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THE BOREL MAPPING OVER SOME QUASIANALYTIC LOCAL
RINGS

Mourad Berraho

Abstract. Let M = (M;); be an increasing sequence of positive real numbers with
My = 1 such that the sequence M;;1/M; increases and let &£, (M) be the Denjoy-Carleman
class associated to this sequence. Let én(M ) denote the Taylor expansion at the origin
of all elements that belong to the ring £,(M). We say that &,(M) satisfies the splitting
property if for each f € &, (M) and AU B = N" a partition of N*, when G =} ., awz®
and H = 3 _pawz” are formal power series with f = G + H, then G € E.(M) and
H € &£,(M). Our first goal is to show that if the Borel mapping ” : & (M) — R[[z1]] is a
homeomorphism onto its range for the inductive topologies, then the ring £ (M) coincides
with the ring of real analytic germs. Secondly, we will give a negative answer to the splitting
property for the quasianalytic local rings £,(M). In the last section, we will show that the
ring of smooth germs that are definable in the polynomially bounded o-minimal structure of
the real field expanded by all restricted functions in some Denjoy-Carleman rings does not
satisfy the splitting property in general.

1. Introduction

Let &, denote the ring of germs at the origin in R™ of smooth functions germs and
R[[z1,...,xy]] the ring of formal series with real coefficients. If f € &,, we denote
by f € R[[x1,...,x,]] its (infinite) Taylor expansion at the origin. The mapping
E.of fe R[[z1,...,x,]] is called the Borel mapping. A subring C,, C &, is called
quasianalytic if the restriction of the Borel mapping to C,, is injective.

It is a classical result that is proved in [10] just by using techniques from Hilbert
spaces that the Borel mapping restricted to the germs at 0 of functions in a quasian-
alytic Denjoy-Carleman class is never onto. We first prove that if the Borel mapping
over the ring £ (M) is a homeomorphism for the inductive topologies onto its range,
then the ring & (M) coincides with the ring of real analytic germs. Secondly, we
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consider the property introduced by K. Nowak, see [6], that we call the splitting
property by showing that there is no quasianalytic Denjoy-Carleman ring & (M) that
satisfies this property and that for n > 2, the rings &, (M) have in general a negative
answer to this property.

The theory of o-minimal structures is a wide-ranging generalization of semi alge-
braic and subanalytic geometry. This theory has obtained a strong interest since 1991
when A. Wilkie [11] proved that a natural extension of the family of semi algebraic sets
containing the exponential function (R, +, —,.,0,1, <,exp) is an o-minimal structure.
Another way to yield quasianalytic rings is to consider the germs of smooth functions
definable in a polynomially bounded o-minimal expansion of the ordered field of real
numbers.

Finally, we end this paper by giving a negative answer to the splitting prop-
erty for the ring of smooth germs that are definable in the polynomially bounded
o-minimal structure of the real field expanded by all restricted functions in some
Denjoy-Carleman rings.

2. The Borel mapping over the quasianalytic Denjoy-Carleman rings

In this paper, we will not distinguish between notation of a function and its germ.
Let us recall some basic properties of the quasianalytic Denjoy-Carleman rings.

We use the following notation: for any multi-index J = (j1...,j,) of N", we
denote the length ji + ...+ j, of J by the corresponding lower case letter j. We put
DY =07/0z7 ... 0z, J'=ji!.. . gl and @7 = 2] ... 2dr where x = (z1,...,T,).

Let M = (M;); be an increasing sequence of positive real numbers, with My = 1.
We define the Denjoy-Carleman class &,(M) to be the set of smooth germs f for
which there exist a neighborhood U of 0 and positive constants C' and ¢ such that
|D7 f(x)| < Co¥jIM; for any J € N® and z € U.

Here, Co7j! appears as “the analytic part” of the estimate, whereas M; can be
considered as a way to allow a defect of analyticity. If O, denotes the ring of real-
analytic function germs at the origin of R", we clearly have O,, C £,(M) C &,.

Frow now on, we shall always make the following assumption:

the sequence M is logarithmically convex.

This amounts to saying that the sequence M;11/M; increases.

