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CRITICAL POINT APPROACHES FOR IMPULSIVE
STURM-LIOUVILLE DIFFERENTIAL EQUATIONS WITH
NONLINEAR DERIVATIVE DEPENDENCE

Zahra Mehraban and Shapour Heidarkhani

Abstract. We guarantee the existence of multiple solutions for a class of impulsive
Sturm-Liouville differential equations by considering a consequence of Bonanno’s local min-
imum theorem on the nonlinear term and as well as, via critical point theorems due to
Bonanno and another one due to Averna and Bonanno in a special case.

1. Introduction

In this work, we ensure the existence of multiple solutions for the following problem
—(pp(u)) = Af(t,u)h(u), t#tj,ae tel0,T],
AJ(ul(t])) :ulj(u(tj))a Jj= 1,2,...,717 (1)
au(0) — Bu (0) =0, (1) + 0w/ (T) = 0,

where p > 2, ¢,(s) = [s]P™%s, a, v, B, 0 > 0, T > 0, t;, j = 1,2,...,n, are
instants in which the impulses occur and 0 =ty < t; < ta < ... <ty < tpy1 =17,
J(s) = [ %dé, AJT( () = I/ (8)) = T/ (), o/ (¢) = lim, 1 ' (0),
u'(t
with the Lipschitz constant ¢ > 0, for j =1,2,...,n, f:[0,7] x [0,4+00) — [0, +00)
is a continuous function, h : R — [0, 400) is a bounded and continuous function with
infyeg h(xz) > 0 and A and p are two control parameters. The interest is that the
nonlinear terms includes u’.

Differential equations involving impulsive effects serve as basic model to consider
subject altering suddenly. There are many good monographs on the impulsive differ-
ential equations [15,20,24]. Some kinds of the processes naturally happen in dynamics,
biological systems, mathematical economy, chemical technology, engineering, ecology,

) = lim, ,,- «/(t), I; : [0,400) — [0,400) is a Lipschitz continuous function
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2 Impulsive Sturm-Liouville differential equations

industrial robotics and so on (one can see [3,9,10,14,19,21,23].) Mathematical models
of such processes are systems of impulsive differential equations.

The theory of impulsive differential equations is an important branch of the theory
of differential equations. There have been a great deal of approaches to establish
the existence results of differential equations with impulses, for instance: topological
degree theory, comparison method, variational and so on [2,8,17,18,25,28].

The existence of multiple solutions of impulsive Sturm-Liouville differential equa-
tions has been investigated in [7,16,22,26,27]. The authors have discussed in [26]
the existence of multiple positive solutions by using a three critical points theorem
for two types of impulsive Sturm-Liouville boundary value problems depending on
the parameter A. In [16], Liang and Liu based on upper and lower method and de-
gree theory have obtained the existence of at least three solutions for a second order
impulsive Sturm-Liouville boundary value problem under the assumption that the
nonlinear term function satisfies a Nagumo condition with respect to the first order
derivative. The authors have investigated in [27] a Sturm-Liouville boundary value
problem for fourth-order impulsive differential equations applying variational methods
and critical points theory. In [22], Ozkan has studied an impulsive Sturm-Liouville
boundary value problem with boundary conditions containing Herglotz-Nevanlinna
type rational functions of the spectral parameter and has showed that the coefficients
of the problem are uniquely determined by either the Weyl function or by the Prufer
angle or by the classical spectral data consisting of eigenvalues and norming constants.
In particular, in [7], based on variational and critical point theory the existence of
nontrivial solutions for the problem (17) has been discussed. In [13], using multiple
critical points theorems, the existence of infinitely many positive solutions of a class of
impulsive perturbed Sturm-Liouville differential equations with nonlinear derivative
dependence has been investigated. Results on the existence of three positive solutions
were also established.

Our goal in this paper is to obtain the existence of multiple solutions of the prob-
lem (2). The existence of one solution for the problem under algebraic conditions on
the nonlinear term and two solutions with the classical Ambrosetti-Rabinowitz alge-
braic conditions on the nonlinear term are investigated by employing a consequence
of Bonanno’s local minimum theorem in [6]. Moreover, employing two critical point
theorems, one due to Bonanno in [5] and another one due to Averna and Bonanno
in [1], we consider the existence of at least two and three solutions for the problem (2)
in the case A = p, respectively. Here, we state a special case as a result.

THEOREM 1.1. Suppose, there exist three positive constants ci, co and v with the

property ¢y < v{/T + ZZ: T < {/31C2- In addition,

(0s) mMp?max { Xl K(O(c1)) + %(@(cl))27 Il L K (O(ca)) + €(O(c2))? }

P
G

<o (T + 2 17) |~ Il K(©(e) + (@) + 2382

ob
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Then, for every
mp 1

AeN = ( 5T . ,
V(T + 2 T?) (<l K (O(en)) + S (O(en))? + 5 i, 2)
min{ cf cg }
pM (x|l K (©(er)) + :(0(c1))?) " pM (Xl K (O(c2)) + G(O(c2))?) | )’

the problem (17) admits at least two solutions in X.

