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INVARIANTS, SOLUTIONS AND INVOLUTION OF HIGHER
ORDER DIFFERENTIAL SYSTEMS

A. Mastromartino, Y. Nogier, and I. Marquez de M.

Abstract. The paper is concerned with the interpretation of the fixed points of an
involution as invariant solutions under certain Lie algebra of symmetries of a given equation.
Our aim is to study the involutivity in terms of the symmetries of an equation. We prove
that if 7 : E — M is a fiber bundle and V : T*M — J'T*M is a linear connection on the
base space, then there exists a unique involutive linear automorphism, o in JYJIE, that
commutes with the projections 711 and Jlm,o. Moreover, we prove that the space Jk(ﬂ') is
the quotient space of the iterated sesqui-holonomics jets Jrge=t () relative to the subgroup
of symmetries determined by some involution ay.

1. Introduction

We know [2] that an anti-symplectic involution on a symplectic manifold (M, w) is
amap « : M — M such that o*w = w and o = Id |pr- The fixed point set of an
anti-symplectic involution is always a Lagrangian manifold. A classical construction
of such an involution is given by complex conjugation when M is a smooth complex
subvariety of the complex projective space P™ cut out by polynomials with real coeffi-
cients. In this case the fixed point locus is just the intersection with the real projective
space RP". On another side, using the properties of the fixed point, Villaroel showed
in [9] the following:

(i) The n-planes P in a submanifold J*(E, n), that are horizontal with respect to the
projection 73, and contained in J**1(E, n), are fixed by a canonical involution.

(ii) If a submanifold L C J*'1(E ,n) has at each point an n-plane fixed by the
canonical involution, then L generates an involutive n-distribution on FE.

In this paper, we review the notion of involution and the constructions shown by
Villaroel [9] to discuss the interpretation of fixed points of an involution in terms of
the invariant solutions under certain Lie algebra of symmetries of a given equation.
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338  Invariants, solutions and involution of higher order differential systems

In the second section we investigate the basic notion of jet spaces and have a brief
review of iterated jet space with some important identifications. We prove that if
7: E — M is a fiber bundle and V : T*M — J'T*M is a linear connection on the
base space, then there exists a unique involutive linear automorphism, a, in J1J1E,
that commutes with the projections 711 and J'mg.

In the next section we review the notion of the symbol of a manifold and finally the
last section is about the invariant solutions of an equation and we prove that the space
J¥(7) is the quotient space of the iterated sesqui-holonomics jets J'.J*~1(r) relative
to the subgroup of symmetries determined by some involution coy. The meaning of
all these symbols will be explained later in the next sections.

2. Jet spaces

Let E be an (n + m)-dimensional manifold. Two n-dimensional manifolds L; and
Lo are k-equivalent in x € Ly N Ly if L1 and Lo have contact of order k in x. This
equivalence defines J*(FE,n) = {[L]* | dim L = n,z € L}, where [L]* denotes the k
jets of L in x and is the class of equivalence under the relation of contact. The impor-
tant application that relates the distinct jet spaces is -1 : J*(E,n) — J*=L(E, n),
where 75 .1 ([L]%) = [L]*~1. So the jet spaces are related in the following way,

E< JYBE,n) <2 < JFN(E, n) < JRME, )
In the case of a fiber bundle 7 : E — M where dimM = n and dim E = n + m,
consider all submanifolds of dimension n that are images of local sections of m; we
denote these submanifolds by Tje(m). If s € Tjpe(nm), with s : U — E and U an
open set of M, put s(U) = L. We define [s]* = [L]E(I) for € U and the space of

k-jets of the so-defined bundle 7 is denoted by J*m. An important application is the
following: jx(L) : L — J*(E,n), y — [L]}. In similar way for the k-jets of a fiber
bundle, j(s) : U — J*(E,n), x — [s]*.

We will denote Im j,(L) = L*). If L is locally represented by section s, then
we denote Im ji(L) = T'*. Now we use Greek letters y, A, ... to refer to basis coor-
dinates and Latin letters i, 7, ... to refer to fiber coordinates. The k-jet space J*m
is a differentiable manifold and a fiber vector bundle with respect to the projection,
s JPT — M, [s]k — x . If (2", u?) are local coordinates in E, then (z#,u/,ul) are
local coordinates for J*m, where

. glolgi
J(1LFY = 1
(o) = 52 @) (1)
and u’/ = s7(x*) is a local representation of L, o = (iy,...,i,) is a multi-index such

that 0 < |o] < k, |o] = i1 + -+ -in. A system of differentiable equations of order
k is then a submanifold & C J*(E,n) or & C J*(xr). Since the representation in
_Plolgi
coordinates of ji(L) is (x“,sj, —5 ), it is natural to define a solution of £ as a
x

submanifold L, such that ji(L) C £. The notations and others facts on jet spaces
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used in this article are taken from the Russian school [1].

