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ON VIABILITY RESULT FOR FIRST-ORDER FUNCTIONAL
DIFFERENTIAL INCLUSIONS

Myelkebir Aitalioubrahim

Abstract. We prove the existence of solutions, in separable Banach spaces, for the
following differential inclusion:

z(t) € F(t,T(t)x), a.e. on [0,7];
= p(s), Vs € [—a,0];
e C(v), vt € [0, 7];

We consider weaker hypotheses on the constraint.

1. Introduction

Let E be a separable Banach space with the norm || - ||. For I a segment in R, we
denote by C(I, E) the Banach space of continuous functions from I to E equipped
with the norm ||z(-)||oo := sup {||lz(t)|| ; t € I}. For a positive number a, we put
Co := C([—a,0],FE) and for any t € [0,7], 7 > 0, we define the operator T(¢) from
C([—a,7], E) to C, with (T'(t)(z(.)))(s) := (T(t)x)(s) :== z(t + 5), s € [—a,0].
The goal of this paper is to prove the existence of solutions to the following func-
tional differential inclusion:
z(t) € F(t,T(t)z), a.e. on [0,7];
z(s) = ¢(s), Vs € [~a,0]; (1)
z(t) € C(t), vt € [0, 7];
where F' is a closed-valued multifunction, measurable with respect to the first argu-
ment and Lipschitz continuous with respect to the second argument, C' is a set-valued
map and ¢ is a given function in C,.
In [5,6], Haddad first studied functional differential inclusions when the right-hand
side is upper semicontinuous with convex and compact values. However, the space of
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state constraints is finite dimensional. The infinite dimensional case was studied by
many authors under convex assumption on the set-valued map. In this context, we
refer to Syam [9], Gavioli and Malaguti [4] and the reference therein.

For the nonconvex case in separable Banach space Duc Ha has established in [3]
the existence of viable solutions to (1) regardless of whether C' is fixed and F' is a
closed-valued multifunction, integrably bounded, measurable with respect to the first
argument and Lipschitz continuous with respect to the second argument. The author
has established a multi-valued version of Larrieu’s work [7]. Lupulescu and Necula [§]
have extended Duc Ha’s work to functional differential inclusions, but under the
same hypotheses on F' with C' always fixed. They used the same kind of tangential
condition. In [1], we extended results which are presented in [3,8]. Indeed, we have got
an existence result, in a separable Banach space, for first-order functional differential
inclusions, under the same hypotheses on F. The set-valued map C : [-1,1] — 2F
is lower semicontinuous with compact graph. The tangency condition is weaker than
the one used in [3,8].

This work extends the last result in [1]. Indeed, we consider weaker growth condi-
tion for the right hand side and we suppose simply that the graph of C : [0,1] — 2F
is closed. Moreover, in this paper, we use another argument based on Brezis-Browder
Theorem.

The paper is organized as follows. In Section 2, we recall some preliminary facts
that we need in the sequel. In Section 3, we prove the existence of solutions for (1).

2. Preliminaries and statement of the main result

For measurability purpose, E (resp. Q@ C FE) is endowed with the o-algebra B(E) (resp.
B(Q)) of Borel subsets for the strong topology and [0,1] is endowed with Lebesgue
measure and the o-algebra of Lebesgue measurable subsets. For x € E and r > 0
let B(z,r) := {y € E; |ly— || < r} be the open ball centered at z with radius r
and B(z,r) be its closure and put B = B(0,1). For z € E and for nonempty subsets
A, B of E we denote da(z) or d(z,A) the real inf {|ly — z|| ; y € A}, e(4,B) =
sup {dp(z);x € A} and H(A, B) = max {e(A, B),e(B,A)}. A multifunction is said
to be measurable if its graph is measurable.
Let us recall the following lemmas that will be used in the sequel.

LEMMA 2.1. ([11]) Let Q be a nonempty set in E. Assume that F : [a,b] x Q — 2F
is a multifunction with nonempty closed values satisfying:

o For every x € Q, F(-,x) is measurable on [a,b];
e For every t € [a,b], F(t,-) is (Hausdorff) continuous on Q.

