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TOPOLOGICAL PROPERTIES OF TRIPLED FIXED POINTS
SET OF MULTIFUNCTIONS

Hojjat Afshari

Abstract. In 1970, Schirmer provided some results about topological properties of the
fixed points set of multifunctions. Later, some authors continued this review by providing different
conditions. In 2008, 2009 Sintamarian proved some results on absolute retractivity of the common
fixed points set of two multivalued operators. In this paper we shall present some new results on
absolute retractivity of tripled fixed points set for multifunctions of the form F': X x X x X —
Py, c1(X).

1. Introduction

Let X and Y be two nonempty sets and P(Y") the set of all nonempty subsets
of Y, also let F': X — P(Y) be a multifunction. A mapping ¢ : X — Y is called
a selection of F' whenever p(x) € F(x) for all x € X. Throughout the paper, for
a topological space X we denote the set of all nonempty closed subsets of X by
P, (X) and the set of all nonempty closed and bounded subsets of X by Py ;(X)
when X is a metric space.

Let (X,d) be a metric space, B(zg,r) = {& € X | d(xo,z) < r}. Forz € X
and A,B C X, set D(z, A) = infyca d(z,y) and

H(A, B) = max{sup D(z, B),sup D(y, A)}.
T€A yeB
It is known that, H is a metric on closed bounded subsets of X which is called the
Hausdorff metric.

We say that a topological space X is an absolute retract for metric spaces
whenever for each metric space Y, A € P,(Y') and continuous function ¢ : A — X,
there exists a continuous function ¢ : ¥ — X such that ¢|4 = ¥. Let M be the
set of all metric spaces, X € M, D € P(M) and F : X — P, ,(X) a lower semi-
continuous multifunction. We say that F has the selection property with respect
to D if for each Y € D, continuous function f : Y — X and continuous functional
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g+ Y — (0,00) such that G(y) = F(f(y)) N B(f(y).9(y)) # 0 for all y € Y,
A € P,(Y), every continuous selection ¢ : A — X of G|4 admits a continuous
extension ¢ : Y — X, which is a selection of G. If D = M, then we say that F' has
the selection property and we denote this by F' € SP(X) [9].

An interesting problem in fixed point theory of multivalued operators is to
investigate under what conditions the properties of the values of a multifunction are
inherited by its fixed point set. For some multifunctions, this problem was studied
by Schirmer in 1970 [8], by Alicu and Mark in 1980 [4] and by Ricceri in 1987 [7].
For example, Schirmer proved that if the values of a contractive multifunction
F : R — P(R) are closed, bounded and convex, then the fixed points set of F' is
compact and convex. In 2008, 2009, Sintamarian proved some results on absolute
retractivity of the common fixed points set of two multivalued operators under some
conditions [9, 10]. Recently Afshari, Rezapour and Shahzad in [1, 2] have obtained
new results on absolute retractivity of fixed points set for multifunctions and two
variable multifunctions by providing some different conditions.

In 2012, Berinde and Borcut introduced in [5] the concept of tripled fixed point
for nonlinear mappings in partially ordered complete metric spaces and obtained
its existence.

DEFINITION 1.1. [6] An element (z,y,2) € X x X x X is called a tripled fixed
point of a mapping F : X x X x X — X if F(z,y,2) = z, F(y,2,y) = y and
F(z,y,z) = 2.

In this paper, we shall present some new results on absolute retractivity of
tripled fixed points set for multifunctions of the form F: X x X x X — P, (X).

2. Main results

DEFINITION 2.1. Let M be the set of all metric spaces, X € M, D € P(M)
and F': X x X x X — Py (X) a lower semi-continuous multifunction. We say
that F' has the selection property with respect to D if for each Y € D, continuous
function f: Y — X x X x X and continuous functional g : ¥ — (0, 00) such that
G(y) == F(f(y)) N B(f(y),9(y)) #0 for all y € Y, A € P,(Y), every continuous
selection ¥ : A — X x X x X of G|4 admits a continuous extension ¢ : Y —
X x X x X, which is a selection of G. If D = M, then we say that F' has the
selection property and we denote this by FF € SP(X x X x X).