2. Preliminaries

In order to obtain our results, the following theorems are the main tool.

THEOREM 2.1 ([6, Theorem 2.3]). Let X be a real Banach space and ®, ¥ : X — R
be two continuously Gdteauz differentiable functions such that, inf,c x ®(u) = ®(0) =

U(0) = 0. Suppose, there exist r >0 and @& € X with 0 < ®(a) < r such that
(7/1) SUPg(u)<r W (u) < W(a)

r P(u)’
(i2) for each X € (g Egg, m) the functional Iy, := ® — AU satisfies (PS)I"-
condition. )
Then, for each A € A, := (i%g%, m) there exists ug xea-1(0,r) Such that

In(ug ) = 9x~ and Ix(upx) < In(u) for all u € ®=1(0,7).

THEOREM 2.2 ([6, Theorem 3.2]). Let X be a real Banach space and ®, ¥ : X — R

be two continuously Gateaux differentiable functions such that ® is bounded from below

and ®(0) = ¥(0) = 0. Fiz r > 0 and suppose, for each X € (0, o =7 )s
Puea—1(—oo,r ¥ (1)

the functional I, := ® — AU satzsﬁes (PS)-condition and it is unbounded from below.
Then, for each A\ € (O \I,(u)), the functional Iy admits two distinct

critical points.

7 SUPyeq- 1(

Now, we recall two critical point theorems as follows.

THEOREM 2.3 ([1, Theorem A]). Let X be a reflexive real Banach space and ® :
X — R be a continuously Gateauz differentiable and sequentially weakly lower semi-
continuous functional whose Gateaux derivative admits a continuous inverse on X*
and ¥ : X — R be a continuously Gateauz differentiable functional whose Gateaux
derivative is compact. Assume that

(71) 1My —so0 (®(u) + AW (u)) = 0o for all A € [0, 00),
(j2) there is r € R such that, infx ® < r and ¢1(r) < @2(r), where

U(u) — infiq),l( w U
. —o0,T)

= f

(Pl(r) uE@‘llI%—oo,r) r— <I>(u) ’
pa(r) := inf sup P(u) — ¥(v)

u€EP~1(—00,7) yed- 1[r,00) (I)( ) (U’)
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and <I>—1(—oo,r)w is the closure of =1 (—o0,r) in the weak topology.

Then, for each A € (@%() %(T ) the functional ® + AV has at least three critical

points in X.

In Theorem 2.3, ¢ (r) could be 0. Here and in similar cases we have % as 0o.

THEOREM 2.4 ([5, Theorem 1.1]). Let X be a reflexive real Banach space and @,
U : X — R be two sequentially weakly semiconscious and Gdteauz differentiable
functions. Assume that ® is (strongly) continuous and satisfies lim|j,)|—, o ®(u) = co.
Also suppose, there exist two constants r1 and ro such that

(k/‘l) ian(i <rp <rog,

(k2) @1(r1) < @5(ri,72),

(k3) p1(ra) < @3(r1,m2), where @1 is defined as in Theorem 2.3 and @5(r1,r2) =
U(u)—¥(v)

Infyep-1(—o0,r1) SUPLEd—1[r1 rs) F(o)=—B(a) *
Then, for each \ € (W,min {m, m}) the functional ® + AV admits at

least two critical points in ®~1(—oo0,r1] and @~ [ry,rs).
Set X = W1P([0,T]) be the Sobolev space which endows the norm |lu|| :=
1/p
<f0 (Ju' ()P + |u(t )\p)dt) . Obviously, X is a reflexive real Banach space.
Let A = C([0,T7) with the norm [|lul[cc = supse(o 7y [u(t)|- There is a constant mo

such that, ||ul|cc < mzljul|. For any v > 0, define ©(v) = v( g: r+Ti a).

Corresponding to the function f, we have F (¢, ) fo f(t,6€)dE for every (t,x) €
[0,T] x [0, +00). We define m = inf,cgr h(x), M = sup,cg h(x). So, M > m > 0.

3. Existence of one solution

In this section, we investigate the existence of one solution for problem (2) by using
Theorem 2.1.

