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SOME REMARKS ON PARAMEDIAL SEMIGROUPS
Petar V. Protié

Abstract. Semigroups satisfying some type of generalized commutativity were considered in
quite a number of papers. S. Lajos, A. Nagy and M. Yamada dealed with externally commutative
semigroups. N. Stevanovi¢ and P. V. Proti¢ in [Structure of weakly externally commutative
semigroups, Algebra Colloq. 13:3 (2006) 441-446], introduced the notion of weakly externally
commutative semigroup and gave a structural description for some subclasses of this class of
semigroups. In this paper we consider a class which is a generalization of the class of externally
commutative semigroups.

1. Introduction
A semigroup S in which the following holds
(Vx,y,z € S) xyz = zyx

is an externally commutative semigroup [4]. The class of externally commutative
semigroups appears as a natural generalization of the class of commutative semi-
groups.

Now we are going to introduce the concept of paramedial semigroups as a
generalization of externally commutative semigroups.

DEFINITION 1. A semigroup S is a paramedial semigroup if the paramedial
law

(Va,b,c,d € S) abcd = dbca
holds in S.

If S is an externally commutative semigroup, then abcd = dbca for all a, b, ¢, d €
S, thus S is a paramedial semigroup. Hence, the class of externally commutative
semigroups is a subclass of the class of paramedial semigroups.
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Let S be a paramedial semigroup, a,c € S and b € S?; then abc = cba. It
follows by above that if S is a paramedial semigroup, then S? is an externally
commutative subsemigroup of S.

A semigroup S is a universal (global idempotent) semigroup if it satisfies
52 = S. Therefore a universal paramedial semigroup S is an externally commuta-
tive semigroup. Also, by [8, Proposition 1.1], an universal externally commutative
semigroup is commutative. Hence, each universal paramedial semigroup is commu-
tative.

The concept of weakly externally commutative semigroup was introduce in [7].
DEFINITION 2. [7] A semigroup S in which the following holds
(Ja € S)(Vx,y € S) zay = yax,
is a weakly externally commutative semigroup.

It is clear from the definition that the class of paramedial semigroups is in-
cluded in the class of weakly externally commutative semigroups.

2. Some general properties of paramedial semigroups
LEMMA 1. Let S be a simple paramedial semigroup. Then E(S) # 0.

Proof. Since S is a simple semigroup, it follows that S = SaS for all a € S.
Now, for € S, from z2 € Sz*S it follows that 2> = ux*v for some u,v € S.
Consequently,

(ur?v)? = urtvur?v = uvrzvur?v = uurvrrry

= uurrrrvy = u(urtv)v = ur?v.

Hence, uz?v € E(S). m

If S is a semigroup, then C'(S) = {a € S | (Vz € S) za = ax} is the well known
center of S.

LEMMA 2. Let S be a paramedial semigroup. If E(S) # () then E(S) is a
semilattice and E(S) C C(S).

Proof. Let e, f € E(S) be arbitrary elements. Then ef = eeef = feee = fe
and so

(ef)? =efef =eeff =ef.
Consequently, E(S) is a commutative subsemigroup of S.
Let e € E(S) and = € S be arbitrary elements, then ex = eeex = zeee = xe,
hence E(S) CC(S). m

LEMMA 3. Let S be a paramedial semigroup. Then S® is a commutative
semigroup.
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Proof. Let a,b € S3. Then there exist elements z,%, z,u,v,w € S such that
a = zyz,b = uvw. Now it follows that

ab = Tyzuvw = WYZTW = UYZTVW = UVZTYW = wowryz = ba. M

LEMMA 4. Let S be a paramedial semigroup and z,y € S be its arbitrary
elements. Then (zy)? = y?x? and for n € N and n > 3 it follows that

(zy)" = a"y" =y"2" = (yx)". (1)

Proof. Let x,y € S. Then

(xy)z = zyzy = yyax = y'z’.

We are going to prove the second part of lemma by induction. For n = 3 it follows

(zy)® = ayryry = zy(zyry) = vyyyze = yyyroe = y'a’.
By Lemma 3, it follows that 23y3 = y%x3. Hence, (zy)® = 23y® = y323 = (yx)3.
n N

Let (zy)™ = 2™y™ = y"a™ = (yx)™. Now we get

n+1 __

(xy) — (xy)"xy — xnynxy _ yynwxn _ yn-ﬁ—lxn—i-l'

Since S™, n > 3, is a commutative semigroup, it follows that x" 1y 1 = yntign+l,
which gives (zy)"t! = gyt = gntlgntl — (yz)"*+1 and the lemma is proved. m

By above, if S is a paramedial semigroup, m,n € N, x1,x3,...,%;, € 5, then

(@122 @m)" = (Tp)Tp2) " Tpm))" = TpyTp2) *** Tp(m):

where {p(1),p(2),...,p(n)} is a permutation of {1,2,...,n}.