THEOREM 2.2. Let (X, d) be a complete metric space and absolute retract for
metric spaces and F : X x X x X — Py (X)) a lower semicontinuous multifunction
such that F € SP(X x X x X), also F satisfies the following condition: there exist
ay,as, ... ,as € (0,00) with a; + az + 2a4 + a5 < 1 and

H(F(z,y,z2), F(u,v,w)) < ard(z,u) + agD(u, F(z,y,2)) + asD(u, F(u,v,w))
+ ayD(z, F(u,v,w)) + asD(x, F(z,y, 2)),
for all x,y, z,u,v,w € X. Then the set

B={(z,y,2) e X x X xX:2€F(zx,y,2),y € Fly,z,y),z € F(z,y,2)},
is an absolute retract for metric spaces.
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Proof. 1t is easy to see that X x X x X is an absolute retract for metric spaces.

Let
a1 +aq4 + as

1-— (Cl3 + a4) '

It is not difficult to verify that gl < 1. Let Y be a metric space, A € Py (Y) and
1 : A — B a continuous function. Since X x X x X is an absolute retract for metric
spaces, there exists a continuous function ¢ : Y — X x X x X such that ¢o|a = .
Let w0 = (¢, 93, 3). Consider the functions go : Y — (0,00) x (0,00) x (0, 00)
defined by go = (93,93, 98), where g}, g2, gi are defined by

90(y) = sup{d(g(y), 2) : 2 € (), 05 (), 05 (y)} + 1,
95(y) = sup{d(5(y), 2) : z € F(5 (), 06 (y), 05 (¥))} + 1,
9o(y) = sup{d(3(y), 2) : z € F(£(y), 05 (), 00 (y)} + 1,

for all y € Y. Regarding the values of F' are bounded and closed, it is easy to see
that the functions gf, (i = 1,2,3) are continuous. Define

1<g< (a1+a3+2a4+a5)_1, and [:=

Gi(y) == F(es (), w5(w), 26 w) N Bleg(y), 96(1)) = Fleb (), 05 (v), w5 1)),
Giy) == F(o5(y), 26(), 05 (¥) N B(g(v), 95 () = F(e5(), 6(1), 05 (1)),
G3(y) == F(e3(v), 25(m), 00 (w) N B3 (y), 96(y)) = Fei(y), 25 (), 2o(u)),

and set

Gi(y) = (G1(y), G (), G3 ()
= (F(eow), 20, 26 w), F(eg(w), 20(1), 05 )), F (25 (), 25 (1), 6 (1)),

for all y € Y. For G;(y), note that the function 1 is a continuous selection of the
multivalued mapping A 3 y — G1(y). Since F € SP(X x X x X), there exists a
continuous function 1 : Y — X x X x X such that
901|A = 1%
1(y) € Fo5(y). 05
¥t (y) € F(pp(v), 06(v), 95(1)),
3 2
0 %o

©1(y) € F(ep(y),

where 1 = (01, 9%, ¢3). Thus, we obtain

D(¢1(y), F(e1(y))) = D(e1(y), F(o1(y), £1 (1), €3 ()

< H(F(o5(y), 25): 20 (1)), F(#1(y), 91 (), 5 (y))

< ard(5(y), #1(y) + aaD(21(y), F(5(y), 05 (1), 26 ()))
+a3D(e1(y), Flpi(v), ¥3 (1), 91(1)))
+asD(p5(y), Flp1(v), #3 (1), 91(1)))
+a5D(p5(y), Flpo(v): 05(v): #5(9)))
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< ard(@h(y), 1(y)) + asD(e1(y), F(ei(y )
+ asD (1 (y), Fe1(y), 91(y), ¢1 () +asd(<po(y) e1(y)),

for all y € X. Hence,
(1— a3 — as) D(e1(y), F (1 (), 0 (), €3 (1)) < (a1 + as + as)d(5(y), 1(y))-
Thus,

a1+ aq + as 1
S T (et an) ©o(y), 1))