This assumption implies that the class &,(M) is a local ring with maximal ideal
{h € &, (M) : h(0) = 0}, (see [10, Proposition 1]). By [10, Theorem 2], the local
ring &,(M) is quasianalytic if and only if Zj_:og (;-5-1]\)4%
thanks to [10, Corollary 1], that O,, = &,(M) if and only if supj21(Mj)1/j < 0o. We
know by [10, Corollary 2] that the ring &,(M) is stable under derivation if and only
if sup; > (Mj41/M;)Y7 < oo

In this section, we will consider just the case when n = 1 and that all the rings

= oo. It is well known,



M. Berraho 37

E1(M) are quasianalytic, unless otherwise stated. Therefore, we have that
E\M) :={f & :|f®(x))| < CR*Myk!, Y, € (—e,€)Vk € N for some &,C,h > 0}.
Set Ay = {f =Y 0o an?, |ay| < Ch"M,,Vn for some C,h > 0}. The Borel map-
ping is defined as " : & (M) — Aa, f = >oorp f(n)(o . So the Borel mapping
obviously satisfies & (M) C Ajs.

It is easy to check that for any real 7 > 0, & p = {f € &, || flle.r < oo} is

. (n
a Banach space with the norm || f{|s - 1= sup,, c(_c,) SUPpen %7 and that for
every h > 0, Aprp i={f =Y o g ana? € R{[21]], || f]|a,n < oo} is also a Banach space
with the norm || f||a,n = sup, ey Al[a”h‘n
Now, let us endow the spaces & (M) and Ay with the inductive topologies of the

spaces &, pr and Ajy p, respectively.

Let 7 > 0, we have that ||f|[s = sup,cy 5\’;(7;),7073,‘ < |\ flle,sVf € E(M). So the
Borel mapping " : £&1(M) — Ay is a continuous linear mapping.

It is well known that * maps from £ (M) to Ay, in general its range does not
coincide with Aj; especially if the ring of the real analytic germs is strictly contained
in the quasianalytic ring & (M). The aim of this section is to show that if the Borel
mapping " : £1(M) — Aps is a homeomorphism into its range, then the ring £ (M)
coincides with the ring of real analytic germs (i.e., supj21(Mj)1/j < 00).

PROPOSITION 2.1. The range of the space (M) by the Borel mapping ™ : & (M) —
Ay is dense in the space Ay for the inductive topology.

Proof. By identifying a formal power series f := Y °  a,z’ with the sequence of its
coefficients a := (a,)nen, for every h > 0, we have

h‘" ]\4‘ < 00}
Then by [7, Section 2.10], A/ is a LB-space (inductlve limit of an increasing sequence
of Banach spaces) and is the union of the increasing sequence of Banach spaces:
AMJ C AM,Q - AM73 C...

We endow the space Aj; with the corresponding inductive topology. Let a €
Ay and take k € N such that a € Ay We now fix € > 0 and take ng so that
27" |la||a,k < €. Define b, = a,, for n < ng and b, = 0 for n > ng. Then

Arrn = {(an)nen : llallan = sup

nl 1 1
o = bllaar = sup 2 L < flalla g <
Moreover, b = (Z?io a;al) € £(M), which proves the density. O

To prove the following lemma, let us recall the famous result of functional anal-
ysis: Let E and F be two arbitrary locally convex vector spaces which are linearly
homeomorphic. If F is complete, then so is F'.

LEMMA 2.2. The space él(M) is closed in Ay if the Borel mapping ™ : (M) — Ay
is a homeomorphism onto its range for the inductive topologies.
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Proof. By assumption, the Borel mapping  : & (M) — & (M) is a homeomorphism.
We know that &; (M) is complete [3, Proposition 1]. So, the space & (M) which is a
topological subspace of Ay is also complete. Consequently, the space & (M) is closed
in AM

THEOREM 2.3. If the Borel mapping " : E1(M) — £ (M) is a homeomorphism for
the inductive topologies, then the ring E1(M) coincides with the ring of real analytic
germs O1.

Proof. By Proposition 2.1 and Lemma 2.2 and under the assumptions of this theorem,
the Borel mapping " : & (M) — Ay is surjective. So, by [10, Theorem 3], if the
quasianalytic ring & (M) contains strictly the ring of real analytic germs, then the
mapping ” is not surjective, which is a contradiction. O

We deduce the following criterion for the analyticity of the class & (M): If for
every o > 0, there are strictly positive C,7 and € such that for all f € & (M), we

(n) (n)
have sup|,,|<. sup,, VMW% < C'sup,, %HT(OTZ,I Furthemore, supn21(Mn)1/" < 00.