Then for any measurable function x(-) : [a,b] — , the multifunction F(-,z(-)) is
measurable on [a,b].
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LEMMA 2.2. ([11]) Let G : [a,b] — 2F be a measurable multifunction and
y(-) : [a,b] = E a measurable function. Then for any positive measurable function
r(-) : [a,b] — RT, there exists a measurable selection g(-) of G such that for almost

all t € [a,b] [lg(t) —y(@)]| < d(y(t),G(t)) +7(t).

LEMMA 2.3. ([2]) Let < be a given preorder on the nonempty set B and let ¢ : B —
R U {+o0} be an increasing function. Suppose that each increasing sequence in B is
majorated in B. Then, for each xo € B, there exists x1 € B such that vy < 1 and

(1) = d(z) if 11 < .

The above function ¢ is supposed to be finite and bounded from above in [2],
but this restriction can be removed by replacing ¢ by the function z — arctan ¢(z)
(see [10]).

For given measurable functions v(-) : [0,1] — E and p(-) : [0,1] — R™, we need
the following notation

Sup() = {f € L'([0,1],E) : f(s) € F(s,¢) and
1£(s) = v(s)| < d(v(s), F(s,)) + p(s) for all s € [0,1]},
where ¢ € C,.
We shall use the following hypotheses throughout this paper.

(H1) C :[0,1] — 2F is a set-valued map with closed graph and K : [0,1] — C, is a
set-valued map defined by K(t) = {¢ € Cq,9(0) € C(t)};

(H2) F:Gr(K) — 2F is a set-valued map with nonempty closed values satisfying

(i) t — F(t,v) is measurable,
(ii) there exists a function m(-) € L*([0,1],RT) such that for all ¢ € [0,1] and
Y1, 92 € K(2)
H(F(tv 1 t ¢2)) ( )”"/}1 _w2||007
(iii) There exist g(-),p(-) € L* ([0 1], R™) such that for all ¢ € [0, 1] and ¢ € K(¢)
IE(E D) = sup gl < g(t) +p(O)][¢]loo-

yeF(t,7)

(H3) (Tangential condition) For each measurable function v(-) : [0,1] — E, for all
p>0,tel0,1] and ¢ € K(t), there exists f € S, ,(¢) such that

i 2 (w0) + [ ™ fs)as. e+ n)-

h—0t

REMARK 2.4. If F satisfies the condition (H2), by Lemma 2.1 and Lemma 2.2, the
set Sy, (1) is nonempty.

In the next section, we shall prove the following result.

THEOREM 2.5. If assumptions (H1)-(H3) are satisfied, then there exists T > 0 such
that for all (xg,¢) € C(0) x Cq, ¢(0) = xg, there exists an absolutely continuous
function x(+) : [0,7] — E such that x(-) is a solution of (1).
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3. Proof of the main result

Throughout the paper, fix ¢ € C, such that ¢(0) = 29 € C(0). Let 71, 72,73 > 0 be
such that

T1 T2 T3 1
/ m(t)dt <1, / g(t)dt <1 and / p(t) dt < 3 (2)
0 0 0

Put 7 = inf{7y, 72, 73,1}. For € > 0 set

n(e) := sup {p €]0,¢] : < e and

/7%@+MM$MS

ty

ww)—wbﬂ<&ﬁﬁr%ﬂép} (3)

where M = 4|¢]|c0 + 2a + 2.

For all 0 < e < a and v(-) € L'([0,1], E), set B(e,v(-)) for the set of all 4-tuples
(f,z,0,u)q where d €]0,7], f(-),u(:) € L'([0,d], E), z(-) : [-a,d] — E is a continuous
mapping and 6(-) : [0, ] [0,d] is a step function such that

0.d]
(i) z(t) =z0 + fo + f(s))ds for all t € [0, d];

(ii) f(t) € F(t e )) ) u(t) € B, 0 <t —0(t) < gn(5), z(8(t)) € C(6(t)) for all
t €0,

(iii) (d) € (d)'
(iv) IF (&) —v(®)|l < d(v(t), F(t,T(0(t)x) + € for all t € [0, d];

) () — xo — fo f(r)dr|| < et for all t € [0,d].
PROPOSITION 3.1. If the assumptions (H1)—(H3) are satisfied, then for all0 < ¢ < a,
and v(-) € L'([0,1], E), there exists at least one (f,z,0,u), € B(e,v(-)).