= 1d(¢s(y), ¥1(y)) < ld(es(y), ¥1(y)) + a7,
for all y € X. Hence,

G3(y) == F(o1(y), ©1 (), €3 (v) N B(ei(y), ld(ep(y), e1(y) +q~ ") # 0.
Also,

D(p1(y), F(£3(y), e1(y), £1(y))

< H(F(05(1), 20(1), 26 (1)), F (3 (1), 21(1), 3 (1))

< ard(@3(y), $1()) + a2 D(3 (y), F(5(y), 06(v), #5(1)))
+a3D(¢i (), F(91 (), 01(y), #1 (%))
+asD(05(y), F(1 (), 1), 1 (1))
+asD(93(y), Fle5(y), v0(y), 05(y))

< ard(95(y), ©1(y)) + asD(&3 (), F(£1(y), 01 (), ¥3 (1))
+ asd(05(y), ©1(y)) + aaD(£3 (), F (3 (y), 1 (1), ©3 (¥)))
+ asd(95 (), ¥1(y)),

for all y € Y. Hence,

(1 —as —as)D(e3(y), F(91(v), 01 (v), 1)) < (a1 + as + a5)d(@5(y), ©3 ().
Thus,

D(eH), Flelw). £} w). i) < T (b w). o)

= 1d(g3(y), ¥1 (y)) < (w3 (y), L1 (¥) + a7,
for all y € Y. Therefore,
G3(y) == F(£1(y), 21 (), €3 (v) N B3 (v), ld(25(y), €3 () +q~ ) # 0.

Again we have

D( W), F(ei (1), 01(), 1(v))
H(F(g3(y),25(),20(), F(e3(y), 91(%), ¢1(y))
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< ard(gg(y), ©5 (Y)) + a2D (3 (y), F (05 (), 25(1), 06 ()))
+a3D(3 (), (97 (), ¥1(v), #1(9)))
+asD(g (), (91 (), ¥1(v), #1(9)))
+asD(5(y), F(e3(v): 05(y): v0(9))

< ard(5(y), 3 () + asD(1(y), F(#5(y), 1 (1), 21 (1))
+ asd(05(y), 93 (y)) + asD(£5 (y), F (5 (y), 21 (1), 01(¥)))
+asd(95(y), ¥1(y)),

for all y € Y. Hence,

(1= a3 — as) D(3(y), F (&3 (y), 03 (1), 01 (1)) < (a1 + as + as)d(0)(y), £3(y))-
Thus,

DG ), Flelw). £iw). ol ) < T Salehw). #iw)

= 1d(g3(y), ¥3(y)) < 1d(ed (), &3 (W) + a7,
for all y € Y. Hence,
G3(y) == F(£3(y), 03 (1), 01 (1) N B3 (y), ld( @5 (y), £5 () +q~ ) # 0.
Set
Ga(y) = (G3(y), G3(y), G3())
= (F(e1(1),21(m), 25 (), F(e1(y), e1(1), 01(1), F (5 (1), €3 (1), ¢1(1))),

for all y € Y. For G3(y) note that the function v is a continuous selection of the
multivalued mapping A 5 y — Ga(y). Since F' € SP(X x X x X), there exists a
continuous function ¢ : Y — X x X x X such that

p2la =,

pa' (y) € F(e1(y), 91 (), 1 (y)),

w22 (y) € F(£3 (1), 21 (), 91 (),

02’ (y) € F(£3 (1), 21 (), 1 (),
3

) = D(ea(y), Fea(y), £3(y), 03 (1))

< H(F(1(y), 91(), #1 ()), F(#3(y), ¢5(v), ¥3(y))

< ard(1(y), ¥3(y)) + a2 D(p5(y), F(#1(y), 91(), 3 (1))
+a3D(p3(y), Flp3(y), ¥5(y), 95(1)))
+asD (1 (y), Flp3(v): 93(v), ¥5(y)))
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+asD(p1(y), Foi(y), ¢
)

iy )
< a1d(p1(y), ¢3(y)) + asD(p3(y), F(o3(y), 03(1), ©3 (1)) + asd(i(y), 3(y))
: )

for all y € X. Hence,

(1— a3 — as) D(e3(y), F(0" (¥), 03 (1), ©3(1))) < (a1 + as + as)d(e1(y), £3(y))-
Thus,