A semigroup S is a (well known) E-m-semigroup if (zy)™ = z™y™, m > 2
holds for some m € N and for all z,y € S.

By the above lemma, every paramedial semigroup is an E-m-semigroup for all
m > 3.

3. Semilattice decomposition of paramedial semigroups

THEOREM 1. Let S be a paramedial semigroup. Then the relation p defined
on S by

apb <= (Vx,y € S)(Im,n € N) xza™y € zbyS, zb"y € xayS
is a semilattice congruence.
Proof. Let a,z,y € S. Since S is a paramedial semigroup, then

raty = racaay = rayaaa € raysS
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and so apa. Clearly, p is a symmetric relation. Let a,b,c € S and
apb <= (Vz,y € S)(Im,n € N) za™y € zbyS, xb™y € zays,
bpc <= (Vx,y € S)(Ip,q € N) xbPy € xcyS, xcly € xbyS.

Now
za™P Dy = 2a™ a"y=zamya™...a" CabySa™...a™
—— —— ——
p+1 P P
=za™ySa™...amb C xbySSa™...amb=xamySSa™...a™ b
S—— —— N——
p—1 p—1 p—2
meySSSam...amb?’:...:xamSS...prmeySS...pr
—— — ~—
p—2 P P

=axbPySS...Sb C xbPyS C xcyS.
P

Similarly, 4"t C zayS. Hence, apc and so the relation p is transitive. It follows
that p is an equivalence relation.

Let
apb <= (Vx,y € S)(Im,n € N) xa™y € xbyS, xb"y € xayS

and ¢ € S be an arbitrary element. Then, by Lemma 4,

z(ac)™ 3y = za™ 33 = ga™ T3 M eey = xa™ By = ra™aaayc™
= za™ya*c™ T € xbySadc™ e = zbeSaP ™y = xbeyadcm TS
C zbcysS.

Similarly, z(bc)™y € zacyS. Hence, acpbc and so p is a left congruence on S. Also,

m,, m+2 3

nt3 nt3gnt3 cca™ady = xamec™2aly

z(ca)" Py = xc
= za™yc™ 20 e C xbySc™ 2 aP e = xeySc™2aPb = xebSc™ 2 ady

= zebyc™ 2438 C xcbyS.

y = axc™t

Similarly, (cb)"y € xcayS. Hence, capch and so p is a right congruence on S.
Hence, p is a congruence relation on S.

Let a,z,y € S be arbitrary elements. Then

2aaay = ra*yaaa € ra’ysS,

ra’y = za
z(a?®)?*y = raaaay = raya® € xays.
Now, apa? and so p is a band congruence on S.
Let a,b,z,y € S be arbitrary elements. Then
z(ab)®y = zaba(ba)by = wbabaaby = wbayaabb € xbays.

Similarly, x(ba)®y € zabyS. Hence, abpba and it follows that p is a semilattice
congruence on S. m
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COROLLARY 1. If S is a paramedial semigroup, then S is a semilattice of
Archimedean paramedial subsemigroups on S.

Proof. Let S be a paramedial semigroup. Then the relation p defined as
in the above theorem, is a semilattice congruence. We prove that p-classes are
Archimedean semigroups. Hence, S = ,cy Sa, Y is a semilattice and S, are
p-clases. Let a,b € S,. Then

apb <= (Vz,y € S)(3m,n € N) za™y € zbyS, zb"y € zaysS.

For x = a = y it follows that a™*2? € abaS C SbS. Now a™t2 = ubv for some
u,v € S. Let u € Sg, v € S,. Since a™ 2 € S, and a™*? = ubv € S35,5y C Spay,
we have a = fary. Also, since Y is a semilattice, we have Say3 = «, yfay = «
and so ubvu, vubv € S,. Now

a®™ D) = by - ubv - ubv = (ubvu)b(vubv) € SobS,.
Hence, S, is an Archimedean semigroup. m
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