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FIRST AND SECOND ORDER NONCONVEX SWEEPING PROCESS
WITH PERTURBATION

Taha Raghib and Myelkebir Aitalioubrahim

Abstract. We prove two existence results for functional differential inclusions governed
by sweeping process. We consider the class of subsmooth moving sets. The perturbations
depend on all the variables and their values are nonconvex.

1. Introduction

Let H be a separable Hilbert space whose inner product is denoted by (:,-) and
the associated norm by || - ||. Let I be a closed bounded interval in R. We denote
by C(I,H) the Banach space of continuous functions from I to H equipped with
the norm [|z(-)||es := sup {||z(t)[|; t € I}. For a positive number a, we put C, :=
C([—a,0], H) and for any ¢ € [0, 7], we define the operator T'(t) from C([—a, ], H) to
Co by T(t)(x(-))(s) := T (t)x(s) := z(t + s), for all s € [—a,0]. For ¢ € C, and r > 0,
let Ba(p,7) := {¢ € H; ||y — ¢| < r} be the open ball centered at ¢ with radius r
and B,(p,r) be its closure. For ¢ € C,, we denote ¢ the function defined by

t
o(t) = / o(s)ds, Vte[—a,0].
—a
In this paper, we present some existence results for the following functional differ-
ential inclusions governed by nonconvex sweeping process of first and second order:

#(t) € =Ne(toey)(@(t)) + G(t,T(t)r), a.e. on [0,7],
z(t) = ¢(t), Vte|[—a,0], (1)
z(t) € C(t,z(t)), Vtelo,7],
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142 Nonconvex sweeping process

and
:c(t) S 7NC(t,x(t),9'c(t))(5b(t)) + F(t, T(t):L’,T(t)jC), a.e. on [O,T},
z(t) = (t), Vte[—a,0], @)
z(t) € C(t,x(¢),&(t)), a.e. on [0,7],
a(t) = ¢(t), Vi€ [-a,0]

where a,7 > 0, C, F and G are three multifunctions, ¢ and @ are two functions
and Neyo(1))(@(t)) (resp. Neqrz),a)) (#(t))) denotes the Clarke normal cone to
C(t,z(t)) (resp. C(t,x(t),z(t))) at x(t) (resp. #(t)).

The evolution problems (1) and (2) are generally called the sweeping process which
is related to the modelization of elasto-plastic materials (see for example [14,15]). It
has been introduced and studied by Moreau [13], in the setting where all sets C(t) are
assumed to be convex. Several authors have studied this problem in the case where
the values of C' are convex, see for example [4].

The previous results have been generalized in different papers which have treated
the general case where the values of C are uniformly p-prox-regular, see [2,5,12]
and the references therein. Haddad, Noel and Thibault [11] have considered the
problem (1), without delay, when the values of G are convex and the sets C(t,x)
are ball-compact and subsmooth. Noel [17] has studied the problem 2 under the
last hypotheses of the last paper. It is necessary here to notice that the class of
subsmooth sets strictly contains the class of closed convex sets and the class of prox-
regular sets. Recently, Aissous, Nacry and Nguyen [1] have studied the following
differential inclusion:

i(t) € =Ne(rawy) < @(t) + F(t,x(t)) x {f(t,z1(t))},  a.e. on [Tp, T},

x(t) € C(t,xz(t)) x Q, on [Ty, T],

I'(To) = (Uo,QQ),
where © = (x1,72) : [To, T] — H?, the values of F are convex, f is a single-valued
map, @ is a convex set of H and the sets C(t,x1,22) are subsmooth. The authors
have used the existence of solution for the last problem, to prove the existence of
solution for first and second order sweeping process.

Our main purpose in this work, is to prove the existence results for (1) and (2)
when the values of G and F' are nonconvex and the sets C(¢,z) and C(t,x,y) are
ball-compact and subsmooth.

The paper is organized as follows. In Section 2, we recall some important notions
and introduce notations that will be used throughout the paper. The next section is
devoted to Problem (1). In Section 4, we treat the existence of solutions for (2).

2. Preliminaries

Throughout the paper, B is the open unit ball of H and B(z,r) (resp. B(x,7)) is the
open (resp. closed) ball with center z € H and radius r > 0. Let S be a nonempty
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subset of H. For an element z € H, d(z,S) or ds(x) := inf{|ly —z|| | y € S}
is the distance of x from the set S. The support function of S is defined, for any
v € H, by 0(v,5) := sup,cg(v,s) and the projection set of x into S is the set
Projg(z) := {y € S | ds(z) = ||z — y||}. Recall that a subset S of (H,| - |) is ball-
compact provided that SN rB is compact in (H, || -||) for every real » > 0. Note here
that Projg(z) is nonempty when S is nonempty and ball-compact.