Proof. Let 0 < & < a and v(-) € L*([0,1], E) be fixed. Put z(t) = ¢(t), Vt € [—a,0].
By the tangential condition, there exist fo € S, (T (0)x) and ho €]0, inf{7, $n(5)}],
such that

1 ho 5
d<330 + fo(s) ds, C(ho)) <<
hO 0 2
Then there exists x; € C(hg) such that
1
1 —xo — fo(s) ds|| <e.
ho 0
1 }Lo
Set Uy = (gcl — 20 — fo(s) ds).
ho 0

Hence, we get 1 = zg + houg + foofo s)ds. We take dy = hg, uo(s) = up and
xo(t) = xo + fo uo(s) + fo(s))ds, ¥t € [0, dp]. Then one has, for all ¢ € [0, dg],

—xo—/fo )ds H/uo )ds

< et.
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Set 90( )

t 0 for all t € [0,dp]. Tt is clear that (fo,zo,00,u0)a, € B(e,v(-)). Thus
B(e,v(-)

# (). Now, consider the following preorder:
(f1, 21,01, u1)a, = (f2,22,02,u2)a,
& dy < da, f1 = f2lj0,a1)> T1 = 22l[0,a,)5 O1 = O2][0,a,], U1 = U2]0,a4]

and let ¢ : B(e,v(-)) — R be the function defined by ¢((f,z,0,u)q) = d for all
(f,x,0,u)q € B(e,v(:)). We remark that ¢ is increasing on B(e, v(+)).

Now, if ((fl, Xy 05y u;)d, ) ;e 18 an increasing sequence in B(e,v(+)), we construct a

majorant of ((fi,xi, Gi,ui)di) . as follows:
i€

d=Timd;, f(t) = fi(t), 6(t) = 0:(1), u(t) = wi(t), ¥t € [0,d]

and x(t) = zo —|—/0 (u(s) + f(s))ds, ¥t € [0,d].

We claim that (f,z,0,u)q € B(e,v(+)). Indeed, for all ¢ € N, we have z(d;) = x;(d;) €
C(d;). Since the graph of C is closed, we get x(d) € C(d). The other assertions are
obvious.

Next, for applying Lemma 2.3, we need the following proposition.

PROPOSITION 3.2. For all (f,z,0,u)q € B(e,v(-)) withd < T, there exists (f,z,0,1) €
B(e,v(:)) such that (f,x,0,u)q = (f,7,0,0)g and &((f,=,0,u)a) < ¢((f,7.0,7)q).

Proof. Let (f,z,0,u)q € B(e,v(-)) with d < 7. For z(d) € C(d), by the tangential
condition, there exist f € S, (T(d)z) and h €]0,inf{r — d, 1n(£)}], such that

1 d+h B c
d(x(d)—F/ f(s) ds,C’(d+h)> <z
h p 2
Then there exists x; € C(d 4 h) such that
1 d+h
—|lz1 — 2(d) —/ f(s)ds
h d
1 d+h
Put ur = (ml —xz(d) — / f(s) ds).
d

Then, we have x; = z(d) + huy + fd+h Yds. Next, set d = d + h, Z(t) = z(d) +

(t—d)u + f; f(s)ds, @(t) = u; and (t) = d for all t € [d,d]. We define f, Z and 0
as follows:

Ft) = f(t), 2(t) = z(t), 6(t) = 0(t), u(t) = u(t), forallt e [0,d]
and (1) = (1), a(6) = #(6), 6(6) = B(1), a(t) = (r), for all ¢ €ld, ).
We can easily show that, for all t € [0,d],

=x0 + / ) ds.
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Then for all ¢ € [0, d],

0 -z [ () s

Finally, we conclude that (f,z,0,4); € B(e,v(-)), (f,z,0,u)q < (f,Z,0,4); and
o((f,2,0,u)a) < ((f.7.0,7)). B

Now, we are ready to complete the proof of Proposition 3.1. From Lemma 2.3,
there exists (f,z,0,u)q € B(e,v(")) such that ¢((f,z,0,u)q) = ¢((f,7,0,a);) and
(f,z,0,u)q < (f,7,0,0) forall (f,7,0,u)g € B(e,v(-)). Moreover, if ¢((f,z,0,u)q) <
7, by the Proposition 3.2, there exists (f, 7,0, u) g € B(e,v(-)) such that (f,x,0,u)q <
(fa z,0, ﬂ)(j and d)((f’ z,0, u)d) < ¢((fa z,0, ﬂ)(i) Hence QS((fa z,0, u)d) =T. 0

