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CRITICAL POINT APPROACHES FOR IMPULSIVE
STURM-LIOUVILLE DIFFERENTIAL EQUATIONS WITH

NONLINEAR DERIVATIVE DEPENDENCE

Zahra Mehraban and Shapour Heidarkhani

Abstract. We guarantee the existence of multiple solutions for a class of impulsive
Sturm-Liouville differential equations by considering a consequence of Bonanno’s local min-
imum theorem on the nonlinear term and as well as, via critical point theorems due to
Bonanno and another one due to Averna and Bonanno in a special case.

1. Introduction

In this work, we ensure the existence of multiple solutions for the following problem
−(ϕp(u

′))′ = λf(t, u)h(u′), t ̸= tj , a.e. t ∈ [0, T ],

∆J(u′(tj)) = µIj(u(tj)), j = 1, 2, . . . , n,

αu(0)− βu′(0) = 0, γu(T ) + σu′(T ) = 0,

(1)

where p > 2, ϕp(s) = |s|p−2s, α, γ, β, σ > 0, T > 0, tj , j = 1, 2, . . . , n, are
instants in which the impulses occur and 0 = t0 < t1 < t2 < . . . < tn < tn+1 = T ,

J(s) =
∫ s

0
(p−1)|δ|p−2

h(δ) dδ, ∆J(u′(tj)) = J(u′(t+j )) − J(u′(t−j )), u
′(t+j ) = limt→t+j

u′(t),

u′(t−j ) = limt→t−j
u′(t), Ij : [0,+∞) → [0,+∞) is a Lipschitz continuous function

with the Lipschitz constant c > 0, for j = 1, 2, . . . , n, f : [0, T ] × [0,+∞) → [0,+∞)
is a continuous function, h : R → [0,+∞) is a bounded and continuous function with
infx∈R h(x) > 0 and λ and µ are two control parameters. The interest is that the
nonlinear terms includes u′.

Differential equations involving impulsive effects serve as basic model to consider
subject altering suddenly. There are many good monographs on the impulsive differ-
ential equations [15,20,24]. Some kinds of the processes naturally happen in dynamics,
biological systems, mathematical economy, chemical technology, engineering, ecology,
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2 Impulsive Sturm-Liouville differential equations

industrial robotics and so on (one can see [3,9,10,14,19,21,23].) Mathematical models
of such processes are systems of impulsive differential equations.

The theory of impulsive differential equations is an important branch of the theory
of differential equations. There have been a great deal of approaches to establish
the existence results of differential equations with impulses, for instance: topological
degree theory, comparison method, variational and so on [2, 8, 17,18,25,28].

The existence of multiple solutions of impulsive Sturm-Liouville differential equa-
tions has been investigated in [7, 16, 22, 26, 27]. The authors have discussed in [26]
the existence of multiple positive solutions by using a three critical points theorem
for two types of impulsive Sturm-Liouville boundary value problems depending on
the parameter λ. In [16], Liang and Liu based on upper and lower method and de-
gree theory have obtained the existence of at least three solutions for a second order
impulsive Sturm-Liouville boundary value problem under the assumption that the
nonlinear term function satisfies a Nagumo condition with respect to the first order
derivative. The authors have investigated in [27] a Sturm-Liouville boundary value
problem for fourth-order impulsive differential equations applying variational methods
and critical points theory. In [22], Ozkan has studied an impulsive Sturm-Liouville
boundary value problem with boundary conditions containing Herglotz-Nevanlinna
type rational functions of the spectral parameter and has showed that the coefficients
of the problem are uniquely determined by either the Weyl function or by the Prufer
angle or by the classical spectral data consisting of eigenvalues and norming constants.
In particular, in [7], based on variational and critical point theory the existence of
nontrivial solutions for the problem (17) has been discussed. In [13], using multiple
critical points theorems, the existence of infinitely many positive solutions of a class of
impulsive perturbed Sturm-Liouville differential equations with nonlinear derivative
dependence has been investigated. Results on the existence of three positive solutions
were also established.

Our goal in this paper is to obtain the existence of multiple solutions of the prob-
lem (2). The existence of one solution for the problem under algebraic conditions on
the nonlinear term and two solutions with the classical Ambrosetti-Rabinowitz alge-
braic conditions on the nonlinear term are investigated by employing a consequence
of Bonanno’s local minimum theorem in [6]. Moreover, employing two critical point
theorems, one due to Bonanno in [5] and another one due to Averna and Bonanno
in [1], we consider the existence of at least two and three solutions for the problem (2)
in the case λ = µ, respectively. Here, we state a special case as a result.

Theorem 1.1. Suppose, there exist three positive constants c1, c2 and ν with the

property c1 < ν p

√
T + γp−1

σp−1T
1
q < p

√
m
M c2. In addition,

(ϱ8) mMp2 max

{
∥χ∥L1K(Θ(c1)) +

cn
2 (Θ(c1))

2

cp1
,
∥χ∥L1K(Θ(c2)) +

cn
2 (Θ(c2))

2

cp2

}

<νp(T +
γp−1

σp−1
T p)

−∥χ∥L1K(Θ(c1)) +
cn

2
(Θ(c1))

2 +
cν2

2

n∑
j=1

t2j

 .
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Then, for every

λ ∈ Λ :=

(
mp

νp(T + γp−1

σp−1T p)

1(
−∥χ∥L1K(Θ(c1)) +

cn
2 (Θ(c1))2 +

cν2

2

∑n
j=1 t

2
j

) ,
min

{
cp1

pM
(
∥χ∥L1K(Θ(c1)) +

cn
2 (Θ(c1))2

) , cp2
pM

(
∥χ∥L1K(Θ(c2)) +

cn
2 (Θ(c2))2

)}),
the problem (17) admits at least two solutions in X.

2. Preliminaries

In order to obtain our results, the following theorems are the main tool.

Theorem 2.1 ([6, Theorem 2.3]). Let X be a real Banach space and Φ, Ψ : X −→ R
be two continuously Gâteaux differentiable functions such that, infu∈X Φ(u) = Φ(0) =
Ψ(0) = 0. Suppose, there exist r > 0 and ū ∈ X with 0 < Φ(ū) < r such that

(i1)
supΦ(u)≤r Ψ(u)

r < Ψ(ū)
Φ(ū) ,

(i2) for each λ ∈
(Φ(ū)
Ψ(ū) ,

r
supΦ(u)≤r Ψ(u)

)
the functional Iλ := Φ− λΨ satisfies (PS)[r]-

condition.
Then, for each λ ∈ Λr := (Φ(ū)

Ψ(ū) ,
r

supΦ(u)≤r Ψ(u) ) there exists u0,λ∈Φ−1(0,r) such that

Iλ(u0,λ) ≡ ϑX∗ and Iλ(u0,λ) ≤ Iλ(u) for all u ∈ Φ−1(0, r).