Now, we shortly review the definitions of the various notions used in this paper
(see [8,9] as general references). Let V : H — R be a Lipschitz function around z.
The upper generalized Clarke directional derivative V°(x,-) is

VO (z,v) := limsup Viy+hv) = V(y)
h—0ty—z h
The Clarke subdifferential of V' at x is defined by
oV(x):={yeH: (y,v) <V°(x,v), forallve H}.
Note that OV (x) is convex and closed. A vector h € H belongs to the Clarke tangent
cone T(S, z) when for every sequence (x,), in S converging to x and every sequence
of positive numbers (¢,), converging to 0, there exists some sequence (hy), in H
converging to h such that (x, + t,hy,) € S for all n € N. This cone is closed and
convex, and its negative polar N(S,z) is the Clarke normal cone to S at x € S, that
is, N(S,z) ={ve H:(v,h) <0, VheT(S;x)}.

Next, we introduce a new class of sets via the concept of subsmoothness of the
Hilbert space H (see [3]). Let S be a closed subset of H. We say that S is subsmooth
at xg € 9, if for every € > 0 there exists § > 0 such that

(61 — &y w1 — x2) > —€|lw1 — 22|, (3)
whenever z1,z2 € B(xz9,0) NS and & € N(S,z;) N B, i € {1,2}. The set S is
subsmooth, if it is subsmooth at each point of S. We further say that .S is uniformly
subsmooth, if for every € > 0, there exists 6 > 0, such that (3) holds for all z1,z5 € S
satisfying ||z1 — @3] < 6 and all § € N(S,z;) N B, i € {1,2}. It is clear that an
uniformly subsmooth set is subsmooth.

DEFINITION 2.1. Let (S(q))qu be a family of closed sets of H with parameter g € Q.
This family is called equi-uniformly subsmooth, if for every ¢ > 0, there exists § > 0
such that for each ¢ € @, the inequality (3) holds for all z1,z2 € S(q) satisfying
|lz1 — 22| < d and all & € N(S(q),z:;) N B, i € {1,2}.

The following propositions summarize some important consequences of equi-uniformly
subsmooth family needed in the sequel (see [11]).

PROPOSITION 2.2. Let {C(t,z) : (t,x) € [0,7] x H} be a family of nonempty closed
sets of H which is equi-uniformly subsmooth and let n > 0. Assume that there exist
L,L' > 0 and a continuous function v : [0,7] = R such that for any x,2’',y,y' € H
and s,t € [0,7]: |d(y, C(t, x)) —d(y', C(s,2"))| < [v(t) —v(s)|+ L'[ly — ¢/l + Ll — 2"||.
Then the following assertions hold:

(a) for all (t,z) € [0,7] x H and y € C(t,x), we have nddc 4 (y) C 15,
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(b) for each sequence (t,)n in [0, 7] converging to t, any sequence (x,,)n converging to
x, any sequence (yp)n, converging to y € C(t,x) with y,, € C(tn,x,), and any £ € H,
we have T sup o€ 101, ) (4n)) < 0(610dce) (1))-

The following results will be needed. For the proof see [3,6,16].

PROPOSITION 2.3. Let S be a nonempty subset of H and x € H. If y € Projg(z),
then © —y € Ng(y).

PROPOSITION 2.4. Let S be a closed subset of H and vy € S. If S is subsmooth at
vg, then dds(vg) = Ng(vg) N B.

Next, for nonempty subsets A, B of H, we denote e(A, B) := sup {dB(:r);:L' € A}
and H(A, B) = max {e(4, B),e(B,A)}. A multifunction is said to be measurable if
its graph is measurable. For more details on measurability theory, we refer the reader
to [7]. Let us recall the following lemmas that will be used in the sequel.

LEMMA 2.5 ([18]). Let Q be a nonempty set in H. Assume that F : [a,b] x Q — 27
is a multifunction with nonempty closed values satisfying:

(a) for every x € Q, F(-,x) is measurable on [a,b];

(b) for everyt € [a,b], F(t,-) is (Hausdorff) continuous on Q.

Then for any measurable function x(-) : [a,b] — , the multifunction F(-,z(-)) is
measurable on [a, b].

LEMMA 2.6 ((18]). Let G : [a,b] — 28 be a measurable multifunction and y(-) : [a,b] — H
a measurable function. Then for any positive measurable function r(-) : [a,b] —
R, there exists a measurable selection g(-) of G such that for almost all t € [a,b]

lg(t) =yl < d(y(t), G(1)) + r(?).

If D is a bounded subset of H, then the Kuratowski’s measure of noncompactness
of D is defined by f(D) = inf {d > 0 : D admits a finite number of sets with diameter
less than d}.

In the following lemma, we recall some useful properties for the measure of non-
compactness 3.