THEOREM 3.1. Assume, there exist three positive constants ¢y, co and v with the

property ¢c; < v{/T + zZ—:T% < g/ qrC2, such that

f [F(t,tv) — f(t,0)tv]dt
(01) M >

T v o [ 5 fOT SUPy(£)<O(cz) F(t, ut (t))dt
< /0 ( /0 Hs)dsyit+ /0 J(s)ds) :

(02) limsup
()| —ro0 £(t) [P
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Then, for each

e A (fo (fy J(s)ds)dt + 2 fo J(s)ds & 1 >
' fo (ttv) — f(O)w]dE PM [ sup, ) coey) F(tut(t))dt
and for every Lipschitz function I; : [O —|—oo) — [0, 4+00) that
s)ds — ~(t
lim sup fO s~ L0 () < 00 (2)

I€(t5)|—>o0 |€( P
for j=1,...,n, there exists 5 > 0 given by
~vT
22 (fOT[F(t,tz/) — f(t,0)tv] dt) 2 [y T(s)ds)dt — 22 [ T(s)ds
vyt ’

T
2¢h = 20pM [ SUp,, 1y <e(ey) F(t,ut(t))dt 3)
pMen(©(c2))? ’

min

such that for each p € [0,09y), the problem (2) admits at least one nontrivial solution
ux € X and max,cpo, 7] [ux(t)] < caf g’; ; +T% a).

Proof. Our main tool is Theorem 2.1. According to [29, Lemma 3.1], we say that
u € X is a solution of the problem (2) if and only if u is a critical point of the Euler
functional I, = ® — AW such that,

yu(T)

() :/OT (/Ou/(t) ) dt + 5/ syds + /O_T J(s)ds (@)

and
T n ut(t; )
() = / [F(t,ut () — £(£,0 dt+“z / $)ds — L(0)u(1;)] (5)

for each v € X. By using [11,12] we find that <I> is sequentially weakly lower semi-
continuous, continuous, lim||,(|—c ®(u) = +o0, and its derivative at the point u € X
is the functional ®'(u) given by

&' (u) (v) = /0 ) (6t + 3 (O‘“éo)) v(0)—J (@) “(T)

for every v € X and also ® : X — X* admits a continuous inverse on X*. Moreover,
¥ is sequentially weakly upper semicontinuous and its derivative at the point u € X
is the functional ¥’ (u) given by

T n
_ /0 Flt (Bt + 3L (1) v(t)

for every v € X. Furthermore, ¥’ : X — X* is compact. So, we should just check
assumption (¢1) and (i2) from Theorem 2.1. For A > 0 the functional I is coercive.

£t (ty) -
Since, p < dx we can fix £ so that, limsupe(,)|— 00 *° - Ij(‘?(‘ti%ip]-"(o)g (t;)
J

< k for



6 Impulsive Sturm-Liouville differential equations

j=1,...,nand pux < n—;‘w such that i = min{l, ﬁp} Then, there is a positive
constant ¢ that

1 (ty)
/0 I;(s)ds — T,(0)€™ (1;)ds < w(E(t))P + 1

for each £(t;) € R and j = 1,...,n. We fix a constant 0 < ¢ < %ﬂ:mz such
that ||u||re < mi||u]|. From the hypothesis (p2) we conclude, there exists a function
pe € LY([0,T],[0,+00)) such that F(t,z*(t)) — f(t,0)z~(t) < e(z(t))P + pe(t) for

every (t,z) € [0,7] x [0,400). With a simple calculation we can see

Mp(l Iz 52 rlu(0)] + Z:l u(T)|P> < ®(u)
: e P L_lu P
gmp(llullm B 1|u( P+ g lu(D)] ) (6)

Thus, for each u € X,

B() — AT(w) > —— (11 + ()P + L ()P
(u) — (U)_ﬁp /|70 + == [u(0)] +Up_1|u( )

pr-t
T ,LL n
A [ ey -0 5 I+
1 " ! P P P
> 1 (101 + G 0P+ T (D7) = el = Ml — ol —

> hl[ul[” = Aema|ull” = MlpellLr — npsma|[ul]” = npue — [[ullZ,

> (1 — Aemy — )| ull? — Alpellzs — npse — ngue — ul?,

Hence, limj,|— o0 (®(u) =AW (u)) = 4-o00. Thus, by [4, Proposition 2.2] the functional
I, confirms (PS)"-condition for each r > 0 and so condition (i) of Theorem 2.1 is
verified. Let ry := z%’ ro = chg\’/[ and w(t) = tv for all ¢ € [0,T]. Hence, by (7) we
have r; < ®(w) < r2. According to [11, Lemma 2.3], for every u € X,

p—1 1
& (—o00, ) ={u € X : |u(t)] < ca({ gp—l +7T4) for te[0,T]}, (7)
so that, —0(c2) <||ullso < O(c2) (8)
T
and sup / Pt ut (8))dt < / sup  F(t,ut (£))dt. )
u€P~1(—o0,r2) 0 u(t)<O(c2)

Moreover, since |I;(u)| < c|u| for each u € X, we have

+(t)
cn
- ilul Z/ s)ds < 5 ull. (10)
and it follows
T L n ut t;
Supue@—l(_oo,rz) \Ij(u> <Supu€¢'*1(foo,r2) (fO F(t7u+(t))dt + }X Zj:l fO ( )I] (S)ds)