2.1 Cartan distribution

An integral plane in J*r is an n-dimensional plane of the form TyL®*) that projects
horizontally with respect to the projection 7. For § = [L]* € J*7 we call the tangent
space TyL®) the integral plane at the point 6. We denote by C§ the linear span of all
integral planes at the point 6. It defines the distribution 6 — Cg. This distribution
is denoted by C* and is called the Cartan distribution on J*=. It is generated by the
derived formal operators
0 .0 Co olol+1si
D, = o + Zufw@ , where uf  (s7) = Frerek
7,0

In terms of forms it is described by the Cartan 1-forms, w! = dul — ZWT u{;udac“.
These forms annihilate the operators D,. In general any horizontal sub-space H
of the Cartan plane C'g with respect to the projection mj ;—1 has dim H < n. The
important fact about the Cartan distribution is explained by the following theorem.

THEOREM 2.1. L is a solution of the equation £ if and only if L™™) is a mazimal
integral submanifold of Ck(E), where C§(E) = Cy NTHE, 0 € E, is the induced Cartan
distribution on .

2.2 Iterated jet spaces J'J'E

Let L C E be an n-dimensional submanifold and « € L. The application j; (L) : U —
JLE defines a local section of m; and determines the n-dimensional submanifold in
J'E denoted by L(Y). The space consisting of all contact elements of the form [L(1)]!
is the space of iterated jets J'J'E. If (a#,u?, ui) are the coordinates in J'E, then
we will denote the coordinates in J'J'E by (x#,u?, ud,, (u/),, (u}),.). By taking the
derivatives of fiber coordinates with respect to the base coordinates, we obtain the
new coordinates in J'J'E . We have then two projections in the iterated jet space
JLILE:

i B 5 TE, (@l (00),, (1)) = (2 ),

w [0
and J17r170 JYJYE — J'E, (x“,uj,uf“ (uj)#, (uf\)ﬂ) — (m“,uj, (uj)#).

These two projections define the corresponding affine bundles.
We denote by J'J'E the subset of J'J'E that consists of the elements of contact
that fulfill the condition (u?), = Uﬂ This space will be called the space of sesqui-

holonomics jets. The coordinates in this space are given by (z#,u/, ul, (uf\)u) We

note that both projections coincide and J1J'E = ker(my 1 — J'm0). We can define
from the sesqui-holonomics jets the space of jets of order 2, J 2E, like those jets that
fulfill (u}), = (ud)r = uj,,. Some other important facts about iterated jet spaces can
be found in [6,7] The affine bundle 71 1 is modeled on the vector bundle T*M ® 1 p
VJ'E and the affine bundle J171'170 is modeled on the vector bundle JY(T*M ®g
VE), see for example [4, Proposition 12.11]. We can prove that there exists a linear
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morphism between the two affine bundles 71 ; and J 171'170, that we call the involution.
This involution depends on a linear connection on the tangent bundle of the base
space M. For this we consider the following diagram

J'VI'E——>T*M @5 VJ'E v JNT*M @ VE) —= J'J'E

.]171'170

J'E

where ay is the linear morphism that links the vector bundle models of the corre-
sponding affine bundles 71, and J 17r170. The operator V is a linear connection in
the base space. The existence of this linear morphism is proved by direct construc-
tion. First we consider some important identifications and morphisms. There is a
linear morphism that relates J'TE and TJ'E. Consider coordinates (z#,u?,i", /)
in TE and (z*,uw/,u}) in J'E: then (x#,uw’,&", 47, (u?),, (i), (4/),) are coordi-
nates in JITFE and (z*, uj,uft,i”,uj,ui) in TJ'E. We define the linear morphism
k: J'TE — TJ'E, u& = (@) — (@")x(u?),, having noted that for the case
(#*)» = 0 we have the isomorphism ¢ : VJ'E — JWE, (a/) = @}. There is
another important linear fiber morphism. If 7 : E — M is a bundle with coordinates
(z*,ul), n : W — M a vector bundle with coordinates (z*,w') and p : F — E a
vector bundle that fibers over M with coordinates (u!, f7), then we can consider the
tensor product W ®p F with coordinates (z#,u/,t") and JY(W ®@p F) with coordi-
nates (z#,u’,t", (u’),, (t),). We have also the vector bundle J'W @ 1 J'F with
coordinates (:c“,uj,u{“v”,vl’f ); then the universal property of the tensor product

induces a linear fiber morphism defined by
T JW@pnp J'F— JY(W ®g F)
= =g, ©)
(tij)M — w/ifj + wlf,i )