LEMMA 2.7 ([10]). Let X be an infinite dimensional real Banach space and Dy, Dsy
be two bounded subsets of X. Then
(i) B8(D1) =0 <« Dy is relatively compact, (i) B(AD1) = |A\|B(D1); X € R,

(iii) D1 € Dy = B(D1) < (D), (iv) B(D1 + D) < B(D1) + B(Ds),
(v) if xo € X and r is a positive real number then B(B(xq,r)) = 2r.

3. First order perturbed nonconvex sweeping process with delay

In this section, we study the existence of solutions of (1). First, let us make the
following assumptions:
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(H1) C : [0,b] x H — 2 is a set-valued map with nonempty and closed values
satisfying:

(a) the family {C(t, z) : (t,x) € [0,b] x H} is equi-uniformly subsmooth,

( ) for any I x A C [0,b] x H, the set C'(I x A) is ball-compact in H,

(c) there ex1st an absolutely continuous function v : [0,b] — R and K € R such that
|d(z,C(t,2")) = d(y, C(s,y))| < [v(t) —v(s)| + Kllz — yl|, for all z,y,2",y’ € H and
s,te [O b]

(H2) G :[0,b] x C, — 2 is a set-valued map with nonempty closed values satisfying
(i) for each ¢ € Cq, t — G(t,) is measurable,

(i) there exists a function m(-) € L*([0,b],RT) such that for all ¢ € [0,b] and for all
wlvd)Z ECan H( (tvwl)a ( 77/}2)) Sm(t)le_ql}Z”ooa

(iii) for all ¢ € C,, there exist r>0 and functions g¢(-), p(-) € L'([0,b], RT) such that

for all t € [0,b] and for all 1 € Bu(p,7): |Gt )= sup |yl < q(&)+p®)||%]0o-
yeG(t,Y)
Now, we are able to state our first existence result for (1).

THEOREM 3.1. If assumptions (H1) and (H2) are satisfied, then for all ¢ € C, such
that ©(0) € C(0,p(0)), there exist T > 0 and a continuous function x(-) : [—a, 7] — H,
that is absolutely continuous on [0, 7] such that z(-) is a solution of (1).

Proof. Fix ¢ € C, such that ¢(0) € C(0,4(0)). There exist r > 0 and ¢(-),p() €
LY([0,0], RT) such that [|G(¢, )| < q(t) + p(t)|[¢[loc, ¥(t,7) € [0,b] x Ba(ep, 7).
Let 71 > 0 be such that
T1 . r
/0 o) + (K +1)(a(8) + p(O)(l¢lloo + 7)) Jdt < 5
For € > 0 set

m@)zmm{vemxy\[”[@@>+<K+1x¢@+m@xm9w+r»ws<e

if |t1 7t2‘ < ")/}

and  72(e) = sup {7 €]0,¢] : [Jp(t1) — p(t2)|| < e if [t1 — o <7}
Put n(¢) = min{n (¢),n2(e)} and 7 = min{in(%),71,b}. We will use the following
lemma to prove the main result of this section.

LEMMA 3.2. If assumptions (H1) and (H2) are satisfied, then for all n € N* and for
all measurable function y(-) : [0,7] — H, there exist a continuous mapping n(-)
[—a, 7] — H, step functions 0,(-),0,(-) : [0,7] — [0,7] and g,(-) € L ([0, 7], H) such
that

2a(1) = ¢ on [<0,0], 20 (Bn(1)) € COn(t), 2n(00(1))), ¥t € [0,7),
2u(t) € B(9(0), 5), T(6u(t))an € Balp,r), ¥t € [0,7];
gn(t) € G(t,T(0,(t))xyn), Vt € [0,7],



146 Nonconvex sweeping process

, for almost all t € [0, 7],

1gn(t) =yl < d(y(t), G(t, T(0n(t))zn)) +
&0 (1) = 9n(t) € =No, (1,0, () (@n (Ot

Proof. Fix n € N* and let y(-) : [0,7] — H be a measurable function. Consider
a sequence (P,), of subdivisions of [0,7] : P, = {t§=0<t7<...<t'<...<th.=7},
where t} = i5, 0 <i < 2". Let us define a sequence (z,,),, of approximate solutions
as follows. Set z,(s) = ¢(s) for all s € [—a,0]. Put zj = ¢(0) € C(t§,zf). The
set-valued map ¢ — G(t,T(t})x,) is measurable, then, in view of Lemma 2.6, there
exists a function g € L'([0,¢7], H) such that g (t) € G(t, T(t§)x,), for all t € [0, 7],
and ||g5(t) — y(t)|| < d(y(t),G(t, T(t})zn)) + L, for almost all ¢ € [0,¢7]. The ball-

compactness of C(tf,z) ensures that Projogs .n) (x5 + f;f gy (s)ds) # 0. Then,

41
), a.e. on[0,7].