T2 T2
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T
Spjg{ ( / e F(t,u+<t>>dt+ﬁ<@<c2>>2>

)<O(e2)
for every u € X and also by (9),

T n tjv
U (w) :/o [F(t,tv) — f(¢t,0)tv]dt + %Z[/O I;(s)ds — I;(0)t;v]

j=1
g p Vep <~ o
> i [F(ttv) = f(t,0)tw]dt — —! ;tj.
Therefore, we have
fo (t,tv) f(t 0)tv]dt — ”25” i 1t§
q’(w) T sy ds)de+ 2 T d(s)ds
Due to,
T
§ (fo (t,tv) f(t,O)tu]dt) — 2fOT f” J(s)ds)dt — 27” fO_WT J(s)ds
K )
V2CZJ 1 j
v? 2
o, fO (t,tv) — f(¢, O)tu]dtf et >l.
Jo (U I(s)ds)dt+ 2 [ J(s)ds A
2ch — 2ApM fo SUD,, (1) <0(cs) F (E; u (1)) dl
Furthermore, PV en(©(c))? > U,
T nu
PM (J subuiy<oien F(tut (O)dt+ FE(O(2)?) 4
therefore, 7 < %
2

From (o1) and above explanations, Theorem 2.1 with 4 = w guarantees existence of a

local minimum point uy for the functional Iy which in A € ( EZ%, S, )T< ‘ll(u)) and
u)<rg

0 < ®(uy) < ro. Hence, u) is a nontrivial solution of the problem (2) and also (8)
shows that max;cjo,7 [ua(t)| < O(ca).

EXAMPLE 3.2. Put p=2,T=1,a=y=f=0c=1,n=1and {; = 5 . Consider
the problem
—_l = )\tSin(u)(m), t# tl, a.e. t e [0, 1],
AJ(u'(3)) = psin(u(3)), (11)
u(0) = u'(0), u(1l) +u/(1) = 0.
From h(u), we get J(s) = 2s + sin(s) for all s € R, m = 1 and M = 1. By choosing
v=-c; =1 and ¢y = 3, we have
ST IF(t,tv) — f(t,0)tv]dt

=0.49 > 0.
o0 0.49 > 0.0006
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(T o [T Sy SUDy (1) <o ey F(t, ut (1))t
= (/0 (/0 J(s)ds)dt + 5 /0 J(s)ds> 5 )

€3

F(t, ut () — f(t,0)u”(t) u(t)(1 — cos(u (t)))

lim sup = limsup <0,
Ju(t)|—> o0 |u(t)|? | (t)| — o0 |u(t)|?

ut (%) —/1 41
lim sup fo I(s)ds — I(0)u™(5) — Jimsup 1 —cos(u't(3)) s
u(t)]—s o0 lu(t)[? Ju(t)|— o0 lu(t)[? ’

|[I(s1) — I(s2)| = |sin(s1) — sin(s2)| < |s1 — sa|.

Then, for each

( Jo Uy I(s)ds)dt + 2 [ T(s)ds

el ! )
JTIF(t tv) — f(t,0)tv]dt M [T sup, ) <o ey F(t ut(t))dt

A€

= <4.082, 1666.7>

and for every

2 ( Sy F( ) — [t O)tu}dt) —2 [} (Jy J(s)ds)dt — 22 S5 J(s)ds
0 <u < min S S )
Clij=11
2 — 2ApM [ sup, 1y <o(e,) F(t, u't ())dt 18 — 0.0108\
=22 = min { 3.92\ — 16.0024, ———=
PV en(0(cs))? min < 3.9 6.0024, ™

the problem (12) admits at least one solution in X.

4. Existence of two solutions

Now, we obtain the existence of two distinct solutions for the problem (2). To follow
it up, we apply Theorem 2.2 where the assumption (p2) is not required.

THEOREM 4.1. Assume, there exist three positive constants c¢i, co and v with the

property ¢y < v{/T + ZZ: Tu < ¢/ 31C2, such that

(03) there ezist w > max{p,pM(2)} and R > 0 so that, 0 < wF(t,&1(t)

E(t) f(t,£7(t)) for every |£(t)| = R and t € [0,T], as well as, 0 < wf§+(tj) I;(s)ds
I;(€7(t))8(t;) for every [E(t;)] = R, t; € [0,T] with j =1,...,n.

., &1 ; - ;
Then, for each \ € A := <O, P T sb i —enes P (D)t and every Lipschitz func
tion I; : R = R for j =1,...,n there exists 05 > 0 given by (4) such that, for each
w € [0,0y), the problem (2) admits at least two solutions uy and ug in X.