D(eh(s), Fleh(v). £3(w). #40) < {5 dloh 1), 4w)
as a4

=1d(p1(y), p3(y)) < ld(e1(y), 3(y) +q ',
< Pd(pi(y), e1 () + a2,
for all y € X. Thus,

Gs'(y) == F(e3(y), 03(y), £3(y)) N By (y), Pd(ep(y), o1 () + ¢ > # 0.
Also,

D(¢3(y), F(#3(y), 22(y), £3(1))
) ®

< H(F(£3 (1), 01(1), #5 (1), F(03(y), 92(v), ¥5(y))

< a1d(91(y), ©3(y)) + a2D (5 (y), F (23 (), 01(%), 1 (1))
+a3D(p5(y), F(93(v): 02(y), ¥3(y)))
+asD(p} (), F(93(): 02(y), ¥3(9)))
+asD(p(y), F(pi (), 1(y), ¥1(9))

< ard(3(y), ¥5(y)) + asD(#3(y), F(#5(y), 05 (1), 95 (1))
+asd(91(y), ¥3(y)) + aaD(P5(y), F(#3(y), ¥3(y), ¥5(y)))
+ asd(3 (), £3(y)),

for all y € Y. Hence,

(1 —as —as)D(e3(y), F(23(y), ©3(y), ¥5(1))) < (a1 + as + as5)d(©3(y), ¥5(y)).
Thus,

DIG0), F(e3(0). ehw). 3)) < 7= = Sd(gdw), i)
)

= 1d(£3(y), w3 (y)) < 1d(L3(y), ¥5(y)) +a~
< Pd(g3(y), €1 () + 42,

1

for all y € Y. Thus,

Gs®(y) == F(03(y), 05(v), ©3(y)) N B3 (y), Pd(05 (), 01 (y)) + ¢ > # 0.
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Again we have

D(©3(y), F(23(y), 05(1), 03(y))

< H(F(91(y): 91(%), #1(9)), F(£3 (), 93(1): 92(y))

< ard(¢}(y), ©3(y)) + a2 D (5 (y), F (3 (1), £1(1), 01 (1))
+asD(£3(y), F(£5(y), ©5 (1), 3(y)))
+ asD(£}(y), F(25(y), 03(y), 2(y)))
+asD(£}(y), F(91(y), 91(v), 1 (v))

< ard(£3(y), ¥3(y)) + asD(#3(y), F(£3(y), 25 (1), 95(1)))
+ asd(£3 (), ©3(y)) + aaD(D3(y), F(£3(y), 05 (), 03(y)))
+ asd(¢3 (), £3(y)),

for all y € Y. Hence,

(1 —as — as)D(©3(y), F(25(y), ©3(y), 05(y))) < (a1 + as + as)d(©5(y), ©5 (1))
Thus,

a1+ aq + as 3 3
—d
S P— (07 (), 3())

= 1d(£5(y), e3(y)) < 1d(L3(y), o5(y)) + ",
< Pd(3(y), ¥ () + a2,
for all y € Y. Thus,
Gs®(y) .= F(£3(y), 23 (1), 03(y)) N B(wi (y), Pd(03 (), £3(y)) + > # 0.
Set
Gs(y) = (Gi(y), G3(y), G3(v))
= (F(e3(v), ©5(m), 05()), F(03(y), 03(1), 95 (1)), F (23 (), 05 (1), 03(y)))-

By continuing this process, we obtain a sequence of continuous functions
{¢n 1Y - X x X x X},>0 such that

Onla =1,

en(y) € Floh_1(y),9h1(y), ¢
0o (y) € Fleh_1(y),pn_1(y), ¢
eh(y) € F(eh_1(y),9h1(y), ¢
(el 1 (y), k(1) <1 d(h(v), @i () + ¢~ 7Y, (1= 1,2,3),

foralln >1and y € Y. Define Yy := {y € Y : d(¢}(y), ¥4 (y)) < A, i =1,2,3} for
all A > 0. Now, we prove that the family {Y) : A > 0} is an open covering of Y.
Note that, for each y € Y

e1(y) € Fles(y), v5(m), e6)),
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F(eo(m),e5(), 20 () N Bleg(y), 96(y) = Flesv), 06 (), vov)),
)

and we have

e1(y) € Bleo(y), 96 (1)), €3 (y) € Blei(y), 96(), ©1(y) € Bl (y), g5 ().