. . ¢y
we can choose a point 7 € Projom n) (x{} + ftgl, g{)‘(s)ds). Hence, we have z €

C(t7, xy) and by (H1) we deduce
e
= dcn an) (3:8 +/ g{f(s)ds)
in

e
ot = (b [ o)
ty 0

< [ 1)+ K als) + ps)r + o) s

n
tg

Now, set xn( )=x "—i—%(x’f—xg—ﬁ? 98 (s)ds)+ ftﬂ gi(s) ds, for all te[t], t1],

where a(t) = [ [[o(s)|+ K (q(s)+p(s)(r+ ]| ¢ll0))]ds, Vt € [0,7]. So for all t € [tg, 7]

t

[2n(t) = (O] < a(t) — alty) +/ (q(s) + p(s)ll¢lloc)ds

n
o

= / [l6(s)] + (K + 1) (a(s) + p(s)(r + |2l o)) ] ds

which is equivalent to 2, (t) € B(p(0), §) for all ¢ € [ty,t7]. Now, we have to estimate
(T (tP)xn)(s) — ¢(s)| for each s € [—a,0]. If =t} < s < 0, then (¢} + s) € [0,t}].
Thus, by the fact that |s| <t} <7< 77(%), we have

(T () 2n)(s) = ()| = l[en(t7+5)=p(s)]| < l|ln(ti'+5)=@(0)[[+]lp(s) =) < 7.
Therefore, T(t7)x, € Ba(p,7). Next, we reiterate this process for constructing the
sequences (¢7(+)); and (z?); and the function z,(-) satisfying, for all 0 < ¢ < 2" —1
and for all ¢ € [t}, 1}, ], the following assertions:

g;(t) € G(t, T (] )xn), (4)
zy € C(tg,xg), T, € C(tihq,x7),

[z (t) = ()] < /n [[o(s)] + (K + 1) (a(s) + p(s)(r + [|lloc)) ] ds

Lo

2u(t) € Bp(0), 5), T(t)wn € Balp,7),

lgi' (t) — (@O < d(y(t), G, T(t})xn)) + % a.e. ()
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i
e € Profgs ey (ot + [ ar)s). (6)

th

i

it (o4 [ o) < / 6] + K (a(s) + D)+ lplloc)) ] ds.

at) — a(th) < /t?ﬂ t
wn(t) = ap + 2O (o n [ gneyds) + [ gr(s)ds.
a(tyy,) — a(t}) i tn
Now, we define the functions 6,,(-),0,(:) : [0,7] — [0,7] and g,(-) € L*([0,7], H) by
setting for all ¢ € [t ¢ 1 [: On(t) =t} 1, On(t) =t} and g,(t) = g;'(t), and O(7) = T,
0,(1) = t5n_; and gn(7) = g5n_ (7). We claim that x,(-) is absolutely continuous.
Indeed, for all 0 <4 < 2" — 1 and for all ¢ and s in [t}, ¢} ], s <t, one has

__ol)=als) Ty -z — e 2 (r)dr t *(r)dr
Then, by (4) and (6), we get

||xn(t) - II?n(S)” < m ’I?_’_l — $Zl — /ﬂbiJrl g?(’l’)d’]’ +/ Hg;n('r)H dr
< [ 1)1+ (K + 1{a(r) + ) e + 1) -

By addition this last inequality holds for all s,t € [0,7] with s < t. Hence x,(-) is
absolutely continuous. Remark that for all 0 < i < 2™ — 1 and for almost every ¢ in

[t?7 t?Jrl];
. a(t) ( /t?ﬂ
in(t) = — | ol — i — gi'(s)ds | + gn(t).
a(ti+1) - a(ti ) 1 tm
Then, we obtain for almost every ¢ € [0, 7]
ln () = gl < [0()] + K (a(t) + p) ([ £l + 7))
Observe that by construction, we have g,,(t) € G(t, T (6, (t))z,) and

g (£) = y()] < d(y(t), G(t, T(Bn(t))an)) + %

Also, by construction and the relation (6), we have for almost every t € [0, 7]

En(t) = gn(t) € =No@, (1) 2m 0, (1)) (E(On (1)) -

Now, we are ready to prove Theorem 3.1. The proof will be given in several steps.
First, by Lemma 3.2, we can define inductively sequences (gn(-))n>1, (Zn(-))n>1 C

C([_a7 T]; H) and (en())nzl, (GH('))nzl - S([07 T]a [Oa T])a where S([07 T]a [Oa T]) de-
notes the space of step functions from [0, 7] into [0, 7], such that

T,(-) = p on [—a,0], 2,(0,(t)) € C(0,(t),z,(0,(t))), Vt € [0, 7],
T, (t) € E(@(O)v g)a T(0n(t))xn € EG(QO,T), vt e [0’ 7-]7
gn(t) € G(t,T(0,(t))xy,), Vt € [0, 7],
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[9041(8) = 9n (D)l < d{ga(8), Gt T2 (D)ns2) + . ac. on [0,7],

En(t) — gn(t) € _NC(En(t),xn(on(t)))(xn(én(t)))v a.e. on [0, 7].