<
<

Proof. We use Theorem 2.2 where X and the functionals ® and ¥ have already been
defined.
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We claim that the functional I, satisfies the (PS)-condition. Indeed, suppose
{tn},eny C X such that {I\u,},.ny C X is bounded and I\u, — 0 as n —
0o. Then, there is a positive constant ¢y such that for every n € N, |I(u,)| <
co, |14 (un)| < co. Therefore, according to definition of I}, hypothesis (g3) and (7), we
have

coterfunl| = @I (un) = I3 (1n) ()
T (e o Y (TP
Z]wp<||un||Lp+ ﬁp_1| 2(0)]P + 01’—1| (7)) >
’ / / auy,(0)
(/U J(un(t))un(t)dt+J( 5 )un(()) _J

’ _ w n uy (t5) -
_w)\(/o [F(t, ugy (1) — f(t,0)uy, (t)]dt + 3 Z[/O I;(s)ds — I;(0)u; (,5].)]>

A [ st @ 5 Y L))

—_

w
> e N
(Mp m)n il = (7 = o= Dl

for some ¢; > 0. Since @ > max{p,pM (%)}, we conclude that (u,) is bounded

and consequently it results that w, — v in X. By applying I} (u,) — 0 we obtain
(15 (un) — I§ (u)) (un, —u) — 0. Continuity of f, I; for each j = 1,...,n implies that

T
/0 (Pt () — £t (6) (un(t) — u(t))dt — 0, n—s oo,
(L5 (it (£5)) — T (u* () (unty) — u(t;)) — 0, 1 — oo,

for 7 =1,...,n. In addition,
(I3 (un) =13 (u)) (un—u)

T
- / J uly (8)) iy (£) ! (1)t +- T (2

00, (0) o) -7 =2nT)

5 (D) ~u(T))

T —YUu

—( [ O = e 15 w0 —u(O))—J(”meun(:r)—u(ﬂ))
T

- ( | o) @) dt)
0

- (Z[Ijm:(tj»fj(u*(tjm ) e -t

Then, u, — u in X. Therefore, I, satisfies the (PS)-condition. By (p3), there
exist constants aj,as > 0 such that, F(t,z7(¢)) > a1|x|w — ag, for all t € [0,T] and
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x € [0,00). For any v € X\ {0} and each 7 > 0 one has
I(tu) = (® — AP)(7u)

1 an O[p_l p /yp_l p
Sm*p lrwl[7s + Whu(oﬂ + g lru(T))]

T - B I n uy (t5) . s .
A [ Tl = oz = 0 @lar+ 5 ST 19ds - L0 ()

J
_ —1 T
<(|| 1, ﬁﬁ1|u<o>p+ji_1|u<T>|p>—T%A | e o,
T noput(ty)
+A /O F&0u@)dt+p [ D /O I;(s)ds]
j=1

TP , apfl ,ypfl T
Smp(Hu 7 + WW(O)\P + |u(T)|P> _ thh)\/() u(8)[®dt + Thas

ob
CTl
FXE(1,0) oo +

Since @ > max{p,pM(+:™)}, this condition ensures that I, is unbounded from
below. So, all the assumptions of Theorem 2.2 are satisfied and hence, for each A €

P
(0, AT Supumg:(m F(t,u+(t))dt)’ the functional I, has two distinct critical points
that are solutions of the problem (2). U

REMARK 4.2. In comparison, Theorem 3.1 ensures that the nontrivial critical point
is a local minimum, information not provided by Theorem 4.1. In this sense, the
conclusion of Theorem 3.1 is much more precise than that of Theorem 4.1.

5. Existence of multiplicity result

We investigate the existence of at least two and three solutions for the problem (2)
in the case A = p.

THEOREM b5.1. Suppose there exist two positive constants ¢y and v with the property
a <v{/T+ L= “ T and let (02) in Theorem 3.1 holds. Further,

(01) [ [F(t,tv) — f(t,0)tv]dt >0

T cn
(e5) P°Mm (/0 sup F(t,u+(t))dt+2(®(01))2>

w(t)<O(c1)

L T cn c? &
FvP(T+ f/ F(t,ut()dt + (O0(e))? + L5 ¢2
<avi(T+ 5=T7) 0 u<t>ssu£<m> (b ut (B)dt + 5 (Ole))” + 5 >



7. Mehraban, S. Heidarkhani 11

Then, for each
mp 1

2’
Jj= 1tJ

AEA :—< — .
V(T + ZT7) — [ sup ot FLut (0)d+ 5 (0e)? + %5 5]

. )
PM( [y Supy(py<oer) F(t, ut(t))dt + L(O(cr))? )

and every Lipschitz function I; : [0,400) — [0,+00) for j = 1,...,n that satis-
fies (3), the problem (2) in the case A\ = u admits at least three solutions in X.