Theorem 2.2 ([6, Theorem 3.2]). Let X be a real Banach space and Φ, Ψ : X −→ R
be two continuously Gâteaux differentiable functions such that Φ is bounded from below
and Φ(0) = Ψ(0) = 0. Fix r > 0 and suppose, for each λ ∈

(
0, r

supu∈Φ−1(−∞,r) Ψ(u)

)
,

the functional Iλ := Φ− λΨ satisfies (PS)-condition and it is unbounded from below.
Then, for each λ ∈

(
0, r

supu∈Φ−1(−∞,r) Ψ(u)

)
, the functional Iλ admits two distinct

critical points.

Now, we recall two critical point theorems as follows.

Theorem 2.3 ( [1, Theorem A]). Let X be a reflexive real Banach space and Φ :
X −→ R be a continuously Gâteaux differentiable and sequentially weakly lower semi-
continuous functional whose Gâteaux derivative admits a continuous inverse on X∗

and Ψ : X −→ R be a continuously Gâteaux differentiable functional whose Gâteaux
derivative is compact. Assume that
(j1) lim∥u∥−→∞(Φ(u) + λΨ(u)) = ∞ for all λ ∈ [0,∞),

(j2) there is r ∈ R such that, infX Φ < r and φ1(r) < φ2(r), where

φ1(r) := inf
u∈Φ−1(−∞,r)

Ψ(u)− inf
Φ−1(−∞,r)

w Ψ

r − Φ(u)
,

φ2(r) := inf
u∈Φ−1(−∞,r)

sup
u∈Φ−1[r,∞)

Ψ(u)−Ψ(v)

Φ(v)− Φ(u)
,
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and Φ−1(−∞, r)
w

is the closure of Φ−1(−∞, r) in the weak topology.

Then, for each λ ∈ ( 1
φ2(r)

, 1
φ1(r)

), the functional Φ + λΨ has at least three critical

points in X.

In Theorem 2.3, φ1(r) could be 0. Here and in similar cases we have 1
0 as ∞.

Theorem 2.4 ( [5, Theorem 1.1]). Let X be a reflexive real Banach space and Φ,
Ψ : X −→ R be two sequentially weakly semiconscious and Gâteaux differentiable
functions. Assume that Φ is (strongly) continuous and satisfies lim∥u∥−→∞ Φ(u) = ∞.
Also suppose, there exist two constants r1 and r2 such that

(k1) infX Φ < r1 < r2,

(k2) φ1(r1) < φ∗
2(r1, r2),

(k3) φ1(r2) < φ∗
2(r1, r2), where φ1 is defined as in Theorem 2.3 and φ∗

2(r1, r2) =

infu∈Φ−1(−∞,r1) supv∈Φ−1[r1,r2)
Ψ(u)−Ψ(v)
Φ(v)−Φ(u) .

Then, for each λ ∈
(

1
φ∗

2(r1,r2)
,min

{
1

φ1(r1)
, 1
φ1(r2)

})
the functional Φ+ λΨ admits at

least two critical points in Φ−1(−∞, r1] and Φ−1[r1, r2).

Set X = W 1,p([0, T ]) be the Sobolev space which endows the norm ∥u∥ :=(∫ T

0
(|u′(t)|p + |u(t)|p)dt

)1/p
. Obviously, X is a reflexive real Banach space.

Let ∆ = C([0, T ]) with the norm ∥u∥∞ = supt∈[0,T ] |u(t)|. There is a constant m2

such that, ∥u∥∞ < m2∥u∥. For any υ > 0, define Θ(υ) = υ( p

√
βp−1

αp−1 + T
1
q ).

Corresponding to the function f , we have F (t, x) =
∫ x

0
f(t, ξ)dξ for every (t, x) ∈

[0,T]× [0,+∞). We define m = infx∈R h(x), M = supx∈R h(x). So, M ≥ m > 0.

3. Existence of one solution

In this section, we investigate the existence of one solution for problem (2) by using
Theorem 2.1.

Theorem 3.1. Assume, there exist three positive constants c1, c2 and ν with the

property c1 < ν p

√
T + γp−1

σp−1T
1
q < p

√
m
M c2, such that

(ϱ1)

∫ T

0
[F (t, tν)− f(t, 0)tν]dt

pM
≥(∫ T

0

(

∫ ν

0

J(s)ds)dt+
σ

γ

∫ − γνT
σ

0

J(s)ds

) ∫ T

0
supu(t)≤Θ(c2) F (t, u+(t))dt

cp2

(ϱ2) lim sup
|ξ(t)|−→∞

F (t, ξ+(t))− f(t, 0)ξ−(t)

|ξ(t)|p
≤ 0 uniformly in [0, T ].
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Then, for each

λ ∈ Λ :=

(∫ T

0
(
∫ ν

0
J(s)ds)dt+ σ

γ

∫ − γνT
σ

0
J(s)ds∫ T

0
[F (t, tν)− f(t, 0)tν]dt

,
cp2
pM

1∫ T

0
supu(t)≤Θ(c2) F (t, u+(t))dt

)
and for every Lipschitz function Ij : [0,+∞) −→ [0,+∞) that

lim sup
|ξ(tj)|−→∞

∫ ξ+(tj)

0
Ij(s)ds− Ij(0)ξ

−(tj)

|ξ(tj)|p
< ∞ (2)

for j = 1, . . . , n, there exists δλ > 0 given by

min

{
2λ
(∫ T

0
[F (t, tν)− f(t, 0)tν]dt

)
− 2

∫ T

0
(
∫ ν

0
J(s)ds)dt− 2σ

γ

∫ − γνT
σ

0
J(s)ds

ν2c
∑n

j=1 tj
,

2cp2 − 2λpM
∫ T

0
supu(t)≤Θ(c2) F (t, u+(t))dt

pMcn(Θ(c2))2

}
, (3)

such that for each µ ∈ [0, δλ), the problem (2) admits at least one nontrivial solution

uλ ∈ X and maxt∈[0,T ] |uλ(t)| ≤ c2(
p

√
βp−1

αp−1 + T
1
q ).