Step 1. Convergence of x,(-) to some absolutely continuous mapping z(-). Fix any
t € [0,7]. We have z,,(0,,(t)) € C(0n(t), 2n(0n(t))), |20 (@n ()] < [l(0)] + 2r = X
and ||z, (6,(t))|| < A, which implies that z,,(6,(t)) € C([0,7] x AB) N AB. Then
{2, (0,(t)) : n > 1} is relatively compact in H, in view of (H1). Now, for all ¢ € [0, 7],
B{xy(t) :n>1} = B{an(t) — 2 (On(t)) + 20 (0,(t)) : n > 1}. From Lemma 2.7 (iv),
we get f{zn(t) : n > 1} < B{an(t) — 2, (0n(t) : n > 1} + B{zn(0a(t)) : n > 1}.
Since the set {x,(0,(t)) : n > 1} is relatively compact in H, by Lemma 2.7 (i),
B{xy(0,(t)) :n>1} =0. Then B{z,(t) : n > 1} < B{an(t) — 2 (0n(t) :n > 1} =
B{ fgn(t) in(s)ds :n >1}. By Lemma 2.7 (v), we obtain

0 (t)
Blralt) in > 1) SB{B<0, [ 1+ (& + 16 +p) el +r>>)ds)}

0 (1)
:2/t (lo(s)] + (K + 1)(a(s) + p(s) ([ @lloc + 7)) ds.

Since the right term of the above inequality converges to 0 as n — oo, B{xn(t) :
n > 1} = 0. Hence {xn(t) n > 1} is relatively compact in H. Moreover, since
& ()] < [0(8)]+ (K +1)(q(t)+p(t)(||¢]lo +7)) for almost every ¢ € [0, 7], by Arzela-
Ascoli’s Theorem, we can select a subsequence, again denoted by (z,(-)), which
converges uniformly to an absolutely continuous function z(-) on [0,7]. Moreover
(#n(-))n converges weakly to i(-) in L([0, 7], H). Also, since all functions z,,(-) agree
with ¢(-) on [—a,0], we can obviously say that (z,(-)), converges uniformly to z(-)
on [—a, 0], if we extend z(-) in such a way that z(-) = ¢(-) on [—a,0]. Additionally,

observe that (2,,(0,(-)))» converges uniformly to z(-) on [0, 7]. Indeed, by (7), we have
12 (0 (8)) =2 (®) | <[l2n (O (8) —2n (t) | +][2n () —2(2) ]

0 (1)
< /t <|®(8)I+(K+1) (a(s)+p(5)) (?"+||90|Ioo)> ds+||zn (t)—x(t)]].

The right term of the above inequality converge to 0. It follows that (2, (0,()))
converges uniformly to z(-) on [0, 7]. Therefore, by (H1) (c), we conclude that x(t)
C(t,z(t)) for all t € [0, 7].

Step 2. T(0,(t))z,, converges to T(t)z in C,. For all ¢t € [0, 7], one has
1T(0n(t))2n — T(H)alloc = sup [lzn(0n(t) +s) — z(t + )|

—a<s<0

n
S

< swp_[wu(But) +5) = 2(Oult) + )+ sup [a(Ba(t) +5) ~alt + 5|

Slza() =2( oo + sup_ [J2(On(t) + ) — x(t + 5)]|

—a<s<0

Since the right term of the above relation converges to 0, T'(0,(t))z, converges to
T(t)z in C,.
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Step 3. z(-) is a solution of (1). Let t € [0,7]. From (H2) and (5), we have

[9041(6) = (] < H (G TOA0)20), G T O 0)ns1) + —
OIT (1)) = TOnss (Ol + —

Since the right term of the above relation converges to 0, (g,(t))n>1 is a Cauchy
sequence and (g, (t))n>1 converges to g(t). Moreover, observe that

d(g(t), G(t, T(t)x)) <llg(t) — gn ()] + H (G, T(On(t))20), G(¢, T(t)x))
<llg(®) = gn (O + MmO T (On ()0 — T(t)]|oo
So g(t) € G(t,T(t)x) for all ¢t € [0,7]. Now, the Weak convergence of Jcn( ) to &(+) in
L([0,7], H) and the Mazur’s lemma entail 4 (¢) —g(t) € ﬂ co{dm(t) = gm(t) : m > n},
for a.e. on [0, 7].

