MATEMATUYKN BECHUK OPUTMHAJIHNA HAYYHU DAL
64, 4 (2012), 286-296 research paper
December 2012

SCORE LISTS IN BIPARTITE MULTI HYPERTOURNAMENTS
S. Pirzada

Abstract. Given non-negative integers m, n, h and k with m > h > 1land n > k > 1,
an [h, k|-bipartite multi hypertournament (or briefly [k, k]-BMHT) on m + n vertices is a triple
(U,V,A), where U and V are two sets of vertices with |U| = m and |V| = n and A is a set of
(h + k)-tuples of vertices, called arcs with exactly h vertices from U and exactly k vertices from
V, such that for any h + k subset U; U Vi of U UV, A contains at least one and at most (h + k)!
(h 4 k)-tuples whose entries belong to Uy U Vi. If A is a set of (r + s)-tuples of vertices, called
arcs for r (1 < r < h) vertices from U and s (1 < s < k) vertices from V such that A contains
at least one and at most (r + s)! (r + s)-tuples, then the bipartite multi hypertournament is
called an (h, k)-bipartite multi hypertournament (or briefly (h,k)-BMHT). We obtain necessary
and sufficient conditions for a pair of sequences of non-negative integers in non-decreasing order
to be losing score lists and score lists of [h, k]-BMHT and (h, k)-BMHT.

1. Introduction

A k-hypertournament is a complete k-hypergraph with each k-edge endowed
with an orientation, that is, a linear arrangement of the vertices contained in the
hyperedge. In a k-hypertournament, the score s(v;) (losing score r(v;)) of a vertex
v; is the number of arcs containing v; and in which v; is not the last element
(v; is the last element). The score (losing score) sequence is formed by listing
the scores (losing scores) in non-decreasing order. Zhou et al. [10] obtained a
characterization of score and losing score sequences in k-hypertournaments, a result
analogous to Landau’s theorem [5] on tournament scores. More results on scores
in k-hypertournaments can be found in [1, 2, 3, 4, 9, 11].

A Dbipartite hypergraph is a generalization of a bipartite graph. If U =
{u,ug,...,um} and V= {vy,va,...,v,} are vertex sets of a bipartite hypergraph
G, the hyper edge of G is a subset of U and V, containing at least one vertex from
U and at least one vertex from V. If an hyperedge has exactly h vertices from
U and exactly k vertices from V, it is called an [h, k]-edge. If all edges of G are
[h, k]-edges, G is said to be an [h, k|-bipartite hypergraph. In case G has all its
hyper edges as [z, j]-edges for every i,j with 1 <i < hand 1 < j <k, G is called
an (h, k)-bipartite hypergraph.
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An [h, k]-bipartite hypertournament or breifly [h, k]-BHT ((h, k)-bipartite hy-
pertournament or breifly (h,k)-BHT) is a complete [h, k]-bipartite hypergraph
(complete (h, k)-bipartite hypergraph) with each [h, k]-edge endowed with an ori-
entation, that is, a linear arrangement of the vertices contained in the hyper edge.
The score and losing score of a vertex in [h, k|-BHT or (h, k)-BHT is defined in the

same way as in a k-hypertournament.

Throughout this paper, m, n, h and k are non-negative integers withm > h > 1

andn >k >1; A= [a]f2y, B=[b]}_, C=[ci]{2y, D = [d;]}_; are lists of non-

negative integers in non-decreasing order, unless otherwise stated.

The following two results [8] provide characterizations of losing score lists and
score lists in [h, k]-BHT.

THEOREM 1. (A, B) is a pair of losing score lists of an [h, k]-BHT if and only

if for each p and q,
p q P q
Sai+ Y b > : (1)
i=1 j=1 h) \k

with equality when p=m and ¢ = n.

THEOREM 2. (C, D) is a pair of score lists of an (h,k)-BHT if and only if for

each p and q,
P g m—1\(n m\ (n—1
A d; >
SerBo=(3 7))+ () ()

m—p\[(n—q m\ (n
— 2
GRS
with equality when p =m and ¢ = n.

The next two results [6] provide characterizations of losing score lists and score
lists in (h, k)-BHT.

THEOREM 3. (A, B) is a pair of losing score lists of an (h,k)-BHT if and only
if for each p and q,

P q h k D q
Larrozxx (7)(7).
i=1 j=1 r=1s=1 \T S
with equality when p =m and ¢ = n.

THEOREM 4. (C, D) is a pair of score lists of an (h,k)-BHT if and only if for
each p and q,

Se Bz 22000 () () ()
(7))

with equality when p =m and ¢ = n.