Proof. Our main tool is Theorem 2.1. According to [29, Lemma 3.1], we say that
u ∈ X is a solution of the problem (2) if and only if u is a critical point of the Euler
functional Iλ = Φ− λΨ such that,

Φ(u) =

∫ T

0

(∫ u′(t)

0

J(s)ds

)
dt+

β

α

∫ αu(0)
β

0

J(s)ds+
σ

γ

∫ − γu(T )
σ

0

J(s)ds (4)

and

Ψ(u) =

∫ T

0

[F (t, u+(t))− f(t, 0)u−(t)]dt+
µ

λ

n∑
j=1

[

∫ u+(tj)

0

Ij(s)ds− Ij(0)u
−(tj)] (5)

for each u ∈ X. By using [11, 12] we find that Φ is sequentially weakly lower semi-
continuous, continuous, lim||u||→∞ Φ(u) = +∞, and its derivative at the point u ∈ X
is the functional Φ′(u) given by

Φ′(u)(v) =

∫ T

0

J(u′(t))v′(t)dt + J

(
αu(0)

β

)
v(0)− J

(
−γu(T)

σ

)
v(T)

for every v ∈ X and also Φ′ : X → X∗ admits a continuous inverse on X∗. Moreover,
Ψ is sequentially weakly upper semicontinuous and its derivative at the point u ∈ X
is the functional Ψ′(u) given by

Ψ′(u)(v) =

∫ T

0

f(t, u+(t))v(t)dt +

n∑
j=1

Ii(u
+(tj))v(tj)

for every v ∈ X. Furthermore, Ψ′ : X → X∗ is compact. So, we should just check
assumption (i1) and (i2) from Theorem 2.1. For λ > 0 the functional Iλ is coercive.

Since, µ < δλ we can fix κ so that, lim sup|ξ(tj)|−→∞

∫ ξ+(tj)

0 Ij(s)ds−Ij(0)ξ
−(tj)

|ξ(tj)|p < κ for
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j = 1, . . . , n and µκ < ℏ
nm2

such that ℏ = min
{
1, 1

Mp

}
. Then, there is a positive

constant ι that ∫ ξ+(tj)

0

Ij(s)ds− Ij(0)ξ
−(tj)ds ≤ κ(ξ(tj))

p + ι

for each ξ(tj) ∈ R and j = 1, . . . , n. We fix a constant 0 < ε < ℏ−nµκm2

λm1
such

that ||u||Lp < m1||u||. From the hypothesis (ϱ2) we conclude, there exists a function
ρε ∈ L1([0, T ], [0,+∞)) such that F (t, x+(t)) − f(t, 0)x−(t) ≤ ε(x(t))p + ρε(t) for
every (t, x) ∈ [0, T ]× [0,+∞). With a simple calculation we can see

1

M p

(
||u′||pLp +

αp−1

βp−1
|u(0)|p + γp−1

σp−1
|u(T )|p

)
≤ Φ(u)

≤ 1

mp

(
||u′||pLp +

αp−1

βp−1
|u(0)|p + γp−1

σp−1
|u(T )|p

)
. (6)

Thus, for each u ∈ X,

Φ(u)− λΨ(u) ≥ 1

Mp

(
||u′||pLp +

αp−1

βp−1
|u(0)|p + γp−1

σp−1
|u(T )|p

)

− λ

∫ T

0

[ε(u(t))p + ρε(t)]dt+
µ

λ

n∑
j=1

[κ(u(t))p + ι]


≥ 1

Mp

(
||u′||pLp+

αp−1

βp−1
|u(0)|p+γp−1

σp−1
|u(T )|p

)
− λε∥u∥pLp − λ∥ρε∥L1 − nµκ∥u∥p∞ − nµι

≥ ℏ||u||p − λεm1∥u∥p − λ∥ρε∥L1 − nµκm2∥u∥p − nµι− ∥u∥pLp

≥ (ℏ− λεm1 − nµκm2)||u||p − λ∥ρε∥L1 − nµι− nµι− ∥u∥pLp .

Hence, lim∥u∥−→∞(Φ(u)−λΨ(u)) = +∞. Thus, by [4, Proposition 2.2] the functional
Iλ confirms (PS)r-condition for each r > 0 and so condition (i2) of Theorem 2.1 is

verified. Let r1 :=
cp1
pM , r2 :=

cp2
pM and w(t) = tν for all t ∈ [0, T ]. Hence, by (7) we

have r1 < Φ(w) < r2. According to [11, Lemma 2.3], for every u ∈ X,

Φ−1(−∞, r2] ={u ∈ X : |u(t)| ≤ c2(
p

√
βp−1

αp−1
+ T

1
q ) for t ∈ [0, T ]}, (7)

so that, −Θ(c2) ≤||u||∞ ≤ Θ(c2) (8)

and sup
u∈Φ−1(−∞,r2)

∫ T

0

F (t, u+(t))dt ≤
∫ T

0

sup
u(t)≤Θ(c2)

F (t, u+(t))dt. (9)

Moreover, since |Ij(u)| < c|u| for each u ∈ X, we have

−cn

2
||u||2∞ <

n∑
j=1

[

∫ u+(t)

0

Ij(s)ds <
cn

2
||u||2∞. (10)

and it follows

supu∈Φ−1(−∞,r2) Ψ(u)

r2
≤
supu∈Φ−1(−∞,r2)

(∫ T

0
F (t, u+(t))dt+ µ

λ

∑n
j=1

∫ u+(tj)

0
Ij(s)ds

)
r2
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≤pM

cp2

(∫ T

0

sup
u(t)≤Θ(c2)

F (t, u+(t))dt+
cnµ

2λ
(Θ(c2))

2

)
for every u ∈ X and also by (9),

Ψ(w) =

∫ T

0

[F (t, tν)− f(t, 0)tν]dt+
µ

λ

n∑
j=1

[

∫ tjν

0

Ij(s)ds− Ij(0)tjν]

≥
∫ T

0

[F (t, tν)− f(t, 0)tν]dt− ν2cµ

2λ

n∑
j=1

t2j .