There is another important embedding for algebraic purposes. In J'J'E we have
the following embedding A: J'J'E < T*M ® jip TJ'E, where A = dz* ® d,, and
dy = Oy + ul,0; + (u?),0; + (u}) 0} is theAtotal derivative operator. We 4deﬁne
the following operator in T*M @ TJ'E by d,, = 0, + (u?),0; + u,0; + (ug\)uﬁ;‘.

We note that the vertical part of the operators d,, and d, with respect to the
projection w9 @ J'J'E — J'E are (d,)v = (u),0; + (u}),0} and (d,)y =
ufﬁ] + (u&) Ma}, respectively. We consider the difference of these two vertical parts

(du)v — (du)v = (u], — (u),)0; € VJlE and we define the linear application
Y :JU'E - VI'E, (2wl (u),, (ud)) — (dy)v — (dy)v.

PROPOSITION 2.2. The application v is well defined.

Proof. If (2*,u,u, (u/),, (u}),) are coordinates for J'J'E then the coordinates
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transformation formulas for u/, and (u’),, are (see [7, Chapter 4]):

YO\ _ .
. Fye) . ‘
(u?), = B (3)\ + (u )Aai) u .
- , oz ou . ;
Then ul — (u”), = D0 Dl (ul = (u')x) - O

THEOREM 2.3. If 7 : E — M s a fiber bundle and ¥V : T*M — J'T*M a linear
connection in the cotangent bundle T* M, then there exists a unique involutive linear
automorphism ag in JYJYE that commutes with the projections T1,1 and J17r1,0. That
is, the following diagram commutes:

JULE v JULE
1,1 A
J'E

Proof. We define an affine morphism by ag, : J'J'E — JYJ'E, ay, =710(V®1),
where 7 is the fiber morphism defined by (2) and 1 is the application of Proposi-
tion 2.2. We describe this application in coordinates. If (z*) are local coordinates
in M with a local basis (dz*) for the sections on the bundle T*M — M, then the

linear connection V in local coordinates has the form V, = 9, + FZ/\&, ® dz>. Then

we h;we (Ve® wﬁ = Uﬁ + F;\W(ug\ - (u?)y) dw"’ and ‘(av)fm = (10 (V® w)){m =
Oy (ul, + T, (ud — (uwf)x) da”) = (ul,)y + T, (u} — (u?)x), where we observe, that 7
is simply a derivation and the operator 9, is C*°-linear on 1-forms. Then the coor-
dinate representation of the linear automorphism ay is (z*,u/,ul, (u),, (u}).) —

) . ) ) ) ) w
(z,u?, (u?)y, ud, (w))x + Iy (u), — (u?),)). With this coordinate form, we can see
that a2 = Id and that the diagram commutes, that is, J'm g0 oy =71 1. O

EXAMPLE 2.4. In the sesqui-holonomics case, that is, (u?), = u/, we have the canon-
ical involution o : JLJ'E — J'J'E, (z ! ud,, (u}) ) = (2, u? ), (ud,)x), This is
the canonical involution [9].

EXAMPLE 2.5. If 7 : R™+" — R" is the trivial bundle, then we denote by J*(n,m) the
associated jet space J¥(R™*" n) to the bundle 7. For simplicity in notation we denote
the coordinates in J*(2,1) by (z,9, 2, 2z, zy) and the coordinates in J*(J*(2,1),2) by
(2,9, 2, 22, 2y, (22) s (22)ys (2y), (2y)y). In JH(J1(2,1),2) the Cartan distribution, is
determined by the fields Dy = =2 + ijﬂ(uft)A 9_ X\ =1,2. Then these fields are

Oz 8’“«{;
0 0 0 0
le%JrZz&Jr(zx)maiszr(zy)maizy, \
0 0 0 0 3)

