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Abstract. Several upper estimates for the numerical radius of Hilbert space operators
are given. Among many other inequalities, it is shown that

) < A 14+ o () - § pnt, (ViaPe) - (4 Pem))

[lz][=1

1. Introduction

Let (475 (-, -)) be a complex Hilbert space. The numerical range of an operator A is the
subset of the complex numbers C given by W (4) = {{Az,z) : = € J,|z| = 1}. The
numerical radius w (A4) of an operator A on J# is given by w (A) = {|(Az,z)| : = € 2,
lz]] = 1}. It is well known that w (-) is a norm on the Banach algebra % () of all
bounded linear operators A : 5 — 5. This norm is equivalent with the usual op-
erator norm [|A[| = supj, =1, zer |Az|. In fact, the following more precise result
holds: 1 [[4]| < w (4) < || A

Kittaneh has shown in [7], that if A € Z(H), w(A4) < L|||Al + |A*]||, where
|A| = (A*A)l/ 2 In the same paper, and by using a refinement of triangle inequality
for positive operators, namely,

)

1 1
w(A) < 5 (4l +]14%]7). (1)
For an operator A, let A = U |A| be the polar decomposition of A, where U is a

partial isometry such that ker U = ker A. The Aluthge transform of A, denoted by A,

1 1 1
la+ Bl <3 <||A|| +11B] + \/(||A|| ~||BI)? + 4|42 B}

it has been shown that
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is defined as A = |A|%U |A|%. The generalized Aluthge transform, denoted by gt, is

defined as A, = |A|'U|A|"™", 0 < ¢ < 1. In particular, Ay = U*UU |A] = U |A| = A,

A, = |A|UU*U = |A|U, and gl/g = |A|%U\A|é — A. Here |A[” is defined as U*U.
In [12], Yamazaki proved that w (4) < 1 (||A|| +w (g)) In fact, this is a refine-

ment of the inequality (1).
Concerning the product of two operators, Dragomir [4] (see also [8, (17)]) has
shown the following estimate of w (B*A),

w(B A) < L [14F + 182 (2)

For some recent and interesting results concerning inequalities for the numerical ra-

dius, see [6,9,10].

2. Results

We start our work with the following result.

THEOREM 2.1. Let A€ B () and 0 <t < 1. Then
1 _ 1 _
w(A) < 7 1P+ 14 PO 4 A a4+ 1A+ 1A PO — (4 + a0
Proof. We have

wB A <3 IR+ 1BE| oy @)
= i |A + B|2 +|A - B|2H (by the operator parallelogram law)
< i |A + B|2H + i H\A — B\QH (by the triangle inequality)
= 2[14r +182 + 4B+ Bea|| 4 148 + 1B - aB - B4
Namely,

1 1

w(BA) < 5 H|A|2 + B+ A*B + B*AH +4 H|A|2 +1BP — (4" B+ B 4)|. @)
Let A = U|A| be the polar decomposition of A. By letting A = |A|" and B =
|A|"*U*, in (3), and by taking into account that

B = B*B =UJA|""|A""'U" = UJAPCTOU" = AP0 by [2, (1)
we get
1 _ 1 _

We continue this section by establishing another upper estimate.

THEOREM 2.2. Let A€ B () and 0 <t < 1. Then for any mean o,
1 _ _
w () < 5 (|[larPC? AP o || 1aP 4+ a0 ).
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Proof. By the Cauchy-Schwarz inequality, we have
Az, ) =|(U |A] 2, )| = [(U]A]'"" A"z, z)

(e 0) < s

-

and (Az,2)| = |(U 4] 2,2)| = |(UIA[A]" 2,2}

- ‘<|A|1_tm, \A|fU*a:>( < H|A|1_txH ‘|A|tU*x ’
It follows from the first relation in the above that

(Az, )| < H|A|tm ‘ _ \/<|A|tx, |A|ta:> <|A|1_tU*x, |A|1_tU*x>

\/<|A2t:z:,:17> <U\A|2(1_t)U*z,x> — \/<|A2t:z:,:17> <|A*\2(1_t)x,x> (by [5, (1)])

1 _
5 (<|A|2tx, z> + <\A*|2(1 Ve, x>) (by arithmetic-geometric mean inequality)