We end this section by the following remark about the surjectivity of the Borel
mapping over the Denjoy-Carleman rings & (M).

We recall that the local ring & (M) is strongly non-quasianalytic if there exists a
constant C such that

—+o0
M; M, )
- <C for any integer k. 1
j_zk U+ DM = My W
It is well known by [10, Theorem 4] that in the case where the ring £ (M) is strongly
non-quasianalytic, the Borel mapping " : £ (M) — Ay is surjective but if we enlarge
the space Ay to the space R[[z1]], it becomes never surjective despite the fact that
the sequence M satisfies the condition (1).

REMARK 2.4. The Borel mapping " : & (M) — R[[z1]] is never surjective for any
sequence M.

If we take the formal power series F(z1) = > p, Mk*zVand the mapping " is
surjective, then there exists f € & (M) such that f = F, and so there exist C' > 0
and A > 0 such that [f*)(0)] < CAFE!M,, for all k € N. Consequently, we obtain
| M k*k!| < CA*EIM,, for all k € N. So k < AC'* and for k sufficiently large, we get
a contradiction.

3. Problem of splitting property over the quasianalytic local rings &, (M)

In this section, we will give a negative answer about the splitting property for the
Denjoy-Carleman rings &, (M), for all n € N*.

Recall that we say that a subring C,, C &, is a quasianalytic ring if the Borel
mapping Cn, 3 f — f € R[[z1,...,zy]] is injective.
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DEFINITION 3.1. Let C,, C &, be a quasianalytic ring. We say that C,, has the
splitting property, if for each f € C,, such that f = o1 + @2 where 1 = 4 a 2%,

(o = ZweB a,r¥ and N* = AU B, AN B = (), there exist 11,1, € C,, with wAl = 1,
o =2 and f =11 + .

ExaMPLE 3.2. The ring of real analytic germs O,, clearly satisfies the splitting property.

LeEMMA 3.3. Let f € C®([0,1]) be such that f*)(0) > 0 if k is even and f*)(0) =0
if k is odd. Suppose that there exists x; € (0,1] such that f(j)(xj) = 0 for some j.
Then there is a sequence x; > 11 > ... > 0 such that f®)(zr) =0 for all k > j.

Proof. Tt suffices to show that there exists 241 € (0,2;) with fU+Y(z;,,) = 0. Then
the lemma follows by iteration.

If j is odd, then f7(0) = £ (x;) = 0 and so Rolle’s theorem implies that there
exists ;41 € (0,2;) with fUT)(2;,1) = 0.

If j is even, then fU)(0) > 0 and fU)(x;) = 0. Setting g := fU), we have
g(0) > 0,4’(0) = 0 and ¢”(0) > 0. This implies that ¢’(z) > 0 for small > 0 (in
fact, 0 < ¢”(0) = lim,—0¢'(x)/z and hence ¢'(x)/x > 0 for small x > 0). So g is
monotone increasing for small z > 0 . Then Rolle’s theorem implies that there is
i1 € (0,25) with ¢'(zj11) = fU) (241) = 0. 0

THEOREM 3.4. Suppose that the quasianalytic local ring Oy is strictly contained in
the ring £1(M). Then for any sequence M = (M), the ring E1(M) does not satisfy
the splitting property.

Proof. Let f(z) = S50, 22 cos(2myx), where my, = (k 4+ 1)Mjy11/My. So, f

2my, k
is the real part of the fun(ctioil constructed in Theorem 1 in Thilliez’s paper [10].
Then |f*)(0)] > k!Mj, for all even k, and hence f € & (M)\O;. We have that
f= 2 k=0,1(4) apzh — 2 ok=2,3(4) apz® =1 G — H, where a;, > 0 if k =0(2) and a, =0
if k=1(2). Assume that the ring & (M) satisfies the splitting property. Then there
exist germs g, h € & (M) with § = G, h = H, and f = g — h. Theorem III in Bang’s
paper [1] combined with Lemma 3.3 implies that all derivatives of g and h are positive
in the interval (0,1). Bernstein’s theorem on absolutely monotone functions implies
that g and h extend to analytic functions in a neighborhood of 0, a contradiction. U

PROPOSITION 3.5. Let £,(M) be a quasianalytic and non-analytic Denjoy-Carleman
ring such that suij:L(MjH/Mj)l/j < 00. Then the ring E,(M) does not satisfy the
splitting property for any n > 2.