Proof. Let Iy = ® + AU where ® has been defined by (5) and
T n ut(ty)
W) = = [Pt ©) = fe0u @l= Y[ s = Lo 1) (2)
j=1
for each u € X. VU is sequentially weakly lower semicontinuous and its Gateaux

derivative at the point u € X is
n

T
- / F(tut O)ot)dt — 3 L () (ty)
j=1

for every v € X. Now, we apply Theorem 2.3. So, it is enough to show (j1) and (ja).

I 1.0V (L,
Furthermore, we can fix £ which limsup¢ yj_— o = L (lz)(i§)|51(0)5 () < i for
j=1,...,nand kKA < miQ Therefore, there is a positive constant ¢ such that
£h(ty)
[ s = Lo 1) < stélt)r +o
0
. hA—KkmoA
for j = 1,...,n and each {(t;) € R. We fix a constant 0 < & < #5722, By (o

2)
there exists a functlon p- € LY([0,T7],[0,+00)) so that, F(t,u™(t)) — f(t, 0) ( ) <
e(u(t))? + pe(t) for every (t,x) € [0,T] x [0,400). It follows that for each u € X,

D) N (1) > A
(u)+ (u)_m [T+ [u(0)] +Up,1|U( )

3P
T n +(t)

o[ = [ e @)-swon @ [T b o w1 ) =
1 ) p-1
a1 (11 s 0 )

T n o rut(ty)
-\ [F(tnﬁ(t))—f(t,O)U’(t)]dt—AZ[/ (s, (0)u™ (1)) >

0 j=1"0

-1

<| ||Z£p+ﬁp 1|u( )|p+zz_1u(T)|P> —)\/()T[g(u(t))p_i_pa Jdt— )‘Z )P >
(1wt

p—1

i‘H i‘H
S hS

ap*I
oo+ u<T>|p)AemlnuwnpnuAnmzwnpm >

op—1
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(h=Aemy —Asma) [ul|P=Al|pll 1 = Ae—[|ul[Z, -

Hence, limj, | — 00 (®(u) +A¥(u)) = co. Now, it remains to show (j2). Let r; := cha’

ro 1= ;—J%[ and w(t) = tv for all t € [0.T]. Hence, by (7) r1 < ®(w) < ra. Due to (8)

for r = ry and (11),

T n_ put(ty)
sup —U(u) < sup / F(t,ut(t))dt + Z/ I;(s)ds
0 0

ue@fl(foO,Tl) u€<I>71(7OO,T1) j=1

T
§/ sup  F(t,u™(t))dt + @(9(01))2.
0 u(t)<O(er) 2

Moreover, by (o4) and according to (8) for r = rq,
T n tijv
W(w) = — / (F(t,tv) — (¢, 0yt — 3 / 1,(s)ds — I, (0)t;1/].
0 =iJo
Moreover, ®(0) = ¥(0) =0, &1 (—o0, Tl)w = &~ !(—o00,7) and also from the defini-
tion of ¢(r1), we conclude that

\I!(u) - inf(b,liw v —infz—= w U
. (—o0,r1) &1 (—o0,r1)
= f <
¥ (7“1) uecb—y(l—oowl) ry — (D(U) - 1
T cn
_PM () s uy<oi Flb et (0)dt + 5 O)?)
— Ci) b
) U(u) — U(w) . U(u) — U(w)
r1) = inf su — > inf _—
902( 1) uweP—1(—o0,r1) u€<I>*1[Fr)1,oo) (I)(’LU) — @(U) T u€d—1(—o0,r1) <I>(w) — <I)(u)

>infu€<1>*1(foo,r1) \Ij(u) - \Ij(w) > infu€<1>*1(foo,r1) \IJ(U) - \Ij(w)

B ®(w) — O(u) - P (w)
T cn cv? n
- Jo sWuy<o (e Ftut (t))dt + G (0(c1))” + % X7, 3
> i
v (T+ 201 T7)

vP(T + 7:1Tp) /T cn , N,

S 7 el A sup  Ft,ut@)dt+ —(0(c1))2 + — > #2
= S Pt @)+ FO) + 5 Z;J

Hence, from (g5) one has ¢1(r1) < @2(r1). Therefore, all the assumptions of Theo-
rem 2.3 are fulfilled and the desired conclusion is obtained. O

EXAMPLE 5.2. Putp:S,Tzl,a:'y:B:U:Ln:2,t1:%andtgzi.

Consider the problem
_(¢3(u/))/ = )\(tu)h(u/)a t 7& ti, t 7é lo, a.e. b € [Oa 1]7

AT ) = (), )
AJ(u'(3)) = Asin(u(3)),
u(0) = «'(0), u(l)+4(1)=0
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0<a,
—|—% 0<x<1,
x> 1.