Now, we are prepared to prove our Theorem 2.5. Let (¢,,),>1 be a strictly decreas-
ing sequence of positive scalars such that 0 < ¢, < a, n > 1, and 220:1 en < 00. In
view of Proposition 3.1, we can define inductively sequences (f,,(-))n>1 C L([0, 7], E),
(zn('))nzl - C([_avT]v E)’ and (en('))nzlv C S([OvT]v [077—])7 where S([O’T]» [07 T]) de-
notes the space of step functions from [0, 7] into [0, 7] such that

(A1) 2 () € CH[0,7]), fu(t) € F(t, T(0n(t))2n), 2n(0n(t)) € C(Bn(t)), 0 < t—0n(t) <
in(e2) for all t € [0,7[ and z,, = ¢ on [—a,0];

< et.

(A2) 2,(0) = z¢ and z,(7) € C(7);
(A3) [[fas1(t) = fa@)] < d(fa(t), F(t, T(On41(t))Tns1) + nsr for all ¢ € [0, 7;

(A4) |

T (t) — w9 — f(f fn(T)dTH < gpt for all t € [0, 7].
In the sequel, we need the following propositions.

PROPOSITION 3.3. For all n € N*, we have ||z, < M.

Proof. By (A4), for t € [0, 7], we have

A1) < L (5)]]ds < o) ds+ [ p()IT(On(5))nlloo ds.
||z (t)H<on||+a+/0 [ fn ()l 8<H300||+a+/0 9(s) 8+/0p(8)|| (0n(5))zn oo ds
Since

[T(0n(s)anlloc = sup |lzn(Bnls) + )| < sup [lan(t)]|
—a<t<0 —a<t<Tt

sup ||zn ()] + sup |lzn(t)] < ll¢llc + sup [lzn (@),
—a<t<0 0<t<r 0<t<r

IN

we get
sup [f2a(®)] < ool +a+ [ (90) +p(s)lel)ds + sup loalt)] | pls)ds,
0<t<t 0 0<t<r 0

hence

O L —
ogtgr T - [T p(s)ds

<2l + a1+ gl ) = M.

(haoll+a-+ [ (0(6) + plo)leloc) ds)
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Consequently, we obtain ||z,|[cc = SUp_,<i<, |74 (t)|| < M. O
PROPOSITION 3.4. For alln € N* and t € [0, 7], we have ||f(t)|| < g(t) + Mp(t).

Proof. Let t € [0,7]. Since f,(t) € F(t,T(0,(t))xy,), by (H2) and the above proposi-
tion, we have

a1 < g(t) + pONT(On () znlloo < g(t) + p(t)l|znlloc < g(t) + Mp(t). O
PROPOSITION 3.5. For alln € N* and t € [0, 7], we have

10e,,
1T (0n(t)zn — T(Ont1(t)Tnt1lloo <l Tn — Tny1 (oo + .

4

Proof. We have
(T (0n (X)) (s) = (T(Ont1())Tnt1) ()| = 2 (0n(t) + 5) = Tnp1(Bnra(t) + )l
< Nzn(0n(t) +8) = Tnt1(0n(t) + )| + |Tn+1(0n(t) + 8) = Trt1(On41(2) + 5)||
S lzn = Zntalloo + [[2n4+1(0n(t) + 5) — 2ng1 (Onga (£) + ).
Then [|T(05(t))2n — T(On+1(t))Zns1lloc
< 0 e (On(t) + ) — 2usrOnsr () + )| + 0n — sl

s€[—a,0]
Let us denote the modulus of continuity of a function 1 defined on interval I of R by
w(w,Ie )i=sup {[lv(t) —w(s)|; s,t€l,|s—t|<e},e>0.

