + N2) (1 — LL’)

NS (] gy hetvas (Nle) () Na(1 — ) (M2 + NQ) (1 ).
Similarly to the Case 1., we can get that on (0, 3)

oM (1) 1+ o+ (1 — on)<pn <2, 281 < 220
Vuw(z) ~ ! ’ - ! VSH1IS% T0< T
c M- t M T—r .
M) ( 0 7Z(y>dy) dt, if p = 2.

That is, Vw(z) ~ 6(z), z € (0, 3).
Case 4. v1 =& and vy = &. For x € (0,1), we get that:
LLJ(Z‘) %m*HIJrUM“(l _ 1‘)7#2+V2TM1(1‘) (Ml + N1>T ([E)Mg(l — I) (Mg + NQ)T (1 — .TZ‘)

S

a1 = )N (@) (M + Nl) (2)No(1 = ) (M + Nz) (1 - a).

1

By the same arguments as in Case 2., on (0, 5) the following is true:

’2
_1
= (f;’le(f) dt) I-r if pri=1+ar1+r(l—a1), M<l+ai+s(l—ai),
"Elial, if py<l4ar+r(l—aq), M1 <l+ar+s(l—aq),
1 _1
V(o) ~ gl ((L?le(t) dt) T-r 4 (f;’lem dt) 175) , i i =14ai+r(l—ar), Mi=14+ai+s(l—aq),
2—py 1 1 B B
x 1-r (Mll_T+N11_S> (17)7 if 1+O‘1+T(170‘1)<u’1<2’ 21—“7*1 :21—/\51 ’
_1 1
(Jor 0 ar) T 4 ([ 218 ar) T if g =A1=2.

So, Vw satisfies (11) in (0, 3).

4. Proof of Theorem 1.4

The next lemma is useful in the proof of our Theorem 1.4.

LEMMA 4.1. Suppose that (Hg) is satisfied. Let 0 be the function given by (7), r,s €
(=1,1) and p, q are nonnegative functions satisfying (Hy). Then we have

/115(1 — 1) (pb” + q0%)(t) dt < o.
0
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Proof. Let z,t € (0,1). Using the fact that zt < min(t,z) and (1 —z)(1 —¢) <

1 —max(¢, x), we obtain from (3), that there is ¢ > 0 such that for ¢,2 € (0,1)
ct(l— )zt~ (1 —a)' =2 (p8" + q6°)(t) < G(t,z)(pd" + 46°)(1).

Then, we have for z € (0, 1),

¢zl (1—g) 102 /O H1—t)(p0"+q0°) (1) di < /0 Gt ) (p0+q0°) () dt<oo.  (14)

Taking =z = % in (14), we deduce the desired result due to Theorem 1.3. U
We are now able to prove our Theorem 1.4.

Proof (of Theorem 1.4). Let r, s € (—1,1) and assume that (Hp)-(H;) are satisfied. Let
0 be the function defined by (7). By Theorem 1.3, we have, Vw(t) = 0(t), t € (0,1),
where w := pf” + ¢0°. We deduce the existence of ¢ > 0 such that for each ¢ € (0,1),

%9(1&) < Volt) < cf(t). (15)

In order to construct a solution of problem (1), we shall use a fixed point argument.
Define the convex closed set Y as follows, Y := {u € Co([0,1]); 26 < u < mb},

where m = ¢ =TT | Clearly 6 € Y. We consider the operator T" defined on Y as
follows, Tu := V(pu" + qu®). Let u € Y. Then we have on (0,1),
L, po" + L q0° < pu” + qu® < ml"po" + ml*l go°. (16)
m|7| m|6\
Hence, on (0, 1),
(e Y <pu + qu® < mrex(rhish) o (17)
mmax(|r|,|s
It is obvious that V(pu” + qu®) € F, max(rl.is1) o, then applying Lemmas 2.8 and 4.1,
we conclude that TY is relatively compact in Cy([0,1]). Besides, from (17), we get
e Vw(t) < Tu(t) < mmax(rblsD Vi (t), t € (0,1). Using (15) we obtain that
n (0,1), %9 < Tu < mb. Then T leaves invariant the convex Y.

Next, we prove the continuity of 7' in Y. Consider a sequence (uy)ren of functions
in Y which converges uniformly to a function v in Y. Let k € Nand z € (0,1); we have
|Tug(z) —Tu(z)| < fOIG(t,x)\(puerqui)(t)f(pu”rqur)(tﬂ dt. Moreover, we have for
(t,x) € (0,1)x(0,1), G(t, )| (puj+qui) (t) — (pu"+que) (£)] < 2m™>ITLEDG (¢, 2) w(t).
Since Vw < oo, we conclude due to the dominated convergence theorem, that for
z € (0,1), Tug(x) — Tu(x), as k — oco. In view of the relative compactness of
TY in Cy([0, 1]), we obtain the uniform convergence, that is, | Tur — Tu|lcc — 0, as
k — oo. Hence, we have showed that T is a compact operator from Y into itself. As
a consequence of the Schauder fixed point theorem, we conclude that the operator T’
has a fixed point, i.e., there is u € Y satisfying u = V(pu" + qu®). Next we show that
u is a classical solution of (1). As u € Y, we have u € Cy([0, 1]). On the other hand,
from (16) and Lemma 4.1, we obtain that

/Olt(l —t)(pu” + qu®)(t) dt < oco.

From Lemma 2.6, it follows that u is a positive classical solution of problem (1).
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To prove the uniqueness result, we suppose that (1) admits two positive classical
solutions u and v satisfying u(z) =~ 6(z) and v(z) =~ 6(z), = € (0,1). Consequently,
there is tg > 1, such that % < 2 <o, on (0,1). Therefore, the set I' := {t > 1, %U <
u < tv} is not empty. Consider 79 = infI". Let o := max(|r|,|s|). It follows that
u" < 7gv" and v’ < 7§v®. So we obtain that, u — 7§v = V(p(u" — 7§v")) + V(q(u® —
7§v®)) < 0. Similarly, we have v — 7Ju is nonnegative. Hence, 7§ € I" and 79 < 7§.
Since o € [0, 1), then 79 = 1. Finally we conclude that u = v.

5. Example

Let r € (—=1,0), s € (0,1), a, 8 and § < 2, such that % < f—:g. Consider two
functions p and ¢ in C; ((0,1)), 0 < v < 1, such that for z € (0,1), p(z) =
72 (1—2)"*log %(2), q(z) ~ 2P (1—2) " log(;2-). We can obviously see that (H;)
is satisfied. Thanks to Theorem 1.4, problem (1) admits a unique solution

u €
Co([0,1]) N C?((0,1)) such that for z € (0,1), u(z) ~ ®(x)¥(1 — z), where ®(r) ~
(log(2)) ™", and

1
272 (log(3)) 77, fa=1+a+r(l—a),d§<1+ay+s(l—a),
rl-oz ifa<ld+ar+r(l—a),d <l+az+s(l—az),
U(r) ~ xti, fl+as+r(l—om)<a, 2112‘ < f:‘;,
—o 1
w1 (log(2) 77, i Lt agr(l-az) <o, 32 = 2
2
ploe (1og(%)) = ifa=l4am+r(l—a),i=1+as+ s(1—as).
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