Fix ¢t € [0,7]\ I and y € H, where [0,7] \ I denote the set on which the above
relations hold and I is a subset of [0,7] with null Lebesgue-measure. We have
(y,a(t) — g(t)) < infy, supys,,(y, @ (t) — gr(t)). On the other hand, one has (i (t) —
gn(t)) € =N, (1), 0, (1)) (@n (On (1)) N () B, where y(t) = [0(t)] + (K + 1)!Q(t)+
pt)(|¢lloc +7)). Hence, we get (&, (t) —gn(t)) € =7(1)0dc@, (1)) 00 (0, (1)) (T (On (1))
Then, we deduce

(y,2(t) — g(t)) <y(t)limsup o (y, —0dc (g, (1)) 2 (0, (1)) (En (On (1))

S'Y(t)U(y, _8dC(t,w(t)) (Jf(t))) :

So, the convexity and the closedness of the set ddc (s z(1))(%(t)) ensure (i(t)—g(t))

=Y(8)0dc (¢ (1)) (@ () C—Noe,u(ey) (@(t)). Finally, &(t)€ =N,z (2(t)+G (L, T(t)x
for almost all ¢ € [0, 7].

m

o<

4. Second order sweeping process with nonconvex perturbation

In this section, we prove the existence result of solutions for (2). Assume that the
following hypothesis hold:

(H3) C:[0,b] x H x H — 21 is a set-valued map with nonempty and closed values
satisfying:

(a) the family {C(t,z,y) : (t,z,y) € [0,b] x H x H} is equi-uniformly subsmooth,
(b) for any I x Ax A’ C [0,b] x H x H, the set C(I x A x A’) is ball-compact in H,
(c) there exist an absolutely continuous function v : [0,b] — R and K, K’ € Rt such
that |d(z, C(t,,2")) — d(y, C(s, 4/, y")| < Jo(t) — o(3)] + Klla’ — /| + K’z — yl,
for all z,y,2’,y',2",y" € H and s,t € [0, d],

(H4) F : [0,b] x C, x Cu — 2H is a set-valued map with nonempty closed values
satisfying

(i) For each ¢, ¢ € C,, t — F(t,1, ) is measurable,
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(i) There exists a function m(-) € L1([0,b],R*) such that for all ¢ € [0,b] and for all
V1,2, @1, 02 € Cay H(F(t,h1,01), F(t, 02, 62)) <m(t)(|o1 — d2loo + 1 — t2]lo0),
(iii) For all ¢ € C,, there exist r1,72 > 0 and three functions g(-), p(-), ¢(-) €
L([0,b],RT) such that for all ¢t € [0,b] and for all (¢, ¢) € Bu(g,71) x Ba(p,72),

IE(t ¥, 0)|l < g(t) + p(O)[¥]lc + a(O) ]l -
We established the following result.

THEOREM 4.1. If assumptions (H3) and (H4) are satisfied, then for all ¢ € C, such
that ©(0) € C(0,5(0), »(0)), there exist T > 0 and a continuously differentiable func-
tion x(-) : [—a, 7] = H such that (-) is absolutely continuous on [0, 7], and x(-) is a
solution of (2).

Proof. Fix ¢ € C, such that ¢(0) € C(0,5(0),¢(0)). There exist ri,r2 > 0 and
g9(-),p(+),q(-) € L*([0,b], RT) such that for all (t,1,®) € [0,b] X Ba(p,71) X Ba(p,72)

|F(t, v, d)|| < g(t) + p()[[Ylloo + a(t) 9] o-
Put r = min{ %, 2 }. For simplification, set d(¢) = g(t)+p(t)([|@|loo +7) +q(t) (||l oo+
r), Vt € [0,b]. Let 74 > 0 and 72 > 0 such that

[ G5+ Kots) + (0 vs)as < 5 ana [ ptsyas <
where p(s) = § + [|¢(0)], for all s € [0,b]. For & > O set

n(e) = sup {’y €]0,¢] : / ’ (|o(s)] + Kp(s) + (K" +2)6(s))ds

t1

/ pls)ds

and n2(e) = sup {7 €]0,¢] : [lp(tr) — p(t2)|| < ¢
and H@(tl) — 7(?52)” < eif |t1 — t2| < ’}/}.

Put 7(e) = min{ni(€),n2(¢)} and 7 = min {71, 7, in(s ),b}.
We will use the following lemma to prove the main result of this section.