Dy = ay Tt (Zx)yajw + (Zy)yajy
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Let F € C*(J'(2,1)); then F determines in a canonical way a scalar differential
operator of first order on the set of sections of the bundle 7 : R? — R (see [1, p. 126]).
Then the formal derivatives (3) of F' define scalars differential operators of order 1 on
the bundle 7 : J1(2,1) — M, by means of

D, F=F,+ F,zp + F,, (Za:)ac + Fzy (zy)ﬂca
DyF = Fy + Fozy + F (20)y + F2, (2y)y-
We note that the Cartan distribution in J!(J1(2,1),2) is described by the 1-forms
wo =dz— zzdx — zydy,
w1 =dzy — (2z)zdx — (22)4dy
wa  =dzy — (2y)zdx — (2y)ydy.
Whereas the Cartan distribution in J2(2, 1) is described by the 1-forms

w(loo) =dz — zzdx — zydy,
w(lw) = dzy — ZgzdT — Zgydy
w(lm) = dzy — 2y dT — 2yydy .

EXAMPLE 2.6. We consider the system of differential equations in J*(3, 1) with canon-
ical coordinates (z,vy, 2, u, Uy, Uy, U>)

F':u, +yu, =0,
F?:u, =0.

This system is described by the vector valued function F' = (F, F?) and determines

the submanifold € = F~1(0) in J'(3,1). We consider the system in the space of sesqui-

holonomics jets J1.J(3,1) by prolonging the equation & C J(3,1) in J*.J(3,1). This

prolongation is done by the total derivatives

0] 0 0 0
Da =g T ey ¥ edegy ¥ Wl + (Wl

0 0 0 0 0
D, = gy Tl T (Uz)yaiuw + (Uy)yaTty + (uZ)yTuZ ;

0 0 0 0 0
De =y Ty T uedegy, T )eg + (ua)e

In this manner the prolonged system takes the form

(uz)e + y(uy) =0

(uz)

(uz)z +y(ug), =0
(uy)e =0

(uy)y =0

(uz), =0

We note that we cannot find the integrability condition u, = 0. If we take in consid-
eration the points fixed by the canonical involution o of Example 2.4, we have that
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(ug)y = (Uy)z, (Uz)s = (uy), and we arrive to the integrability condition u, = 0 for
this system.

2.3 Symmetries of equations

Let P be a distribution in £ and F : E — E a diffeomorphism. We will say that
Fis a finite symmetry of P if FiPy C Prg) for any 0 € E, that is, F' preserves
the distribution P. If the distribution P is described by the 1-forms w?, then F' is a
finite symmetry if F*w) C Z(P), for all j and o, where Z(P) is the ideal generated by
{wi}. A field X in E is an infinitesimal symmetry if the flow that determines X, say

A; : E — E, consists of finite symmetries.

ExAMPLE 2.7. If P = C, then a diffeomorphism that preserves P is called a Lie finite
symmetry. A field X in J*(7), whose flow consists of Lie finite symmetries, is called
infinitesimal Lie symmetry.

Let us denote the set of all infinitesimal symmetries of the distribution P by
Sym(P). It is an R-Lie algebra with respect to the Lie bracket. An infinitesimal
symmetry X is called characteristic if X is in P and the set of all characteristics will
be denoted by Char(P). The characteristics from Char(P) with respect to the Lie
bracket form an ideal of the Lie algebra Sym(P). If X € Char(P) and L is a maximal
integral submanifold of P, then X is tangent to L. We are interested in considering
the quotient Lie algebra sym(P) = (Sj}yli((i)) . The elements of sym(P) are called simply
symmetries.

2.4 Generating section of a Lie field

Let us consider a fiber bundle 7 : E — M, with dim £ = n+m, dim M = n and a Lie
field X in J*(7), see Example 2.7 above. Such a Lie field X is,in adapted coordinates,
given by (see [1, Theorem 3.3 and 3.4])

- 0 “ 0
X = a;— + bgi s
; Oz ; o<2<r:<k Oup
where o is a multi-index as in (1). Now we consider a section s of the fiber bundle .
The graph of the section ji(s) of the fiber bundle 7, is a maximal integral manifold
in J*(7) of the Cartan distribution and we will denote it by I'*. Let us consider the
1-parameter group {¢;} corresponding to the field X. We note that for ¢ sufficiently
small ¢;(I'%) is the graph of the k-jet of a section s;, that is, ¢¢(I'¥) = T'* . In other
words F(’; is an infinitesimal deformation of I'*. The velocity of such deformation is
% | +—o St - To measure this velocity, we need to know how I'* is deformed locally by
¢;. This deformation is a consequence of the vertical component of X since the com-
ponent tangent to I'* displaces the submanifold along itself not deforming it. Now we

calculate the vertical component of the Lie field X. The rate of change in the vertical

direction of each component is given by %‘tzo sl = Xy(s)) = (2P aiug)