More results on bipartite hypertournaments can be found in [7].
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2. Scores of [h, k]-bipartite multi hypertournaments

An [h, k]-bipartite multi hypertournament (or briefly [, k]-BMHT) H on m+n
vertices is a triple (U, V, A), where U and V are two sets of vertices with |[U| =m
and |V| =n and A is a set of (h + k)-tuples of vertices, called arcs with exactly h
vertices from U and exactly k vertices from V', such that any h + k subset U; U V;
of UUV, A contains at least one and at most (h+ k)! (h+ k)-tuples whose entries
belong to U1 UV;. An arc in H with exactly h vertices from U and exactly k vertices
from V is called an [h, k]-arc.

In an [, k]-BMHT H, for a given vertex u; € U, the score dj;(u;) or simply
d*(u;) (losing score dp; (u;) or simply d~ (u;)) is the number of [h, k]-arcs containing
u; and in which u; is not the last element (in which w; is the last element). Similarly
we define by d*(v;) and d~(v;) as the score and losing score of a vertex v; € V.
If the losing scores (scores) of vertices u; € U and v; € V are arranged in non-
decreasing order as a pair of lists A and B (C and D), then (A, B) ((C, D)) is called
the pair of losing score lists (score lists) of an [h, k]-BMHT.

We note that in [k, k]-BMHT if the arc set A contains exactly one of (h + k)!
(h + k)-tuples for each h + k subset U; U V; of U UV, then [h, k]-BMHT becomes
[h, k]-BHT. Further, if there are exactly (h + k)! (h + k)-tuples in the arc set A of
[h, k]-BMHT for each h + k subset Uy UV; of U UV, then we say [h, k|-BMHT is
complete.

Clearly there are exactly (h+ k)!('")(}) arcs in a complete [k, k]-BMHT and

SO
Bt 3o = e nn() ().
i=1 j=1 h)\k
From the above discussion, we have the following observation.
LEMMA 5. If (A, B) is a pair of losing score lists of a complete [h, k]-BMHT,
then
Yoai+ Y b= (h+k)!<h) (k)
i=1 j=1
Evidently, in a complete [h, k]-BMHT, there are exactly (h+k — 1)!(’;:11) (Z)
arcs containing a vertex u; € U,(i = 1,2,...,m) as the last entry and there are
exactly (h+k— 1)'(7}?) (’;:}) arcs containing a vertex v; € V, (i = 1,2,...,n) as the

last entry. Therefore the losing scores a; and b;, and scores ¢; and d; in a complete
[h,k]-BMHT are given as follows.

e )
bj=(h+/c—1)!(’:) (Z:D
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:(h—s—k:—l)!(thk;—l)(TZ_ll) (Z)
dj:(h+k—1)!(h+k—1)<rg>(z:i>.

Lemma 5 can also be proved as follows.

; i :(h+k—1)!<7;_11> (Zﬂ +§1 [(h+k— 1)!@) (Z_m
R B ]
i) i)

—oer=0 () () <+ () ()
= (h+k)(h+ &~ 1)! (72)()
=(h+k).<h)(Z>.

THEOREM 6. If (C, D) is a pair of score lists of a complete [h, k]-BMHT, then

f:ci-i-ji:ldj - (h+k)!(h+k—1)(’;:> <Z>

i=1

and

Ms

N
Il
-

Proof. Since there are exactly

om0
en(3)()

arcs respectively containing a vertex u; € U and a vertex v; € V, we have

Ser =S loen (i) ()] 5 o ()G
() ()
=0 (G20 () () G2 - () G

and exactly
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= () () () () - () )]
= o mk-n () ()-

The following results are immediate consequences of the above observations.

THEOREM 7. (A, B) is a pair of losing score lists of a complete [h,k]-BMHT
if and only if for each p (h < p <m) and each q (k < q<n)

S Bo= o7 () +o() (0]

THEOREM 8. (C, D) is a pair of score lists of a complete [h,k]-BMHT if and
only if for each p (h < p <m) and each q (k < q<n)

éci +j§ldj = (htk—-Dh+k— 1)|:p<7;;_11> (Z) +q<7;:> (Z_ m

The next two results give the necessary and sufficient conditions for a pair of
lists (A4, B)((C, D)) of non-negative integers in non-decreasing order to be the pair
of losing score lists (score lists) of some [h, k]-BMHT.

THEOREM 9. (A, B) is a pair of losing score lists of an [h,k|-BMHT if and
only if for each p (h < p <m) and each q (k < q<n)

()(0) < B Euzomenb () () () (1) o

and
m—1\/n
<a; < — 1)
T

OSbjS(h—&-k—l)!(?;Z)(Z_i).