<e€

and

<£if|t1—t2<'y}

LEMMA 4.2. If assumptions (H3) and (H4) are satisfied, then for all n € N* and
for all measurable function y(-) : [0,7] — H, there exist two continuous maps x,(-) :
[~a,7] = H, u,(-) : [~a,7] — H, step functions 0,(-),0,(-) : [0,7] = [0,7] and
fn(-) € LY([0,7], H) such that B B B

(i) fa(t) € FT(0n(t)Tn, T(0n(t))un), un(bn(t)) € C(On(t), 2 (00 (1)), un(0n(t))),
for allt €10, 7];

(i) [|.fo(t) =yl < d(y(t), F(t, T (On(t ))me(an(t))Un))+% Jor almost allt € [0,7];

(’LZ’L) ( (t) (t)) S NC(@ (t), mn(o (t)),un (0 (t)))(un(e_n(t))) fO’I’ almost all t € [0,7’]7'
(1) [in(t) = fu (@)l < [0(6)] + Kp(t) + (K" +1)d(t) for almost every t € [0,7];

(v) z,(t) = @(0) + f(f un(0r(5))ds for every t € [0,7];
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(vi) n(t) € B($(0), 5), un(t) € B(¢(0),5), T(0n(t))zn € Ba(p,7) and T(0n(t))un €

Ba(p,r) for every t € [0,7].

ol

Proof. Fix n € N* and let y(-) : [0,7] — H be a measurable function. Consider
a sequence (P,), of subdivisions of [0,7] : P={0=t{<t}<...<t'<...<th.=7},
where ¢} = ig; for 0 < i < 2". Let us define the functions z,(-) and wu,(-)
as follows. Set z,(s) = @(s) and un(s) = ¢(s) for all s € [—a,0]. Put zf =
2(0) and uff = ¢(0) € C(t§,zy,uy). By Lemma 2.5, the set-valued map ¢
F(t,T(t§)xn, T(t§)uy,) is measurable. Hence, there exists fi'(-) € L*([ty,t}], H)
such that fl'(t) € F(t,T(t])xn, T(t])uy,) for all t € [tf,t7] and ||f5 @) — y(@®)|| <
d(y(t), F(t, T(t)xn, T(th)us)) + +, for almost all ¢t € [tg,¢1]. Set z,(t) = af +
(t —to)ug, VYt € [t5,t7] and put x,(t7) = «7. By the ball compactness of the set

C(t1, 27, ug), there exists some point uy € Projon gn yn) (uo + f ds) Note

that uf € C(t7, 27, ug) and

i o
= (g [ a3as) H — deqgpap (05 + [ £305)05)
& tn

< /t (Io(s)] + K'(g(s) + p() [ @llow + a(3)[[2lloc) + K ll0(0)]])ds

< / " (1665)] + K (9(5) + p)l|Bloo + () [@lloe) + K p(5))ds.

n

0

Now, set un(t)—ug+m<u?ug / fg(s)ds>+ | i o), veeldy. ]
where (¢ fo [o(s)| + Kp(s) + K'd(s))ds, Vte[ . So, for all ¢ € [tg, 7],
)0 <00 Lt [ oo / 155 ()lds

<a(t)-a(tf)+ / 5(6)ds < [ (ol6)+Kpo)+ (" +1)5(6))ds < &
t tn
and ||z, (t) — ft" s)ds < %,
z,(t) € B(p (0) ) for all ¢ € [t§,t}]. Now, by the same arguments us in the last
section, we can prove that T(t})z, € Ba(,r) and T(t7)u, € Ba(p,7).

We reiterate this process for constructing the sequences (f'(-)):, (2F); and (u});
and the functions x,,(-) and u,(-) satisfying, for all 0 <4 < 2" and for all t € [t}, ¢} ],
the following assertions:

[ @) R, T(t )an, T(8 un),

ug Ec(tg’xn(tg)aun(tg))v uzT'L—i-l € C(t?+17xn(t?+1)vun(tzn))’

ln(t) — $(0)] < / p(s)ds,

0

which is equivalent to u,(t) € B(¢(0), 5) and
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2,(t) €B(p(0). 5). T(t71)n € Ba(@.7),
o) = 0] < [ (9] + Kl + (K + 1)6(5) .

wn(t) €B(#(0). ), T(t1)un € Bali,1),

1£7(t) =yl <d(y(@), F (¢, Tt )z, Tt un)) + % a.e.

ti
uiy1 € Projor, | v er, ) un(tr) <u? + /tn fin(s)d8>7 (8)
i (u w7 ) H 8()| + Kp(s) + K'a(s))ds,
t
a(t) — a(t})

un(t) =ul +

t’?+1 t
W(uwﬂ —u; — -/t;‘ fl (S)ds) + o fz (s)ds

T () =2 + (t — t7)ul.
Now, we define the functions 6,,(-),0,(-) : [0,7] — [0,7] and f,.(-) € L*([0,7], H) by
setting for all ¢ € [t, 7]

On(t) =71, On(t) =t7 and  f,(t) =fi'(1),
9(7) =T, On(T) =tgn_q and  fu(7) =fan_1(7).

Next, we can easily verify that x,,(-) and u,(-) are absolutely continuous. Now, remark
that for all 0 < i < 2" — 1 and for almost every ¢ in [t}, ¢} ],

i1 (t) = “(“(t) (u;-ql - / ff(s)ds) + fult).