Tk’

where Xy is the vertical part of the Lie field X, that is, (m)«(Xv) = 0. If we take
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another section, the rate of change is calculated by the same formula evaluated on the
graph of the k-jet section, so we will call the vector valued function ¢ = (¢!,...,¢™)
given by ¢/ = b/ —>"" | a;ul the generating section of the Lie field X. The generating
section measures the infinitesimal deformation of the graph of k-jet sections, that are
maximal integral submanifolds of the Cartan distribution. The following result estab-
lishes that the Lie field and the generating section are in biunivocal correspondence
(see [1, Proposition 3.5]).

THEOREM 2.8. Lie field in J*m is univocally determined by its generating section p =

(o', ..., ™). The components of the generating section are given by @’ = X _ wgo ,,,,, 0y

J —dw — S W das
where w(, o = du Dol dx;

Let P be a distribution on M. We define the normal fibration to P, given by
Np = % whose fibers are the vectors spaces T,M/P,, x € M. We consider the
C*°(M)-module D(P) of all derivations in M that are in P, that is, X € D(P) if and
only if X, € P, for all z € M. Then [X] =[Y] € 'Np) if X —Y € P, where I'(Np)
is the C'°°(M)-module of sections of Np. From now on, we will write [X] = X mod P.
Let us consider the application D(P) x D(P) — I'(Np) given by

(X,Y)~ [X,Y]mod P. (4)
From [fX,gY] = fg[X,Y] + fX(9)Y + gY(f)X, it follows that [fX,¢gY]mod P =
fg[X,Y]mod P, so (4) defines a C°°(M)-bilinear application and determines a 2-form
with values in I'(Np), that is called the curvature of the distribution P. This curvature
is denoted by Qp. The value of Qp at the point € M, is given by Qp(X,,Y,) =
[X,Y]mod P, where X,Y are extensions of X,,Y, € T,M. Let Ann(P,) be the set
of 1-forms w, € TxM such that w,(X) = 0if X € P,. We will call the C>*(M)-
module Ann(P,) the annihilator of P,. We note that Ny = Ann(P,) and P; =
T*M/ Ann(P,). Let w;...w, be a local base for Ann(Pw)”and Z1,...,Zy, the dual
base for Np; then, for all XY, Qp(X,Y) = =37 | dw;(X,Y)Z;, that is, Qp =
- Z;L:l dwi ® Zz'~

The construction of the curvature of a distribution is very similar to the curvature
of a connection. This curvature Qp is referred to as the Levi form (see [5]). We will
say that the distribution P is flat if Qp = 0. We will say that a distribution P is
completely integrable if for each point x € M, there exists an integral submanifold N
of P such that dim NV equals the rank of the distribution P. This is established by

THEOREM 2.9 (Frobenius). A distribution P is completely integrable if and only if P
is flat. Moreover if P is completely integrable and if L1 and Lo are mazimal integral
submanifolds of P such that x € L1 N Lo, then L1 = Lo in some neighborhood of x.

3. On the involutive systems and the geometric symbol

From now on let @ C R™ be some convenient open set and F =  x R™; in this
case the jet bundle J*E can be identified with cartesian product J*E ~ Q x R™ x
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R™™ x -+ x R™™ where n; is the number of partial derivatives of order j. Putting
dj = 14n1+---+ny, it is straightforward to show that n; = ("*/7") and d; = ("}”).
Hence dim(J*E) = n+m dj and the number m d, is the fiber dimension of J*E. The
coordinates of J*¥E are denoted by (z#,u/,...,ul) where ¢ is a multi-index such that
|o| = k (see Section 2). In these coordinates a system of PDEs can be represented
as the zero set of some map f: JEE — RF: £F: f(a# u/,... ul) = 0. Now that the
basic objects of study are defined, we return to the original problems:

(i) define the canonical form,
(ii) give a criterion to recognize if the given system is in the canonical form,

(iii) for a given system, construct the canonical form.