THEOREM 10. (C, D) is a pair of score lists of an [h, k]-BMHT if and only if
for each p (h < p <m) and each q (k < q<n)

(o)) =) G2+ () ) - ()6

+Zd

< (h+k—1) (h+’f—1){ (21)(:)”(21)@:1)](4)

b
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and

OgciS(h—&—k—l)!(h-ﬁ-k—l)(;rz_ll)(:)’

0<dj<(h—&—k—l)!(h—i—k—l)(?;l)(z:i).

Before coming to the proofs of Theorems 9 and 10, we make the following
important observation.

We define an order relation — on all pairs of lists of non-negative integers in
non-decreasing order satisfying (3) and therefore including all pairs of lists satisfying
(1) as follows.

Let A = [a;]7" and B = [b;]7, and let ¢ be the smallest index for which
a; = ay, = max{a; : 1 <i<m}. Let A’ = [al]", where

{ai, foralli,i#¢, 1<i<m,
a =

i a; —1, fori=t.

Then we say that the pair (A, B) strictly covers the pair (A’, B). Here the list B
has been kept fixed. Note that the same argument can be used by fixing the list A
and choosing B’ = [b}]1, as was chosen in A.

Clearly, if t > 1, then
Ap—1 < Q¢ = Qgq1 =+ = Qg

and if ¢t = 1, then
Ay =y = -+ = Q-

Further, if (A, B) covers (A’, B), then

This implies by Theorem 1, that if the pair (X,Y) of non-negative integers in non-
decreasing order satisfies (3), then (X,Y) is the losing pair of score lists of some
[h, k]-BHT if and only if (X,Y") covers no pair of lists satisfying (3). In case (4, B)
satisfies (3) and (A, B) is not a pair of losing score lists of any [h, k]-BHT, then
(A, B) covers exactly one pair (A’, B) satisfying (3).

For any two pairs of non-negative integer lists (X,Y) and (X’,Y) in non-
decreasing order satisfying (3), define (X', Y) — (X,Y) if either (X',Y) = (X,Y)
or there is a sequence

(XI,Y) = (XlaY)’Xl—laY)’ RS (XlaY)’ (XOaY) = (va)a

(1 <4 < 1) of pairs of non-negative integer lists in non-decreasing order, each
satisfying conditions (3) such that (X;,Y) covers (X;_1,Y).
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In case the two lists are (X,Y) and (X,Y”) then (X,Y’) — (X,Y) if either
(X,Y’) = (X,Y) or there is a sequence

(val) = (Xva)v(X7Yw*1)7"'v(Xle)v(X7Yb) = (X7Y)7

(1 <4 < 1) of pairs of non-negative integer lists in non-decreasing order, each
satisfying conditions (3) such that (X,Y}) covers (X,Y;_1).

LEMMA 11. If (A, B) is a pair of lists satisfying (3), then there exists an [h, k]-
BHT H with a pair of losing score lists (P, Q) where P = [p;]{*, p1 <p2 <+ < pp,
and Q = [g;]7, @1 < g2 < --- < @y, such that p; < a; and q; < b; for alll1 <i<m
and 1 < j<n.

Proof. Let the pair of lists (A4, B) satisfy (3). We use induction

I(A, B) = i a; +Jijl b — <7Z> (Z)

If I(A, B) = 0, then by Theorem 1, (A, B) is itself a pair of losing score lists
of some [h, k]-BHT H*. If I{(A, B) = 1, then by above observations, (A, B) covers
exactly one pair of lists (X, B), with X = [z;]1", satisfying (3) and such that z; < a;
for 1 <i¢<m and

v g ()0)
Eo o ()() -

—

A,B) 1.

By induction hypothesis applied to (X, B), there is a pair of losing score lists
(X, B) of some [h, k]-BHT H** such that z; < a; for 1 <i<m.

If (A, B) > 2, starting from the pair (X, B), it follows by using similar argu-
ments that there is a pair of losing score lists (X,Y"), where Y = [y;]} with y; < b;
for all 1 < j < n, of some [h, k]-BHT H***.

Repeating the above process and by applying transitivity of — it follows that
there is a pair of losing score lists (P, Q) of some [h, k]-BHT H, where p; < z; < a;
and ¢ <y; <bjforalll<i<mand1<j<n.m

LEMMA 12. If (C,D) is a pair of lists satisfying (4), then there exists an
[h, k]-BHT H with a pair of score lists (P, Q) where P = [p;|7" and Q = [¢;]7 such
that p; < c; and g; < dj for alll1 <i<m and1 <j < n.