% <(|A|2t + |A*\2(17t)) “3> - % H|A|2t + | AP0

Similarly, we can obtain |(Az,z)| < 3 H|A|2(17t) + A
Now, by combining the inequalities 1 and 2 and employing the monotonicity prop-
erty of the mean for positive numbers, we get,

1 _
[(Az,2)| = (A, 2)] o |(A, 2)] < 5 [[l4P0 7 + ar

-

IN

1 —
oy [[1ar +1are-o

1 _
=5 (Jrare=2 4 g

o 1A+ arpen

) (by the homogeneity of o).
The result follows by taking supremum over all unit vectors x € 7. 0
It should be mentioned here that there is no ordering between H |A|2(1_t) + A%

and H|A*|2(17t) + |A‘2t

, in general. The following example clarifies this statement.

0 3 0
EXAMPLE 2.3. Let A= [0 0 4.
2 0 0

If t = 0.3, then |APETY 1A% | ~ 8.48,
1A% P70 447 | ~ 8.89.
If t = 0.6, then |APETD 1A% ~ 7.68,

1A*2070 AP ~ 7.01.

The next theorem provides an extension for the celebrated inequality w? (4) <
z H|A|2 + \A*|2H (see [8, Theorem 1]).
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THEOREM 2.4. Let A€ B (H) and 0 <t < 1. Then

1 9 9 1-v
WP (A) < / 147 + 1 - o) 14
0
Proof. Applying the same procedure as in the proof of Theorem 2.2, one can write

Az, ) < ||| 1410 a]| |14 ~"2 | 1410

= \/ |A|2tx,x> <|A|2(1_t)x,m>\/<U|A2(1_t)U*x,x> <U|A|2tU*x,x>

> <|A|2(1_t)x,x>\/<|A*|2(1_t)x,x> <|A* 2tx,x>

(140 P00, [(14P0 0, (140, 2)

< /0 (<\A|2tx,:n> <|A*|2(1_t)z,x>)17v(<|A|2(1_t)x,x> <|A* 2tx,x>)vdv

(by logarithmic-geometric mean inequality)

) AP + t|A*|2HUdv.

{
_ \/<|A|2tx,x
_ \/<|A|2tx,o:

v

< [ () artee) ™) () ™ ac )Y a

(by the Holder-McCarthy inequality [11, Theorem 1.4])

< /01 (t(|aPz,z)+(1-1) <|A*|2z,x>>l_v (=t {jaPe,z)+1 <|A*|2z,x>)vdv

(by the weighted arithmetic-geometric mean inequality)

—/1<<tA|2+( DI P) 2 (@ 01AP + AP w2 o

/ 148 + @A @ - o148 o4t
Thus,  |(Az,q) / e + (1 - ) a) H a1z +aa?| a.
Whence, w2 (A) S/ Ht‘A|2+(1_t) |A*‘2H H(l—t) |A‘2+t|A*|2H7jd’U7
0
as required. -

The next result provides a refinement of the well-known inequality w? (A) <
3 H|A|2 + |A*|2H + 2w (A?%) (see [1, Theorem 2.4]). Notice that our method is dif-
ferent from [1].
THEOREM 2.5. Let A € B (). Then

W2 (A) < i 14 + 1477 + %w (42) — %xi€njff <\/<|A|2x,x> - \/<|A*|2x,a:>>2.

llzll=1
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Proof. Buzano’s inequality [3] asserts that |(z,z)||(z,y)| < HZ“ Kz, )| + Il )
for any x,y,z € #. Put © = Az, y = A*z, and z = = with ||33|| =1, then

|<Ax,ac>|2 < % <\/<A|2w,x> <|A*|2x,:c> + |<A2x,x>|>

(ViA" Az, 2) (44" 2] + (A%, 2)]) = % (V/{Az, Az) (47, A7) + (A%, 2)|)

=5 ([Az|[ | A% + [(A%z, 2)])

(5 (14el? + havalP— () — 14°21)°) + | (4%,2)])

s <<|A|2x,az> + (|4, z) —<¢<A|“’w,x>—\/<|A*2m>>2) + |<A2w,w>\>
. <<(|A2 ) x,x>_<¢<|,4|2x7x>_¢<A*|2x7w>)2) ; \<A2x7x>|)
e (b o))

llzll=1

L\DM—*[\DM—W\DM—‘

N =

1
<7 |1 + 1P

This implies,

W (4) < 7 [1Areia

rhot) - ((fafea)- laing) . o
[l]|=1

Before stating the next result, we recall the famous polarization identity, which
says that

ZHx—i—z yH " (z,y € ).