Proof. For n > 2, the quasianalytic ring &,(M) contains the ring of polynomials
R[z1,...,2,] and are closed under composition [10, Section 1.3] and under partial
differentiation. So, if the ring &, (M) satisfies the splitting property, we deduce
by [9, Theorem 1.3] that &, (M) is exactly the ring of real analytic germs O,,, which
contradicts our assumption. 0
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4. Problem of splitting property over the real field expanded by the
restricted functions in &_; 1» (M)

Let R:= (R, +,—,,<,0,1) be the ordered field of real numbers.

For each n € N*, let £_1,1j» (M) denote the ring of all functions f : [-1,1]" = R,
for which there exist an open neighborhood U of [—1, 1]™, a smooth function g : U — R
and positive constants C' and o such that f = g[_1,1» and |D”/g(z)| < CodjIM; for
any J € N” and z € U. _ B

For each n € N*, let f € &£_y11»(M), and define f : R* — R by f(z) =
f(z) if z € [-1,1]" and f(z) = 0 otherwise. Assume that the ring E_1n (M) is
closed under derivation (i.e., SuijI(Mj+1/Mj)1/j < 00). We let Rg_, vy =
R, (f)feg[7171]n(ﬂf)) be the expansion of the real field by all ffor f €& (M).

In this section, we will give a negative answer for the splitting property for the
ring of smooth germs that are definable in the o-minimal structures (Rg[—l,l]“'( M))n-

For each n € N*, let Ry, denote the ring of the smooth germs that are definable
in the structure RE[_L”"(M). Put Reany = Upen- Rg[_lyl]n(]\{); we know according
to [8] that the structure Re(py is o-minimal and polynomially bounded, so by [5], the
rings R, satisfy the quasianalyticity property for each n € N*.

We know by [3, Proposition 2] that each Rz, is a local ring whose maximal ideal
is generated by the germ at zero of the coordinate functions z — z; : R™ — R,
i =1,...,n. Given an increasing sequence M = (M;); of a strictly positive real
numbers and a positive integer p, let MP denote the sequence (M,;); and &, (MP)
the Denjoy-Carleman class of the sequence MP := (ij)j. Suppose furthermore that
the sequence M is logarithmically convex. Clearly, &,(M) C &, (MP) for each p € N.

We know by [2, Proposition 2.3] that the ring of smooth germs of unary func-
tions which are definable in the structure R does not satisfy the splitting property.
So, the aim of the following proposition is to give a necessary condition for satisfy-
ing this property for the ring of smooth germs that are definable in the structure

(Ra (f)f€5[71,1](M))'

PROPOSITION 4.1. Let E1(M) be a quasianalytic and non-analytic ring such that
supj21(Mj+1/Mj)1/J < oo. If the ring Ras1 satisfies the splitting property, then there

exists p € N such that the ring & (MP) is not quasianalytic (i.e., Zj:g (]_HA)/[# < 0).
pjTp

Proof. Let f(z) = Y 1, é;é‘gk cos(2myx), where my, = (k + 1)Myy1/My. So, by

the proof of Theorem 3.4, f € & (M) and therefore f € Rpr1 and we have that
f= Zk50,1(4) g’ — Zk52,3(4) apa® =1 G — H.

Assume that the ring Rps,1 has the splitting property and that the rings & (MP)
are quasianalytic for all p € N. So, by [4, Theorem 1.6], there exist g € & (MP) and
h € & (M?) (where p and ¢ are positive integers) such that § = G and h = H. Hence
g, h € & (MPT), and as E1 (M) C & (MP7), the germ f also belongs to the quasianalytic
ring £ (MP9) and that f = g — h thanks to the quasianalyticity. Since [1, Theorem
ITT] combined with Lemma 3.3 implies that all derivatives of g and h are positive
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in the interval (0, 1), from Bernstein’s theorem on absolutely monotone functions, it
follows that g and h extend to analytic functions in a neighborhood of 0, and so does
f, which is a contradiction as f & O;. 0

REMARK 4.2. Under the same assumptions of Proposition 4.1, for any n > 2, the ring
R,n does not satisfy the splitting property.

The quasianalytic local rings Rz, contain the ring of polynomials Rlz1, ..., zy]
and are closed under composition [10, Section 1.3] and under partial differentiation.
So, if the ring R, satisfies the splitting property, we deduce by [9, Theorem 1.3]
that the ring R ,, coincides with the ring of real analytic germs O,,, which is absurd.
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