To accomplish these tasks there are only two fundamental operations available: pro-
longation (differentiation) and projection (elimination). By differentiating the system
with respect to all independent variables we get a new system, the prolongation of
the original system:

af .
@( ”,u],‘..):(),

k41 :

N ?
axn 9 9] T Y

flx*,ul,...)=0.

By further differentiating we can similarly define £¥*7 ¢ J*+7E for all 7. The pro-
jection is in some sense the inverse operation. Now we define the maps that relates
the different jet spaces (see Section 2), mpiy k- JEtTE — J*E: in local coordinates
this simply means that we “forget” the highest derivatives. Restricting this map to
the differential equation gives the map mj . x: E¥" — EF. The image of this map is
denoted by E(’“T).

Note that this map is well defined since we always have £ kT) C &F. If the inclusion
is strict this means that by differentiating and eliminating we have found integrabil-
ity conditions; i.e., equations of order k which are algebraically independent of the
original equations and which are also satisfied by the solutions of the system.

At this point it is convenient to recall a regularity assumption. While the initial
system £ is a subbundle by definition, this does not necessarily imply that all S(k;;'s,

in principle, are only subsets of the relevant jet bundle, were also subbundles.

DEFINITION 3.1. A differential equation £F is called regular, if 5(193-3 is a subbundle

for all r, s > 0.

DEFINITION 3.2. A system EF is formally integrable if 5(’“1‘;4 = &R for all r > 0.
Now, it is well known that some properties of PDEs depend only on highest order

derivatives terms in the system. The information of this highest part is encoded in

the symbol of the system. There are two types of symbols: the geometric symbol and
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the principal symbol. We consider in this section the geometric symbol. To simplify,
we restrict our attention to linear problems in a system of coordinates.
So consider a linear PDE of order k£ given by

EF L A(s) = Z at(x)0us = f, (6)
lul<k
where a*(z) are matrices of order k x m and the components of a* are differentiable
functions. Let Q2 C R™ be the domain where the system is given and let Ey = 2 x R™
and E; = Q x R,

Therefore a solution of £ is a section s of Ey such that ji(s) takes its values in
EF: f is a section of Ey and the operator A is a function A : C*®(Ey) — C*®(Ey).
The information of the highest order derivatives is in the matrices a* with |u| = k,
these togheter define the symbol.

DEFINITION 3.3. Consider the system in (6) and let Mj be the following matrix
My = (att,at2, ... a* ), where py > pg > -+ > py, , |pi| = k, and the matrix My,
is obtained by joining the various matrices. The geometric symbol My, is the family
of vector spaces defined by the kernels of Mj,.

So to each point p € {2 a certain vector space is attached. If the dimension of this
vector space does not depend on p, then the symbol is in fact a vector bundle. This
will be assumed in the sequel, so it is possible to discuss the properties of the symbol
without specifying the base point. One may also call the matrix M} the symbol
of £F; i.e., one identifies the object (the family of vector spaces or bundle) and its
representation.

DEFINITION 3.4. Let us suppose that the symbol M}, is in the row echelon form. A
Jet coordinate uy, is a leader, if there is a row whose first nonzero element is in the

column which corresponds to u’u Let Bl(cl) be the number of leaders of class [. These
are the indices of M.

DEFINITION 3.5. The symbol My, is involutive if and only if rank(Mj11) = Y-, lB,(Cl).

This criterion is quite reasonable: one must find the row echelon form of Mj
to determine the indices. Then one must differentiate the equations to obtain M, 1.
This is also simple. Finally one must calculate the rank of My, which is also a matter
of linear algebra. For the following theorems we refer the reader to [8, Chapter 7].

THEOREM 3.6. If the symbol My, is involutive and 5(’3) = E&F, then EF is formally
integrable.

When the symbol is involutive, it is sufficient to test if there are integrability
conditions using only one prolongation. If the initial system is not involutive we have:

THEOREM 3.7. For any symbol My, there exists k' > k such that My is involutive.

There is an explicit bound for the number k'. Let us define k recursively by

k(0,m,1) = 0, k(n,m,1) = m(“*™" ") + a + 1, where a = k(n — 1,m,1), and

n
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l%(n,m,q) = ]Af(mb,l), where b = m(kJrZ*l). Then k' < k. Moreover, one can
show that if M} is involutive, then My is also involutive. Then one can find an
involutive form of a system given in the following way:

(i) The system is prolonged until its symbol becomes involutive.