Therefore, we have

Ψ(w)

Φ(w)
≥
∫ T

0
[F (t, tν)− f(t, 0)tν]dt− ν2cµ

2λ

∑n
j=1 t

2
j∫ T

0
(
∫ ν

0
J(s)ds)dt+ σ

γ

∫ − γνT
σ

0
J(s)ds

.

Due to,

µ <
2λ
(∫ T

0
[F (t, tν)− f(t, 0)tν]dt

)
− 2

∫ T

0
(
∫ ν

0
J(s)ds)dt− 2σ

γ

∫ − γνT
σ

0
J(s)ds

ν2c
∑n

j=1 t
2
j

,

so,

∫ T

0
[F (t, tν)− f(t, 0)tν]dt− ν2cµ

2λ

∑n
j=1 t

2
j∫ T

0
(
∫ ν

0
J(s)ds)dt+ σ

γ

∫ − γνT
σ

0
J(s)ds

>
1

λ
.

Furthermore,
2cp2 − 2λpM

∫ T

0
supu(t)≤Θ(c2) F (t, u+(t))dt

pMcn(Θ(c2))2
> µ,

therefore,
pM

(∫ T

0
supu(t)≤Θ(c2) F (t, u+(t))dt+ cnµ

2λ (Θ(c2))
2
)

cp2
<

1

λ
.

From (ϱ1) and above explanations, Theorem 2.1 with ū = w guarantees existence of a

local minimum point uλ for the functional Iλ which in λ ∈ (Φ(w)
Ψ(w) ,

r2
supΦ(u)≤r2

Ψ(u) ) and

0 < Φ(uλ) < r2. Hence, uλ is a nontrivial solution of the problem (2) and also (8)
shows that maxt∈[0,T ] |uλ(t)| ≤ Θ(c2). □

Example 3.2. Put p = 2, T = 1, α = γ = β = σ = 1, n = 1 and t1 = 1
2 . Consider

the problem 
−u′′ = λt sin(u)( 1

2+cos(u′) ), t ̸= t1, a.e. t ∈ [0, 1],

∆J(u′( 12 )) = µ sin(u( 12 )),

u(0) = u′(0), u(1) + u′(1) = 0.

(11)

From h(u), we get J(s) = 2s+ sin(s) for all s ∈ R, m = 1
3 and M = 1. By choosing

ν = c1 = 1 and c2 = 3, we have∫ T

0
[F (t, tν)− f(t, 0)tν]dt

pM
= 0.49 ≥ 0.0006
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=

(∫ T

0

(

∫ ν

0

J(s)ds)dt+
σ

γ

∫ − γνT
σ

0

J(s)ds

) ∫ T

0
supu(t)≤Θ(c2) F (t, u+(t))dt

c22
,

lim sup
|u(t)|−→∞

F (t, u+(t))− f(t, 0)u−(t)

|u(t)|2
= lim sup

|u(t)|−→∞

u(t)(1− cos(u+(t)))

|u(t)|2
≤ 0,

lim sup
|u(t)|−→∞

∫ u+( 1
2 )

0
I(s)ds− I(0)u−( 12 )

|u(t)|2
= lim sup

|u(t)|−→∞

1− cos(u+( 12 ))

|u(t)|2
< κ,

|I(s1)− I(s2)| = | sin(s1)− sin(s2)| ≤ |s1 − s2|.

Then, for each

λ ∈
(∫ T

0
(
∫ ν

0
J(s)ds)dt+ σ

γ

∫ − γνT
σ

0
J(s)ds∫ T

0
[F (t, tν)− f(t, 0)tν]dt

,
cp2
pM

1∫ T

0
supu(t)≤Θ(c2) F (t, u+(t))dt

)
=

(
4.082, 1666.7

)
and for every

0 <µ < min

{
2λ
(∫ T

0
[F (t, tν)− f(t, 0)tν]dt

)
− 2

∫ T

0
(
∫ ν

0
J(s)ds)dt− 2σ

γ

∫ − γνT
σ

0
J(s)ds

ν2c
∑n

j=1 t
2
j

,

2cp2 − 2λpM
∫ T

0
supu(t)≤Θ(c2) F (t, u+(t))dt

pMcn(Θ(c2))2

}
= min

{
3.92λ− 16.0024,

18− 0.0108λ

72

}
the problem (12) admits at least one solution in X.

4. Existence of two solutions

Now, we obtain the existence of two distinct solutions for the problem (2). To follow
it up, we apply Theorem 2.2 where the assumption (ϱ2) is not required.

Theorem 4.1. Assume, there exist three positive constants c1, c2 and ν with the

property c1 < ν p

√
T + γp−1

σp−1T
1
q < p

√
m
M c2, such that

(ϱ3) there exist ϖ > max{p, pM( 1+m
m )} and R > 0 so that, 0 < ϖF (t, ξ+(t)) ≤

ξ(t)f(t, ξ+(t)) for every |ξ(t)| ≥ R and t ∈ [0, T ], as well as, 0 < ϖ
∫ ξ+(tj)

0
Ij(s)ds ≤

Ij(ξ
+(tj))ξ(tj) for every |ξ(tj)| ≥ R, tj ∈ [0, T ] with j = 1, . . . , n.

Then, for each λ ∈ Λ :=

(
0,

cp2
pM

∫ T
0

supu(t)≤Θ(c2) F (t,u+(t))dt

)
and every Lipschitz func-

tion Ij : R → R for j = 1, . . . , n there exists δλ > 0 given by (4) such that, for each
µ ∈ [0, δλ), the problem (2) admits at least two solutions u1 and u2 in X.