Proof of Theorem 9. Necessity. Let (A, B) be a pair of losing score lists of
some [h, k]-BMHT H of order m + n, and let U and V be the two sets of vertices
of H with |U| = m and |V| = n. Then any p vertices from U and any ¢ vertices
from V induce an [h, k]-BMHT of order p + ¢ which, in turn, contains an [h, k|-
BHT H* of order p + q. Therefore the sum of the losing scores in H* of these
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m

p + q vertices is at least (2) (k) Also in H, a vertex u € U can be at the last

entry in at most (h + &k — 1)! (mfl) () and a vertex v € V can be at the last entry

in at most (h+ &k — 1)!I(7)(}~]) arcs. So any losing score in A cannot exceed

(h+k— 1)!(h71) (%) and any losing score in B cannot exceed (h+k—1)!(7) (Z:%)

Sufficiency. If (A, B) is a pair of lists satisfying (3), then by Lemma 11, there
is an [h, k]-BHT H** of order m + n with a pair of losing score lists (P, Q) where
(P,Q) — (A,B). In H** ,denote the vertex with losing score p; by u;,1 < i < m,
and the vertex with losing score ¢; by v;,1 < j < n. Since the number of arcs in
which u; and v; respectively are not at the last entry are

(3 men ()
(D)) senn(G) )

therefore (h + k — 1)! <T;LL 11) <Z) —a; and (h+k —1)! (7;) <Z B 1) —b; arcs

respectively can be added in which u; and v; are at the last entry. This produces
an [h, k|-BMHT H*** with a pair of losing score lists (A, B). m

Proof of Theorem 10 can be now established by using Lemma 12 and by using
the same argument as in Theorem 9.

and

3. Scores of (h, k)-bipartite multi hypertournaments

An (h, k)-bipartite multi hypertournament ( or briefly (h,%k)-BMHT) H on
m + n vertices is a triple (U, V, A), where U and V are two sets of vertices with
U] = m and |V| = n and A is a set of (r + s)-tuples of vertices, called arcs with
r (1 < r < h) vertices from U and s (1 < s < k) vertices from V', such that any
r+ s subset Uy UV; of U UV, A contains at least one and at most (h+ k)! (h + k)-
tuples whose entries belong to UyUV;. The score and losing score of a vertex in
(h,k)-BMHT is defined in the same way as in [h, k]-BMHT.

An (h,k)-BMHT is said to be complete if for every set of vertices U (for all
h =1,2,...,|U1]) and every set of vertices Vi(for all k = 1,2,...,|V1],) there are
exactly (h+k)! (h+ k)-tuples in the arc set A. Clearly in a complete (h, k)-BMHT
H there are exactly Zf:l Ele [(r+s)!1() ()] arcs and therefore

S

i dy (ui) + i dy(vj) = Eh: Ek: {(T + S)!<T:> <n>}

i=1 i=1 r=1s=1 s

Earu-2 £ era(M)()]

Further, we observe that the maximum arcs in (h, k)-BMHT is

s+ (D) ()]

Thus,
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From the above facts, we have the following result.

LEMMA 13. If (C, D) is a pair of score lists of a complete (h,k)-BMHT H,
then

NgE!

) ci—|—j§1dj -y [(r—l—s)!(r—l—s—l)!(m) (”)}

i=1 r=1s=1 T S

PROOF. Since there are

14
DEEILEDS (Z > [(Hs)!(j}_—ll)

=1 i=1

|
M=
M=
5
g
N
3
|
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Now we have the following results which are immediate consequences of the
above facts.

THEOREM 14. (A, B) is a pair of losing score lists of a complete (h,k)-BMHT
if and only if for each p(h < p < m) and each q(k < g <n)

Sorfr=n g ee b)) () 050)
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THEOREM 15. (C, D) is a pair of score lists of a complete (h,k)-BMHT if and
only if for each p(h < p <m) and each q(k < q<n)

R L C G DR [ V)

From the above discussions and observations, we conjecture the following two
necessary and sufficient conditions for a pair of lists (4, B) and (C, D) respectively
to be the pair of losing score lists and score lists of some (h, k)-BMHT.

CONJECTURE 16. (A, B) is a pair of losing score lists of a complete (h, k)-
BMHT if and only if for each p (h < p <m) and each ¢ (k < g <n)

EEO) < fe

r=1s=1 \T

and

R e c o)
0<b, < ésé {(r—l—s— 1)!(’:) (’;:i)}

CONJECTURE 17. (C, D) is a pair of score lists of a complete (h, k)-BMHT if
and only if for each p(h < p < m) and each ¢ (k < ¢ <n)

SRl () ) -G

I
M=
8
+
M=
M@“‘

s
Il
-
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Il
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» 3
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| I

and
0<¢ < ié {(T e 1)!@—_11) (zﬂ
0<d; < éjl ;: {(TJFS_ 1)!<T> (Z:iﬂ
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