Put h(z) =

vl 8wl

We can see m = % and M = % By choosing ¢; = 1, v = 2 and ¢y = 6, we have

/ Rt ) — £(t.0)t]dt = é >0,

T
p*Mm / sup  F(t,u™(t))dt + @(@(01))2 = 33.75 < 58
0 u()<6(er) 2

Pt T cn cv?
o+ L) [ - / s F(tut (0)de + 5 (O(c)? + G- D82
0 u(t)<O(c1) =1

AISO, |Il(81)—11(82)‘ :|81—52| S |81—82|7

[I5(s1) — Ia(s2)| = | sin(sy) — sin(s2)| < |s1 — s3]
+(1
w3 1 (s)ds — I (0)u— (L +(3))?
and lim sup fo 1(8)ds 3 1(O)u (2) = limsup Y (2)?3 < 00,
| (t)| —so0 u(t)] lu(t)|—oo 2|u(t)]
ut(§) —/1 1
) oV Ix(s)ds — I (0)u~(3) ) 1 —cos(u*(3))
lim sup 3 = limsup 3 < 00.
Ju(t)]— o0 |u(t)] u(t)]— o0 u(t)]
Then, for each
mp 1
A E( ~P—1 T + cn 2 cv? n 2’
vP(T+ 5=TP) — 5 supypy<o(e) F(tut(t)dt + G(0(c1))? + %5 >0, t3
b

- ) — (0.025,0.044)
PM( [y Sup,y<o(er) F(tut(t))dt + SH(O(c1))?

the problem (14) admits at least three solutions.

Now, we can see an application of Theorem 2.4.

THEOREM 5.3. Suppose, there exist three positive constants c1, co and v with the

property
p P m
c1 <vA/T+ Up_qu <A/ (14)

such that (04) of Theorem 5.1 holds and

T _

sup,, ey Ft,ut(t))dt + 22 (0(cp))?

(06) mM p* max Jo 39Puw<oren) (Cp (1) 5 ( (1))7
1

c

p-l T n cn cv? n
< (T+5=T7) (= J 5puoren) Pt ut (0)dt + S (O(c2)? + %55 X7, ).

oP

I SUDy, (1) <o (cy) (0T (1))dt + G(O(c2))? }
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Then, for each
1
AeA = ( mf; R o
vo(T + 5= TP) — Jo sUPu(y<o(er) F(tut(t)dt + G (O(c2))? + %= i t?
{ &
min - — ,
PM (Jy b <eqen Pt ut (D)t + F(O(c2))?)

. }
T = cn
PM ( J b,y <o(en) F(t k(D) dE + 3 (O(c1))?)
the problem (2) admits at least two solutions uy x and ug x so that, max.epo, 1) [u1 Al <

Al§fB + T andwasici fua| < a5 + 7).

Proof. Let
B f(tve(cl))7 (t,l‘) € [OvT] X [07@(61))7
f(t,l‘) f(t7l’), (tvaj) € [OvT] X [e(cl)a6(02)]7
f(t,0(c2)), (t,z) €[0,T] x (O(cz),00)

We can simply show that f : [0,7] x [0,+00) is a continuous function. Now, take

fo f(t,x)dx for all (¢,£) € [0,7] x [0,400) and X has been defined. Also,
put <I> as (5) and

T n wt(t;
Y(u) = — / (B (¢ (1)) — F(t, 0yu (6))dt — Z / $)ds — I, (0)u™ (t;)]

for all u € X. We apply Theorem 2.4 for ® and \IJ that have been mentioned. ¥ is a
differentiable functional and its differential at the point u € X is

T n
- / Flt ut O)o(t)dt — STt (t5)v(t)
=1

for any v € X. It is sequentially weakly lower semicontinuous. Moreover, ¥/ : X — X*
is a compact operator. So, it is enough to check (k1), (k2) and (k3). Put

4
r = W’Tz = W (15)
By (15) and (16) for w = tr € X, we can see 11 < ®(w) < rg, infx & <ry <7y and
V(u) —infgo—yw ¥  —infgmm—w ¥
. (—o0,m1) @' (=00,1)
= f
¥1 (Tl) ue@*}?—oo,rl) ry — (I)(’LL) - 1
T I cn
M (S spuzere Fltut ()it + 5 (Oe1))?)
— Cf )
\Il(u) - inffw v - inffw v
p1(r2) = inf &~ (~oora) < 27 (zoorrs)

u€P—1(—00,rs) ro — ®(u) - T
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M (g b ueyzeen) F(tut ()t + 5 (0(c2))?)

<
< &
and
. \I/(U) — \I/(U)) infueq;‘*l(foo 1) \I/(u) - \Il(w)
x > f > -
05 (r1,72) —ue(b,}?_oom) d(w) — d(u) ~ (w)
p—1
vP(T+L—=TP) /T cn c? &
P 7 S sup  F(t,ut(t))dt+—(0(cy)) >+ — Y 2
mp 0 u(t)<O(cy) ( (>) 2 ( )) 2 j; !