Proof. We use Theorem 2.2 where X and the functionals Φ and Ψ have already been
defined.
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We claim that the functional Iλ satisfies the (PS)-condition. Indeed, suppose
{un}n∈N ⊂ X such that {Iλun}n∈N ⊂ X is bounded and I ′λun −→ 0 as n −→
∞. Then, there is a positive constant c0 such that for every n ∈ N, |Iλ(un)| ≤
c0, |I ′λ(un)| ≤ c0. Therefore, according to definition of I ′λ, hypothesis (ϱ3) and (7), we
have

c0+c1||un|| ≥ ϖIλ(un)− I ′λ(un)(un)

≥ ϖ

Mp

(
||u′

n||
p
Lp +

αp−1

βp−1
|un(0)|p +

γp−1

σp−1
|un(T )|p

)
−
(∫ T

0

J(u′
n(t))u

′
n(t)dt+ J

(
αun(0)

β

)
un(0)− J

(
−γun(T )

σ

)
un(T )

)
−ϖλ

(∫ T

0

[F (t, u+
n (t))− f(t, 0)u−

n (t)]dt+
µ

λ

n∑
j=1

[

∫ u+
n (tj)

0

Ij(s)ds− Ij(0)u
−
n (tj)]

)

+λ

(∫ T

0

f(t, u+
n (t))un(t)dt+

µ

λ

n∑
j=1

Ij(u
+
n (tj))un(tj)

)

≥

(
ϖ

Mp
− 1

m

)
||u′

n||
p
Lp ≥ (

ϖ

Mp
− 1

m
− 1)||un||p.

for some c1 > 0. Since ϖ > max{p, pM( 1+m
m )}, we conclude that (un) is bounded

and consequently it results that un ⇀ u in X. By applying I ′λ(un) −→ 0 we obtain
(I ′λ(un)− I ′λ(u))(un − u) −→ 0. Continuity of f , Ij for each j = 1, . . . , n implies that∫ T

0

(f(t, u+
n (t))− f(t, u+(t)))(un(t)− u(t))dt −→ 0, n −→ ∞,

(Ij(u
+
n (tj))− Ij(u

+(tj)))(un(tj)− u(tj)) −→ 0, n −→ ∞,

for j = 1, . . . , n. In addition,

(I ′λ(un)−I ′λ(u))(un−u)

=

∫ T

0

J(u′
n(t))(u

′
n(t)−u′(t))dt+J(

αun(0)

β
)(un(0)−u(0))−J(

−γun(T )

σ
)(un(T )−u(T ))

−

(∫ T

0

J(u′(t))(u′
n(t)−u′(t))dt+J(

αu(0)

β
)(un(0)−u(0))−J(

−γu(T )

σ
)(un(T )−u(T ))

)

−λ

(∫ T

0

[f(t, u+
n (t))−f(t, u+(t))](un(t)−u(t))dt

)

−µ

 n∑
j=1

[Ij(u
+
n (tj))−Ij(u

+(tj))](un(tj)−u(tj))

 ≥ 1

M
||un−u||.

Then, un −→ u in X. Therefore, Iλ satisfies the (PS)-condition. By (ϱ3), there
exist constants a1, a2 > 0 such that, F (t, x+(t)) ≥ a1|x|ϖ − a2, for all t ∈ [0, T ] and
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x ∈ [0,∞). For any u ∈ X\ {0} and each τ > 0 one has

Iλ(τu) = (Φ− λΨ)(τu)

≤ 1

mp

(
||τu′||pLp +

αp−1

βp−1
|τu(0)|p + γp−1

σp−1
|τu(T )|p

)

−λ

∫ T

0

[a1|τu|ϖ − a2 − f(t, 0)u−(t)]dt+
µ

λ

n∑
j=1

[

∫ u+
n (tj)

0

Ij(s)ds− Ij(0)u
−
n (tj)]


≤ τp

mp

(
||u′||pLp +

αp−1

βp−1
|u(0)|p + γp−1

σp−1
|u(T )|p

)
− τϖa1λ

∫ T

0

|u(t)|ϖdt+ Tλa2

+λ

∫ T

0

f(t, 0)u−(t)dt+ µ

 n∑
j=1

[

∫ u+
n (tj)

0

Ij(s)ds]


≤ τp

mp

(
||u′||pLp +

αp−1

βp−1
|u(0)|p + γp−1

σp−1
|u(T )|p

)
− τϖa1λ

∫ T

0

|u(t)|ϖdt+ Tλa2

+λF (t, 0)||u||∞ +
cnµ

2
||u||2∞.

Since ϖ > max{p, pM( 1+m
m )}, this condition ensures that Iλ is unbounded from

below. So, all the assumptions of Theorem 2.2 are satisfied and hence, for each λ ∈(
0,

cp2
pM

∫ T
0

supu(t)≤Θ(c2) F (t,u+(t))dt

)
, the functional Iλ has two distinct critical points

that are solutions of the problem (2). □

Remark 4.2. In comparison, Theorem 3.1 ensures that the nontrivial critical point
is a local minimum, information not provided by Theorem 4.1. In this sense, the
conclusion of Theorem 3.1 is much more precise than that of Theorem 4.1.

5. Existence of multiplicity result

We investigate the existence of at least two and three solutions for the problem (2)
in the case λ = µ.

Theorem 5.1. Suppose, there exist two positive constants c1 and ν with the property

c1 < ν p

√
T + γp−1

σp−1T
1
q and let (ϱ2) in Theorem 3.1 holds. Further,

(ϱ4)
∫ T

0
[F (t, tν)− f(t, 0)tν]dt ≥ 0

(ϱ5) p2Mm

(∫ T

0

sup
u(t)≤Θ(c1)

F (t, u+(t))dt+
cn

2
(Θ(c1))

2

)

<cp1ν
p(T +

γp−1

σp−1
T p)

−
∫ T

0

sup
u(t)≤Θ(c1)

F (t, u+(t))dt+
cn

2
(Θ(c1))

2 +
cν2

2

n∑
j=1

t2j


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Then, for each

λ ∈ Λ :=

(
mp

νp(T + γp−1

σp−1T p)

1

−
∫ T

0
supu(t)≤Θ(c1) F (t, u+(t))dt+ cn

2 (Θ(c1))2 +
cν2

2

∑n
j=1 t

2
j

,

cp1

pM(
∫ T

0
supu(t)≤Θ(c1) F (t, u+(t))dt+ cn

2 (Θ(c1))2

)
,

and every Lipschitz function Ij : [0,+∞) −→ [0,+∞) for j = 1, . . . , n that satis-
fies (3), the problem (2) in the case λ = µ admits at least three solutions in X.

Proof. Let Iλ = Φ+ λΨ where Φ has been defined by (5) and

Ψ(u) = −
∫ T

0

[F (t, u+(t))− f(t, 0)u−(t)]dt−
n∑

j=1

[

∫ u+(tj)

0

Ij(s)ds− Ij(0)u
−(tj)] (12)

for each u ∈ X. Ψ is sequentially weakly lower semicontinuous and its Gâteaux
derivative at the point u ∈ X is

Ψ′(u)(v) = −
∫ T

0

f(t, u+(t))v(t)dt−
n∑

j=1

Ii(u
+(tj))v(tj)

for every v ∈ X. Now, we apply Theorem 2.3. So, it is enough to show (j1) and (j2).