Hence, if A = max{gg(y), 95 (y), 93 (y)}, then we get that d(pj(y), ¥1(y)) < A, (i =
1,2,3), thus y € Y). Since Y, is open for each A > 0, the family of sets {Yy | A > 0}

is an open covering of Y, and we have
d(@r—1(y), on () < 1" Hd(@5(9)), F(#1 (1)) +q~ 7Y
foralln>1landyeY,i=1,23.

Since [ < 1, ¢ > 1 and X is complete, the sequence {sﬁi}nzoa (1 =1,2,3)
converges uniformly on Yy for all A > 0. Then, the functions ¢*, (i = 1,2,3) are
continuous. Since |4 = ¢ for all n > 1, p|4 = 1. Note that
Y) € Flep_1(9): en1(v), 9in-1(9));

y) € Flen1(¥) en1(¥). on1(¥)),
Pn-1(y) € F(en_1(y) en1(¥), on1(¥)),
forally € Y and n > 1. If n — oo, then

' (y) € F(e'(v), ¢* (1), %)),
©*(y) € F(©*(y), 0" (1), 9> ()),
¢*(y) € F(* (1), *(v), ¢' (1)),

for all y € Y. Therefore, ¢ : Y — B is a continuous extension of v, that is B is an
absolute retract for metric spaces. m

o
o2 (
5l

COROLLARY 2.3. Let (X,d) be a complete metric space and absolute retract
for metric spaces and F': X x X — Py (X) a lower semicontinuous multifunction
such that F € SP(X x X); also let F satisfy the following condition: there exist
ai,as, ... ,as € (0,00) with a; + az + 2a4 + a5 < 1 and

d(F(z,y), F(u,v)) < ard(z,u) + asD(u, F(x,y)) + asD(u, F(u,v))
+ a4D(3}, F(ua U)) + CL5D(.Z‘, F(x’ y))7

for all x,y,u,v € X. Then the set
B=A{(z,y) € X x X :2€ F(z,y),y € Fly,x)}

is an absolute retract for metric spaces.
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EXAMPLE 2.4. Let X =[-1,00), d(z,y) = | — y| and for any A, B C X,

H(A, B) = max{sup D(z, B), sup D(y, A)};
T€EA yeB

also, let F: X x X x X — P, (X) be defined by

[2,0], ifz<0,y,z€[-1,00)
0, ifx>0,y,2z€[-1,00).

Pl = {

It is easy to see that (X, d) is a complete metric space. We have

|z —ul, ifx,u<0
u, ifx <0,u>0
0, ifu>0,x > 0;
|z —ul, fu<a<O
D(u, F( ) u, ifx <0,u>0
u7 :'L.? ’Z = .
Y |,  ifu<0,z>0
0, otherwise;
|z —ul, ifx<u<O
, ifu<0,z>0
D, F(u,v,w) = { | L=
|z, ifu>0,2<0
0, otherwise.

Also, D(x, F(z,y,2)) = D(u, F(u,v,w)) = 0. It is straightforward that there exists
a,as, ... ,as € (0,00) with a; + asz + 2a4 + a5 < 1 and

H(F(z,y,2), F(u,v,w)) < ard(z,u) + agD(u, F(z,y,2)) + asD(u, F(u,v,w))
+ ayD(z, F(u,v,w)) + asD(x, F(z,y, 2)),

for all x,y, z,u,v,w € X. In this example we have

B={(z,y,2) € [-1,00) x [-1,00) x [-1,00) :
v € F(z,y,2),y € Fly,z,y),z € Fz,y,2)}
={(z,y,2) € [-1,00) x [-1,00) x [-1,00) : x € [£,0],y € [y,0],z € [2,0]}
= [~1,0] x [~1,0] x [~1,0].
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