(ii) The system is prolonged and projected once to verify if there are integrability
conditions.

(iii) If there are no new equations in the previous step, the system is now involutive.
If it is not the case, return to step one.

This is the Cartan-Kuranishi completion algorithm [8]. The next theorem shows that,
under the appropriate hypothesis, the general algorithm is finite.

THEOREM 3.8. For a regular system E* there are numbers r and s such that E(IZTT is

mvolutive.

In what follows, we try to explain what involutivity means.

Let x = (x*) be the independent variables and u = (v’/) the dependent variables.
Let o € N be a multi-index and let |o| = 01 + -+ + 0, and 2 = (x!)71 ... (2™)7.
The derivatives are denoted by 8(_%1)081‘7"3&")% = 3(;2;“ = 0,u! = ul (see (1)). It is
useful to order the multi-indices with the degree reverse lexicographic order: a < o

5 la| < |o|, or

la| = |o|, a; =0, for 1 <i< jand a; > 0j.

In the same way we can order monomials and derivatives using the order of the
multi-indices: % < 27, if a < 0, u!, < ul, if « <o and i > j.

So for example if n = m = |o| = 2 we have ul, > udy > ul; > u?y > udy > udy.
The class of the multi-index o (resp. monomials z#, derivatives u?) is k,if o9 = -+ =
ok—1 = 0 and o # 0. So in the example there are two derivatives of class two and
four derivatives of class one.

EXAMPLE 3.9. Consider the following example, due to Janet [3]

g2 . ] U002 — T2tiz00 = 0,
uUp20 — 0.

ugo3 — Taugo1 = 0,
up12 — Taua10 — U200 = 0,
Prolonging this system E3 S urg — wausee = 0,
Up21 = Up30 = U120 = 0,
&2,
Let us now apply the algorithm of Cartan-Kuranishi. Consider the symbols My =

<(1) 8 ? 8 8 _3”2), My=(1 1 1 1 1 1 —z5 —a2 —5). Thecolumns
of the matrices are ordered using the monomial order, i.e., a total order on the set of
all (monic) monomials in a given polynomial ring, satisfying the property of respect-
ing multiplication. In the case of My this gives 002 > 011 > 020 > 101 > 110 > 200.
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Therefore, the first column of M corresponds to a monomial derivative of class three,
the second and the third to monomials derivative of class two and the rest to mono-
mials of class one. The matrix Ms is in row echelon and therefore, its leaders are
ugo2 and wuggg, and its indices are ﬁég) = él) =1 and 5;1) = 0. Then the rank is
M3z = 6. The criterion is not satisfied: rank M3 =6 > 5 = ﬂél) + 2652) + 3[353). In
consequence, the symbol Ms is not involutive. When doing the same analysis with
&3, we find that M3 is involutive. But going to the step 2 in the algorithm, we get a
new condition of integrability:
uz10 = 0,
5(31) : {53_

Then one starts again in the step 1, with the system 5(31). Now the symbol Mgl) is

not involutive, but Mfll) is. However, again in the step 2 one obtains an integrability

condition:
ug00 = 0,
Ex :{
(2 4
Ely-
Then, for the third time, one returns to the step 1. Now, a prolongation shows
that M‘E’Q) is involutive and, in the step 2 no new integrability conditions will appear.

Therefore, 5(52) is an involutive system and then the system Eé) is formally integrable.

4. Invariant solutions of an equation

Let g be a Lie sub-algebra of the the algebra of symmetries of the equation £ and fj a
solution of £. We will say that fy is a g-invariant solution of £ if, for each X € g, the
one-parameter group of X, say {A;}, leaves the solution invariant, that is At(F’J‘éO) =
F’Jﬁt = FI;% = F’}O, whenever FI;% projects horizontally. We recall that I"} = Imjp(L),
where L = Im(f). If the Lie algebra consists of only one generator, X, where
@ is the corresponding generating section, then we will say that fy is X-invariant
or @-invariant. Let us suppose now that the Lie algebra g is finitely generated by
X1,...,Xs. To obtain a g-invariant solution, proceed as follows. We consider an
equation &€ in J¥(m) given locally by the system {F1() = 0,...,F"(0) = 0}, with
FJ € 0®(J¥(r)) and for all i = 1,...,s, ¢ is the generating section associated to
the symmetry X;. Then, by definition of g-invariant solution, this is determined by
resolving the system of equations

Fi(0)=0, ¢'(0)=0, i=1,....s j=1,...,7. (7)
We are interested in studying the involutivity in terms of the symmetries of an equa-
tion, and this can be conceptualized as follows:

g-invariant solution of £ ‘ = ’ Set of fixed points of an involution ay ‘
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More precisely, if ag: J1J*1(x) — J'J5=1(r) is an involution and & ¢ J*J*~1(n)
such that 71 1(£) = &, then ag(f) = 6 if and only if there exist a g-invariant solution f,
0c F]} where g is a transformation of J*.J*~1(r) such that o =1d and m.1(0) = 0.