Furthermore, we can fix κ which lim sup|ξ(tj)|−→∞

∫ ξ+(tj)

0 Ij(s)ds−Ij(0)ξ
−(tj)

|ξ(tj)|p < κ for

j = 1, . . . , n and κλ < ℏ
m2

. Therefore, there is a positive constant ι such that∫ ξ+(tj)

0

Ij(s)ds− Ij(0)ξ
−(tj) ≤ κ(ξ(tj))

p + ι

for j = 1, . . . , n and each ξ(tj) ∈ R. We fix a constant 0 < ε < ℏ−κm2λ
λm1

. By (ϱ2)

there exists a function ρε ∈ L1([0, T ], [0,+∞)) so that, F (t, u+(t)) − f(t, 0)u−(t) ≤
ε(u(t))p + ρε(t) for every (t, x) ∈ [0, T ]× [0,+∞). It follows that for each u ∈ X,

Φ(u)+λΨ(u) ≥ 1

M p

(
||u′||pLp+

αp−1

βp−1
|u(0)|p+γp−1

σp−1
|u(T )|p

)

+λ

−
∫ T

0

[F (t, u+(t))−f(t, 0)u−(t)]dt−
n∑

j=1

[

∫ u+(tj)

0

Ij(s)ds−Ij(0)u
−(tj)]

 =

1

M p

(
||u′||pLp+

αp−1

βp−1
|u(0)|p+γp−1

σp−1
|u(T )|p

)
−λ

∫ T

0

[F (t, u+(t))−f(t, 0)u−(t)]dt−λ

n∑
j=1

[

∫ u+(tj)

0

Ij(s)ds−Ij(0)u
−(tj)] ≥

1

M p

(
||u′||pLp+

αp−1

βp−1
|u(0)|p+γp−1

σp−1
|u(T )|p

)
−λ

∫ T

0

[ε(u(t))p+ρε(t)]dt−λ

n∑
j=1

[κ(u(tj))
p+ι] ≥

1

M p

(
||u′||pLp+

αp−1

βp−1
|u(0)|p+γp−1

σp−1
|u(T )|p

)
−λεm1∥u∥p−λ∥ρ∥L1−λκm2∥u∥p−λι ≥
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(ℏ−λεm1−λκm2)∥u∥p−λ∥ρ∥L1−λι−∥u∥pLp .

Hence, lim∥u∥−→∞(Φ(u)+λΨ(u)) = ∞. Now, it remains to show (j2). Let r1 :=
cp1
pM ,

r2 :=
cp2
pM and w(t) = tν for all t ∈ [0.T ]. Hence, by (7) r1 < Φ(w) < r2. Due to (8)

for r = r1 and (11),

sup
u∈Φ−1(−∞,r1)

−Ψ(u) ≤ sup
u∈Φ−1(−∞,r1)

∫ T

0

F (t, u+(t))dt+

n∑
j=1

∫ u+(tj)

0

Ij(s)ds


≤
∫ T

0

sup
u(t)≤Θ(c1)

F (t, u+(t))dt+
cn

2
(Θ(c1))

2.

Moreover, by (ϱ4) and according to (8) for r = r1,

Ψ(w) = −
∫ T

0

[F (t, tν)− f(t, 0)tν]dt−
n∑

j=1

[

∫ tjν

0

Ij(s)ds− Ij(0)tjν].

Moreover, Φ(0) = Ψ(0) = 0, Φ−1(−∞, r1)
w
= Φ−1(−∞, r1) and also from the defini-

tion of φ(r1), we conclude that

φ1(r1) := inf
u∈Φ−1(−∞,r1)

Ψ(u)− inf
Φ−1(−∞,r1)

w Ψ

r1 − Φ(u)
≤

− inf
Φ−1(−∞,r1)

w Ψ

r1

≤
pM

(∫ T

0
supu(t)≤Θ(c1) F (t, u+(t))dt+ cn

2 (Θ(c1))
2
)

cp1
,

φ2(r1) := inf
u∈Φ−1(−∞,r1)

sup
u∈Φ−1[r1,∞)

Ψ(u)−Ψ(w)

Φ(w)− Φ(u)
≥ inf

u∈Φ−1(−∞,r1)

Ψ(u)−Ψ(w)

Φ(w)− Φ(u)

≥
infu∈Φ−1(−∞,r1) Ψ(u)−Ψ(w)

Φ(w)− Φ(u)
≥

infu∈Φ−1(−∞,r1) Ψ(u)−Ψ(w)

Φ(w)

≥
−
∫ T

0
supu(t)≤Θ(c1) F (t, u+(t))dt+ cn

2 (Θ(c1))
2 + cν2

2

∑n
j=1 t

2
j

mp

νp(T+ γp−1

σp−1 Tp)

=
νp(T + γp−1

σp−1T
p)

mp

−
∫ T

0

sup
u(t)≤Θ(c1)

F (t, u+(t))dt+
cn

2
(Θ(c1))

2 +
cν2

2

n∑
j=1

t2j

 .

Hence, from (ϱ5) one has φ1(r1) < φ2(r1). Therefore, all the assumptions of Theo-
rem 2.3 are fulfilled and the desired conclusion is obtained. □

Example 5.2. Put p = 3, T = 1, α = γ = β = σ = 1, n = 2, t1 = 1
2 and t2 = 1

4 .
Consider the problem

−(ϕ3(u
′))′ = λ(tu)h(u′), t ̸= t1, t ̸= t2, a.e. t ∈ [0, 1],

∆J(u′( 12 )) = λu( 12 ),

∆J(u′( 14 )) = λ sin(u( 14 )),

u(0) = u′(0), u(1) + u′(1) = 0.

(13)
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Put h(x) =


1
2 0 < x,

x+ 1
2 0 ⩽ x ⩽ 1,

3
2 x > 1.

We can see m = 1
2 and M = 3

2 . By choosing c1 = 1, ν = 2 and c2 = 6, we have∫ T

0

[F (t, tν)− f(t, 0)tν]dt =
1

8
> 0,

p2Mm

(∫ T

0

sup
u(t)≤Θ(c1)

F (t, u+(t))dt+
cn

2
(Θ(c1))

2

)
= 33.75 < 58

=cp1ν
p(T +

γp−1

σp−1
T p)

−
∫ T

0

sup
u(t)≤Θ(c1)

F (t, u+(t))dt+
cn

2
(Θ(c1))

2 +
cν2

2

n∑
j=1

t2j

 .