THEOREM 2.6. Let A € B () and 0 <t < 1. Then,

w(4) < i\/z 1Al @0 pan | + 4w () + 4 JAPOT0 | (4)
Proof. Let A =U |A| be the polar decomposition of A. We have
Re <ei9Ax, z) = Re <ei9U |A|z,z) = Re <ewU|A|t|A\17tx,:r> = Re <ei9|A\17t:v, |A|tU*x>
i0) 41—t 21 e an=t it P
4H AP AT )| g (AP - arv)
67,'9|A|1—t + |A|tU* 2

g
b (erarcs arer)of <
g

H )41 |A|tU*> (ew\AP*t + \A|tU*)

1
4
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‘|A|2(1_t) + UJA*U* + 2Re (U | A|) H

147079 4 |47 + 2Re (U |4)) |

N S SN

AP0 4147 4 2Re (7 4) |

1
2

= i‘ (142" +14') + (2Re (ei@A)))2
On the other hand,
H((|A|2(1—t) + |A*|2t) + (2Re (eieA)))zu

= (1P 4 12 P)  a(Re (¢4))°
+ (1APC0 4+ 147 P1) (2Re (¢4)) + (2Re (€4)) (J4P070 4 4% |
< | (1P a2 | (e (e2))°)
+2/|(JAP0 4147 P) (Re (¢4)) | + 2| (Re (74)) (14270 a1 |
< (|A|2(1’t)+|A*|2t)2 +4H(Re(ei@A)fH+4H|A|2<H>+|A*|21t I[Re (e 4)||
_ <2|A|2(1t)2+2A*|2t>2 + 4|[Re (e4) "+ 4|lAP0 4% || [Re (1) |
<2140 4 a4 af[Re (e 4) | + 4|40 4 47| [Re (e a)|
< 2|10 4 4| 4 4? (4) + 4P A w (a).
Thus,
w<A><N2H|A|4<”>+A*|“ 402 () +4[lAPC0 4 |4 w(4). O

REMARK 2.7. Letting t = %, we get

1
o (4) < T2 AP + 14 + 02 () + 41141+ 4l (),
THEOREM 2.8. Let A be a non-zero operator on B (). Then

o () < 5 A Jlare= 4 ape )|

Proof. Let x € S be a unit vector. Utilizing the Cauchy-Schwarz inequality and the
arithmetic-geometric mean inequality, we can write

(Az, )] = (U Alw,2)| = |(JAIH Al 014 4] e,
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- ‘<|A|t_1gt|14|1_t$,x>‘ = ‘<&|A\1_tm, |A|t—1x>‘

< Hgt \/<A|2(lt):v7x> <|A\2(t71)x,x>
< % A, (<\A|2(1_t)m,x> + <\A|2(t_1):1c7x>)
I PR ]
Thus,
w(A) < % A, H|A|2<H> n |A\2<H>H. O

In the next result, we give a lower bound for ||A + A*||. Let m (A) be the nonneg-
ative number defined by m (A) = inf|;=1, 2 [(AT,7)|.

THEOREM 2.9. Let A € B () and 0 <t < 1. Then

\/H|A2 + \A*|2H +m (A2 + (A*)Q) <A+ A%
Proof. We have

IA + A*|| = \/‘(A + A*)QH - \/HA2 A2+ AP + (A*)ZH

8
-
Sy
-

V(4P 4 14) 2.0 4 (424 (4) <+ .

By taking supremum over all unit vectors x € 5,

(A2 A% + A + (A*)2> xm>’

(147 +14F) ) + <(A2+A*) )l
(147 +14) )|+ [{ (47 + (47) )
(

|A)? + | A% ) >‘+m(A2+(A*)2)

(
(
<
<

Thus,

2 2 2
\/H|A 145+ m (42 4 (4)) < A+ A7) O
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