O‘(t?+1) -« n

Then, for almost every ¢ € [0, 7], ||t (t) — fn(t)|| < [0(8)]+ Kp(t)+ (K'+1)d(t). Also,
by construction and the relation (8), we have for almost every ¢ € [0, 7],

(n(t) = Fu(t)) € =Ne@, (1) @n (0)),un 0 (8))) Un (On(2)))-
Then the proof is complete. U

Now, we will prove Theorem 4.1. In view of Lemma 4.2, we can define induc-
tively sequences (fo(n1, (Zn(Vnzt, (n( Dzt C C((—a,7], H) and (Ba())ns1,
(0 (:))n>1 C S([0,7],[0,7]) satisfying the assertions (i)-(vi). By the same technics
of the last section, we can prove that, for every ¢ € [0, 7], the set {u,(t) : n > 1}
is relatively compact in H. On the other hand, by (iv), we have, for almost all

€ [0,7], lun(®)]] < [0(t)] + Kp(t) + (K’ + 2)6(t). By Arzela-Ascoli’s Theorem, we
can select a subsequence, again denoted by (u,(+)),, which converges uniformly to an
absolutely continuous function u(-) on [0, 7], moreover u,(-) converges weakly to u(-)
in L1([0,7], H). Also, since all functions u,(-) agree with ¢(-) on [—a, 0], we can say,
as above, that u,(-) converges uniformly to u(-) on [—a,7]. In addition, since

[un (00 (2)) — w(O)] <[lun(On(8)) = un (O] + lJun(t) — u(®)]|
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¢
< [, Q)+ Kplo) 57+ 2)5(5))ds + (1)~ w0
and the right term of the above inequality converges to 0 as n — oo, we can conclude
that (un(05(+)))n converges uniformly to u(-) on [0,7]. By the same argument, we
can prove that (un(6,())), converges uniformly to u(-) on [0,7]. Next, set z(t) =
2(0) + fg u(s)ds for all t € [0,7]. We have ||z, (t) — z(t)]| < fOT lten (0 (5)) — u(s)||ds,
Yt € [0, 7]. Hence, the sequence (z,(+)), converges uniformly to a function z(-). Also,
since all functions z,(-) agree with ¢(-) on [—a, 0], we can obviously say that x,(-)
converges uniformly to z(-) on [—a, 7], if we extend z(-) in such a way that () = @(-)
n [—a,0]. Additionally, observe that for all ¢ € [0, 7]
0 (1)
IImn(ﬁn(t))—x(t)IISlll‘n(ﬁn(t))—xn(t)H+Hxn(t)—x(t)llﬁ/t p(s)ds+||zn (t)—2(t)||

Thus z,(0,(-)) converges uniformly to z(-). By the same argument, we can prove
that x,(0,(-)) converges uniformly to z(-). Moreover, one has u(t) € C(t, z(t), u(t)),
for all ¢ € [0,7]. On the other hand, since &, (t) = u, (6, (t)), for almost all ¢ € [0, 7],
the sequence (i, (+)), converges uniformly to u(-). So, from

zn(t) = @(0) +/O Zn(s)ds, Vte|[0,7],

we get (1) = 3(0) + /O u(s)ds, Vi€ [0,7].

So #(t) = u(t) and Z(t) = u(t) for almost all ¢ € [0,7]. Now, if we apply the same
arguments of the last section, we can prove that T(6,(t))z, converges to T(t)x and
T(0,,(t))uy converges to T(¢)u in C,. In the next, we shall prove that x(-) is a solution
of (2). Let t € [0,7]. From (i) and (ii) we deduce

[ frta ()= Fu(®)]]
1
§H(F(t,T(9n(t))mn,T(Qn(t))un),F(t, T(0n+1(t))xn+1vT(9n+1(t))un+1))+r_'_1

1

<nl0) (160 0)00 =T O (D)1 1T ()T O (Dt ) + -y

The right term of the above relation converges to 0. Hence (f,(t))n>1 is a Cauchy
sequence and f,(t) converges to f(t). Moreover, from the following inequality

d(f(t), F(t, T(t)z, T(t)u))
<IF(E) = fa@)ll + H(F(, T(On(t)2n, T(0n(t))un), F(t, T(H)2, T(t)u))

<IF@) = fu(@)]] +m(t) (IIT(Hn(t))xn =Tzl + T (On(t))un — T(t)UIloo>

we get f(t) € F(t,T(t)x, T(t)u) for all ¢t € [0,7]. Now, as in the previous section, we
can prove that u(t) € —Ne¢,z(),u) (u(t)) +F (&, T(t)z, T(t)u), a.e. on [0,7]. Finally,
we get #(t) € —Nea),at) (1)) + F(t,T(t)x, T(t)), and &(t) € C(t,z(t), 2(t)) for
almost every t € [0, 7]. The proof is complete. O
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