Taking (04) and (gg) into account, we obtain conditions (k2) and (k3) of Theorem 2.4.

Thus, for every A € A, the problem (2) gets at least two solutions 1, and ug . Also,

according to (8), we conclude that max |uj | < O(cy) and max |ug | < O(c2). U
te[0,T] te[0,T]

The following existence results are consequences of Theorem 5.1 and 5.3, respec-
tively. The function f has separated variables for every (t,z) € [0,7T] x [0, +00) in
the below problem

—(pp(u)) = Ax(t)k(u(t))h(u'), t#t;,ae tel0,T],

AJ(W(t5)) = Mj(u(t;)), i=12,...,n, (16)

o(0) — u'(0) = 0, V(T + ou(T) = 0,
where x : [0,7] — [0,400) is a non-negative and non-zero function so that x €
LY([0,T7,[0,+00)). Also, k : [0,+00) — [0,+00) is a non-negative and continuous
function such that

13
K(€) = /0 k(z)dz, (€ € [0,+00)).

THEOREM 5.4. Assume, there exist two positive constants c; and v with the property

1 <vi{/T+ ZZ—:T% Let (02) and
cn
(o) p*mM (Xl K(O(er)) + S-(O(er)?)

-1

P cn cr? &
<A (T + L517) | =[xl K(O(e) + S (O(en)? + = Y8

hold. Then, for every
AEN = ( mpp—l cnl 2 cv? n 2’
V(T + 5=TP) —lIxlle K(©(c1)) + 5(0(e1))? + %= 325 15
; )
pM ([Ixllz K(©(c1)) + GH(8(c1))?)

and every Lipschitz function I; : [0,4+00) — [0,+00) satisfing (3) for j =1,...,n,
the problem (17) admits at least three solutions in X.

We point out a special case of Theorem 1.1.
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THEOREM 5.5. Let

KO _ . k(E)
ot £ _\fwllnoo H 0 a7

and there exists a positive constant v such that F(tv) — f(0)tv > 0. Then, for every

A > A*, where \* :=inf, - P X L f
’ IR v =) T (=l K () + B (0(en))2+ 55 7, £3)

and every Lipschitz function I; : [0,+00) — [0,+00) for j = 1,...,n satisfing (3)
the problem (2) admits at least two solutions in X .

Proof. Fix A > A\*. Therefore, there exists v > 0 such that

A mp 1
i P(T + L TP . cn 2 a2y 2\
T+ 5T (<l K (O(en) + $(0(e)? + % S5, 12)
By (18) lim,__,o+ M = limg 00 Sllp'g‘iimk(g) = 0. Thus, we can choose cy,
P11 m p SUPlg<c, K(E) P

c2 > Osothat, f < (T+5=T") < 35 — 5" < M R@OEITEGET)

SUP|¢|<c, K(§) ch i}
and o < M (Il K(O(ea)) 4 2 (0(e2)7) Hence, we can get the result from
Theorem 1.1. O

EXAMPLE 5.6. Put p=2T =1, a=y=8=0=1,n=2,t = 5 and t, = 1.
Consider the problem
—u" = Xk(u)h(u'), t#t, t #ta, ae. t €[0,1],
AJ(u'(3)) = Asin(u(3)),
AJ(u'(%)) = Xarctan(u(3)),
u(0) = '(0), u(l) +u'(1) =0,
2

(18)

0<x<1,

where k(z) = o
x> 1.

Put h(z) = -
c1 = 1 we have
E(u(t)) I (u(t))? . k(u(t)) . 1

= = 0, 1 = 1 = 0,
u(t)—ot+  u(t) u(t)—0t+  2u(t) |u(t)1|ri>oo |u(t)] |u(t)l|ni>oo (u(t))?

m; thus, J(s) = 2s — cos(s), m = & and M = 1. By selecting

Ftv) — f(O)ty = % +In(|tv]) > 0.

Also,
[11(s1) — I1(s2)| = [sin(s1) — sin(s2)| < |s1 — s2f,
[I2(s1) — Iz(s2)| = | arctan(s;) — arctan(ss)| < 7|s1 — $a|
and
fqu(%)Il(s)ds—Il(O)u_(l) 1 —cos(ut (1))
limsup =2 22 = limsup 277 < o0,

u(t)]—s o0 lu(t)[? () —soo  2|u(t)]?
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[ 1y(s)ds — L0)u (1)

limsup =2

u(t)] —s o0 u(t)[?
~ limsup 2ut (1) arctan(u™ (1)) —21n(1 + (ut(1))?) .

Ju(t)|—> 00 2u(t)]
Then, for every

1
A > ln% m,ﬁ)*l X 2
O\ (T + T T7) (=l K (O(en) + (0 (en)? + %2 X7, 12)

o 32
~ 50 \ 13(—98.54 + 3847 + 16m2) )

the problem (19) admits at least two solutions in X.
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