EXAMPLE 4.1. If 7 : E — M is a fiber vector bundle, then a vector field on J*m
which takes values in the tangent space of F is called a generalized vector field, also
called Lie-Backlund vector field. A generalized vector field on J*7 which projects
under 7 to zero on M is called a vertical generalized vector field or an evolutionary
vector field.

We consider the empty equation, i.e., & = J?(7), with dim7 = 1, and dim M =
2. Let € be the embedding of € in JJ! (m). Let us suppose that the coordinates
in J'J'(r) are as in Example 2.5: (2,9, 2, 2z, 2y, (22) 2, (24 )y (22)y, (24)y). Let us
consider the evolutionary field, X = [(2,)y — (2,)2]d. in J'J* (). This is a Lie field,
and the generating function is given by Theorem 2.8: ¢ = wo(X) = (25)y — (2y)as
where wy = dz — z,dx — zydy is the basic 1-contact form. The function ¢ determines
the g-invariant solution given by the points 0 € JJ(r) such that p(#) = 0, that is
(22)y — (2y)z = 0, with g = {X}. The equation ¢ = 0 determines the transformation
ay : JUIN () — JUTY(n) given by ((22)y, (2y)2) © ap = ((2)2, (22)y). We note that

2

ag = Id, that is, ay, is an involution. So the g-invariant solution corresponds to

the set of fixed points of «,, even more, we have % = J%(r), where we have
©
identified (2;), and (zy), with 2., in J?(7) (see Section 2.2)

71 71
Let us note that we can introduce coordinates in %(ﬂ), through the coordinates
©

of J1J' () using the identification of a,. In the general case it is complicated to
express the coordinates of the quotient space. Generalizing the previous example we
have the following theorem.

THEOREM 4.2. The space J¥(7) is the quotient space of the iterated sesqui-holonomics
jets JYJF=Y(m) relative to the subgroup of the algebra of symmetries determined by a
suitable involution oy .

Proof. Given the multi-index o = {i1,...,4x—1} define the vertical fields Xg)\(l) =

[(u] Jio — (Ul A0, withO < |o| <k—1,1=1,... k=1 Ap =

Tl A1) bl—1 i1, ‘
1,...,nand j = 1,...,dim7. Let us note that the fields Xf]ﬂm are Lie fields in
J 1Jk=1(7). Then the algebra of Lie symmetries g, generated by these fields is a
Lie sub-algebra of symmetries in J'.J*~! (7). The g-invariant solution of the empty
equation J!J*~1(7) is given by solving the system (7):
0 e J'J*(x) (empty equation)
cpﬂ)\(l) (0) =0  (generating sections)

where gpi Ay A€ the generating sections that correspond to the Lie fields Xg A with

0<l|o|<k-1,l=1,....,k=1, Aqy=1,...,nand j = 1,...,dim7 (see Theorem 2.8).
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J _ J :
Then Pory = XoxgyJwp- In this way we get
J | — ()] )
(uil,...,)\(l),...,ik_l)711 - (uil,...,ik,I)A - (uil,...,)\(s),...,ik_l)7/5 (8)
S— S———
Ain thel position Ain the s position

for every multi-index o, s,/ =1,...,k—1and A =1,...,n. The equations (8) deter-

: : . 71 7h— #1 7h— :
mine the transformation ag : J*'J*~! (1) — J'J*!(7), given by (u], Ao o

-7ik—1)il

oy = (ughn_,)\(s)7_”%71 )i.. So we have that ag = Id. In the sesqui-holonomics jet space

JJ k=171 we make the identifications by equations (8). We denote the quotient space
by S5 and the identification with the k-jet space J*7 is done by [(uf),] = u!

ag on
where [ ] represent the equivalent class modulo the relations (8) and o is a multi-indice

such that |o| =k — 1. O
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