Since t — O,(t) < $1(%2), t — Opp1(t) < Fn(=52) and n(=452) < n(=), it follows
|0n11(t) — O0n(t)] < 77(%") Then we have
En

[T (0n(t)zn — T(Ont1(t))Tns1lloc < |20 — Zntille + w(@n, [—a, T]ﬂ?(z))

En
(4 )) + w(@nt1, [0, 7],m(1))-
Now, let ¢, € [0, 7] such that 0 <t —t" < n(5). One has

Tnt1(t) — 20 — /Ot frr1(s) dSH

S Hxn - xn+1||oo + W((p, [ a, 0]

ns1(8) = 2nsa (#)] <]

t

<eptit + enqpit’ + /, (9(s) + Mp(s))ds < 2e,41 + % < 9%
So t
wlns, 0,71 m(5) < 2. 8
Also, for t,t' € [—a,0] s ch that [t —t | | < n(5p), we get [[¢(t) — )| < .
Then w(cp, [—a,0],1m(5)) < 5. Consequently, we have

10e,,

1 T(0n(t))2n — T(9n+1(t))xn+1”oo <#n — Tpgilloo + 1
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From (A1), (A3) and Proposition 3.5, we deduce for all ¢ € [0, 7]
a2 (8) = FalOll < H(FETO)20), FETOn 1 (D) 041)) + i
< mOITOn () = T (O (O)Tn ]l oo + 2nss
< m(®) (en = Znsalloe + 722 ) + et o)
Now, relations (2) and (A4) yield for all ¢ € [0, 7],

1= O] < |22 =20 = [ fuas)ds

Xn(t) —xo — /t fn(s)ds

¢ 10e,,
<ept1t+ent + ||2n () _gcnﬂ(.)uoo/m(s) ds + 1 / (s)ds +ten i1
0 0

+ / [ fer () — ()] ds +

T 10e,
<2ent + n() = onia (e | mis)ds+
116n
5 () = el [ m(s)ds.
Thus,
11e,
D) — . <

lan() = 2nnOlle < 57 ©)
where L = [ m(s)ds. Therefore we have, [ (-) = #n(:)]loo < 2(111L) i e, for

n < m. So the sequence {z,(-)}52; is a Cauchy sequence, hence it converges uniformly
on [0,7] to a function z(-). Since all functions x,(-) agree with ¢ on [—a, 0], we can
obviously say that x,(-) converges uniformly to z(:) on [—a, 7], if we extend z(:) in
such a way that z(-) = ¢ on [—a,0]. Also, by (4) and the following inequality

20 (0 (8)) — 2] < |20 (0n(t)) — zn ()] + l2n(t) — 2(®)]];
we deduce that x,(6,(-)) converges uniformly to z(-) on [0,7]. By construction, we
have 2, (0,,(t)) € C(0,(t)) for every t € [0, 7], and since the graph of C is closed, we
get x(t) € C(t) for all t € [0, 7]. In addition, by (3) and (4), we have
En
ITOn(®)zn = T()2nlloc = sup_lon(0n(t) +5) = 2n(t + 5)l| < wl@n, [~a, 7],n(7))

—a<s<0

< w(p; [~a,0],n (4))+w(:177,,[0 7, n(%”))gz+7 :

hence ||T(0,,(t))xn —T (t)2n||co converges to 0 as n — oco. Therefore, since the uniform
convergence of x,, to x on [—a, 7] implies that T'(t)x, converges to T'(¢t)z uniformly
n [—a, 0], we deduce that

T(6,(t))x, converges to T'(t)x in C,. (7)
Now, we return to the relation (5). By the relation (6) we get
)

i ®) = 101 < (m) (5 + 57255 ) + 1)
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This implies (as above) that {f,(t)}52; is a Cauchy sequence and (f,(t)), converges

n=1
to f(t). Further, since ||f,(¢)]| < g(t) + Mp(t), by (A4) and by the dominated con-
vergence theorem z(t) = lim,, 00 2y, () = lim, o0 (70 —|—f0t fa(s)ds) = xg —|—f0t f(s)ds.
Hence @(t) = f(¢). Finally, observe that by (Al),

A (), F(6T(0)2)) < F() — fal®l] + H(F(uT(anu»mn)), F(t,T<t>x>)

<N @) = FaON +mONT (On ()20 — T (#)|oo-
Since fi,(t) converges to f(t) and by (7) the last term converges to 0. So that &(t) =
f(t) € F(t,T(t)z) a.e on [0, 7]. The proof is complete.
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