Also, |I1(s1)− I1(s2)| = |s1 − s2| ≤ |s1 − s2|,
|I2(s1)− I2(s2)| = | sin(s1)− sin(s2)| ≤ |s1 − s2|

and lim sup
|u(t)|−→∞

∫ u+( 1
2 )

0
I1(s)ds− I1(0)u

−( 12 )

|u(t)|3
= lim sup

|u(t)|−→∞

(u+( 12 ))
2

2|u(t)|3
< ∞,

lim sup
|u(t)|−→∞

∫ u+( 1
4 )

0
I2(s)ds− I2(0)u

−( 14 )

|u(t)|3
= lim sup

|u(t)|−→∞

1− cos(u+( 14 ))

|u(t)|3
< ∞.

Then, for each

λ ∈
(

mp

νp(T + γp−1

σp−1T p)

1

−
∫ T

0
supu(t)≤Θ(c1) F (t, u+(t))dt+ cn

2 (Θ(c1))2 +
cν2

2

∑n
j=1 t

2
j

,

cp1

pM(
∫ T

0
supu(t)≤Θ(c1) F (t, u+(t))dt+ cn

2 (Θ(c1))2

)
= (0.025, 0.044)

the problem (14) admits at least three solutions.

Now, we can see an application of Theorem 2.4.

Theorem 5.3. Suppose, there exist three positive constants c1, c2 and ν with the
property

c1 < ν
p

√
T +

γp−1

σp−1
T

1
q < p

√
m

M
c2 (14)

such that (ϱ4) of Theorem 5.1 holds and

(ϱ6) mMp2 max

{∫ T

0
supu(t)≤Θ(c1) F̄ (t, u+(t))dt+ cn

2 (Θ(c1))
2

cp1
,

∫ T

0
supu(t)≤Θ(c2) F̄ (t, u+(t))dt+ cn

2 (Θ(c2))
2

cp2

}
< νp(T+ γp−1

σp−1T
p)
(
−
∫ T

0
supu(t)≤Θ(c1) F̄ (t, u+(t))dt+ cn

2 (Θ(c2))
2 + cν2

2

∑n
j=1 t

2
j

)
.
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Then, for each

λ ∈ Λ :=

(
mp

νp(T + γp−1

σp−1T p)

1

−
∫ T

0
supu(t)≤Θ(c1) F̄ (t, u+(t))dt+ cn

2 (Θ(c2))2 +
cν2

2

∑n
j=1 t

2
j

,

min

{
cp2

pM
(∫ T

0
supu(t)≤Θ(c2) F̄ (t, u+(t))dt+ cn

2 (Θ(c2))2
) ,

cp1

pM
(∫ T

0
supu(t)≤Θ(c1) F̄ (t, u+(t))dt+ cn

2 (Θ(c1))2
)}),

the problem (2) admits at least two solutions u1,λ and u2,λ so that, maxt∈[0,T ] |u1,λ| <
c1(

p

√
βp−1
αp−1 + T

1
q ) and maxt∈[0,T ] |u2,λ| < c2(

p

√
βp−1
αp−1 + T

1
q ).

Proof. Let

f̄(t, x)


f(t,Θ(c1)), (t, x) ∈ [0, T ]× [0,Θ(c1)),

f(t, x), (t, x) ∈ [0, T ]× [Θ(c1),Θ(c2)],

f(t,Θ(c2)), (t, x) ∈ [0, T ]× (Θ(c2),∞).

We can simply show that f̄ : [0, T ] × [0,+∞) is a continuous function. Now, take

F̄ (t, ξ) =
∫ ξ

0
f̄(t, x)dx for all (t, ξ) ∈ [0, T ] × [0,+∞) and X has been defined. Also,

put Φ as (5) and

Ψ(u) = −
∫ T

0

[F̄ (t, u+(t))− f̄(t, 0)u−(t)]dt−
n∑

j=1

[

∫ u+(tj)

0

Ij(s)ds− Ij(0)u
−(tj)]

for all u ∈ X. We apply Theorem 2.4 for Φ and Ψ that have been mentioned. Ψ is a
differentiable functional and its differential at the point u ∈ X is

Ψ′(u)(v) = −
∫ T

0

f̄(t, u+(t))v(t)dt−
n∑

j=1

Ii(u
+(tj))v(tj)

for any v ∈ X. It is sequentially weakly lower semicontinuous. Moreover, Ψ′ : X −→ X∗

is a compact operator. So, it is enough to check (k1), (k2) and (k3). Put

r1 :=
cp1
pM

, r2 :=
cp2
pM

. (15)

By (15) and (16) for w = tν ∈ X, we can see r1 < Φ(w) < r2, infX Φ < r1 < r2 and

φ1(r1) = inf
u∈Φ−1(−∞,r1)

Ψ(u)− inf
Φ−1(−∞,r1)

w Ψ

r1 − Φ(u)
≤

− inf
Φ−1(−∞,r1)

w Ψ

r1

≤
pM

(∫ T

0
supu(t)≤Θ(c1) F̄ (t, u+(t))dt+ cn

2 (Θ(c1))
2
)

cp1
,

φ1(r2) = inf
u∈Φ−1(−∞,r2)

Ψ(u)− inf
Φ−1(−∞,r2)

w Ψ

r2 − Φ(u)
≤

− inf
Φ−1(−∞,r2)

w Ψ

r2
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≤
pM

(∫ T

0
supu(t)≤Θ(c2) F̄ (t, u+(t))dt+ cn

2 (Θ(c2))
2
)

cp2

and

φ∗
2(r1, r2) ≥ inf

u∈Φ−1(−∞,r1)

Ψ(u)−Ψ(w)

Φ(w)− Φ(u)
≥

infu∈Φ−1(−∞,r1) Ψ(u)−Ψ(w)

Φ(w)

≥
νp(T+ γp−1

σp−1T
p)

mp

−
∫ T

0

sup
u(t)≤Θ(c1)

F (t, u+(t))dt+
cn

2
(Θ(c1))

2+
cν2

2

n∑
j=1

t2j

 .

Taking (ϱ4) and (ϱ6) into account, we obtain conditions (k2) and (k3) of Theorem 2.4.
Thus, for every λ ∈ Λ, the problem (2) gets at least two solutions u1,λ and u2,λ. Also,
according to (8), we conclude that max

t∈[0,T ]
|u1,λ| < Θ(c1) and max

t∈[0,T ]
|u2,λ| < Θ(c2). □

The following existence results are consequences of Theorem 5.1 and 5.3, respec-
tively. The function f has separated variables for every (t, x) ∈ [0, T ] × [0,+∞) in
the below problem

−(ϕp(u
′))′ = λχ(t)k(u(t))h(u′), t ̸= tj , a.e. t ∈ [0, T ],

∆J(u′(tj)) = λIj(u(tj)), j = 1, 2, . . . , n,

αu(0)− βu′(0) = 0, γu(T ) + σu′(T ) = 0,

(16)

where χ : [0, T ] −→ [0,+∞) is a non-negative and non-zero function so that χ ∈
L1([0, T ], [0,+∞)). Also, k : [0,+∞) −→ [0,+∞) is a non-negative and continuous
function such that

K(ξ) =

∫ ξ

0

k(x)dx, (ξ ∈ [0,+∞)).

Theorem 5.4. Assume, there exist two positive constants c1 and ν with the property

c1 < ν p

√
T + γp−1

σp−1T
1
q . Let (ϱ2) and

(ϱ9) p2mM
(
∥χ∥L1K(Θ(c1)) +

cn

2
(Θ(c1))

2
)

<cp1ν
p(T +

γp−1

σp−1
T p)

−∥χ∥L1K(Θ(c1)) +
cn

2
(Θ(c1))

2 +
cν2

2

n∑
j=1

t2j


hold. Then, for every

λ ∈ Λ :=

(
mp

νp(T + γp−1

σp−1T p)

1

−∥χ∥L1K(Θ(c1)) +
cn
2 (Θ(c1))2 +

cν2

2

∑n
j=1 t

2
j

,

cp1
pM

(
∥χ∥L1K(Θ(c1)) +

cn
2 (Θ(c1))2

))
and every Lipschitz function Ij : [0,+∞) −→ [0,+∞) satisfing (3) for j = 1, . . . , n,
the problem (17) admits at least three solutions in X.

We point out a special case of Theorem 1.1.
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Theorem 5.5. Let

lim
ξ−→0+

k(ξ)

ξ
= lim

|ξ|−→∞

k(ξ)

|ξ|
= 0 (17)

and there exists a positive constant ν such that F (tν)− f(0)tν > 0. Then, for every

λ > λ∗, where λ∗ := infν>0

{
mp

νp(T+ γp−1

σp−1 Tp)
× 1(

−∥χ∥L1K(Θ(c1))+
cn
2 (Θ(c1))2+

cν2

2

∑n
j=1 t2j

)
}

and every Lipschitz function Ij : [0,+∞) −→ [0,+∞) for j = 1, . . . , n satisfing (3)
the problem (2) admits at least two solutions in X.

Proof. Fix λ > λ∗. Therefore, there exists ν > 0 such that

λ >
mp

νp(T + γp−1

σp−1T p)
× 1(

−∥χ∥L1K(Θ(c1)) +
cn
2 (Θ(c1))2 +

cν2

2

∑n
j=1 t

2
j

) .
By (18) limx−→0+

sup|ξ|≤x k(ξ)

x = limx−→∞
sup|ξ|≤x k(ξ)

x = 0. Thus, we can choose c1,

c2 > 0 so that, cp1 < νp(T+ γp−1

σp−1T
1
q ) < m

M cp2,
sup|ξ|≤c1

k(ξ)

c1
<

cp1
pM(∥χ∥L1K(Θ(c1))+

cn
2 (Θ(c1))2)

and
sup|ξ|≤c2

k(ξ)

c2
<

cp2
pM(∥χ∥L1K(Θ(c2))+

cn
2 (Θ(c2))2)

. Hence, we can get the result from

Theorem 1.1. □

Example 5.6. Put p = 2, T = 1, α = γ = β = σ = 1, n = 2, t1 = 1
2 and t2 = 1

4 .
Consider the problem

−u′′ = λtk(u)h(u′), t ̸= t1, t ̸= t2, a.e. t ∈ [0, 1],

∆J(u′( 12 )) = λ sin(u( 12 )),

∆J(u′( 14 )) = λ arctan(u( 14 )),

u(0) = u′(0), u(1) + u′(1) = 0,

(18)

where k(x) =

{
x2, 0 ≤ x ≤ 1,
1
x , x > 1.

Put h(x) = 1
sin(x)+2 ; thus, J(s) = 2s − cos(s), m = 1

3 and M = 1. By selecting

c1 = 1 we have

lim
u(t)−→0+

k(u(t))

u(t)
= lim

u(t)−→0+

(u(t))2

2u(t)
= 0, lim

|u(t)|−→∞

k(u(t))

|u(t)|
= lim

|u(t)|−→∞

1

(u(t))2
= 0,

F (tν)− f(0)tν =
1

3
+ ln(|tν|) > 0.

Also,

|I1(s1)− I1(s2)| = | sin(s1)− sin(s2)| ≤ |s1 − s2|,
|I2(s1)− I2(s2)| = | arctan(s1)− arctan(s2)| ≤ π|s1 − s2|

and

lim sup
|u(t)|−→∞

∫ u+( 1
2 )

0
I1(s)ds− I1(0)u

−( 12 )

|u(t)|2
= lim sup

|u(t)|−→∞

1− cos(u+( 12 ))

2|u(t)|2
< ∞,
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lim sup
|u(t)|−→∞

∫ u+( 1
4 )

0
I2(s)ds− I2(0)u

−( 14 )

|u(t)|2

= lim sup
|u(t)|−→∞

2u+( 14 ) arctan(u
+( 14 ))− ln(1 + (u+( 14 ))

2)

2|u(t)|2
< ∞.

Then, for every

λ > inf
ν>0

{
mp

νp(T + γp−1

σp−1T p)
× 1(

−∥χ∥L1K(Θ(c1)) +
cn
2 (Θ(c1))2 +

cν2

2

∑n
j=1 t

2
j

)}

= inf
ν>0

(
32

ν3(−98.54 + 384π + 15πν2)

)
,

the problem (19) admits at least two solutions in X.
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