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A NOTE ON RATE OF APPROXIMATION
FOR CERTAIN BEZIER-DURRMEYER OPERATORS

Vijay Gupta and Naokant Deo

Abstract. The present paper deals with certain Bézier-Durrmeyer type sequence of linear
positive operators My, «(f, z), having different basis functions in summation and integration. We
estimate the rate of convergence of these operators My, o (f, ), for functions having derivatives of
bounded variation.

1. Introduction

To approximate Lebesgue integrable functions on [0,00), a new sequence of
linear positive operators M,, introduced and studied in [2] is defined as

Mn(fa LIT) = Z—:O q)n,v(f)pn,v(m) (1>
where
n S qno-1 () f(E)dt, v >0;
(bn,v(f)_{ f((;)) ’U:0
and ppo(z) = ("TU7)2?(1 + 2)™ Y and g, (t) = e‘"t% are respectively

Baskakov and Szasz basis functions.

Very recently Abel et al. [1] introduced a more general sequence of summation-
integral type operators, which for parameters a € R and b € Z is defined as

[e.e]

oo
ML) =0 S prrane) [ 00 2)
v=max{0,—b} 0
We may remark here that for the case a = 0, b = —1 the operators (2) are very
similar to the operators (1). The only difference is that the definition (1) contains
an additional term (1 + z)~"f(0) to ensure that the operators preserve constant
functions. For the similar type of operators, we refer the readers to [7-9] where,
some approximation properties of summation-integral type operators have been
studied.
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It is observed that Bézier curves play an important role in Computer aided
geometric design. Several researchers have considered the Bézier variants of well
known operators and studied their approximation properties. We now consider the
Bézier variant of the operators (1), which for @ > 1 or 0 < o < 1 are defined as

Myalfia) =n 5= Q) / " e (DF(1) dt 4+ Q) () £(0)
/ Wi o (. t) £ (1) dt 3)

where Q(2) = (Jno(2)® = (Jnowi1(2))*, Jnw(@) = 330, puj(2) and the kernel
is given by

Sl (=)
Wh.a(z,t) =n 2_:1 Qnv(2)gnv-1(t) + Qo (2)0(1),
§(t) being Dirac delta function. In case o = 1 the operators defined by (3) reduce
to the operators (1).

We denote by DB,.(0,00), r > 0 the class of absolutely continuous functions f
defined on (0, co) satisfying:
(i) f(t) =O(t"), t — oo,
(ii) having a derivative f’ on the interval (0,00) coinciding a.e. with a function

1 which is of bounded variation on every finite subinterval of (0,00). It can
be observed that all functions f € BD,(0,00) possess for each ¢ > 0 the

representation
xX
c)+ / P(t) dt
c

The rate of convergence for functions of bounded variations for Bernstein and
Bernstein-Durrmeyer operators were established in [4] and [10]. Bojani¢ and Cheng
[3] obtained interesting results on the rate of convergence of Bernstein polynomials
for functions with derivatives of bounded variation. We now extend the study and
here we estimate the rate of convergence of the operators M, o(f,z), defined by
(3) for functions having derivatives of bounded variation.

2. Auxiliary results
In the sequel, we shall need the following lemmas:

LEMMA 1 [2] Let the m-th order moment in m(x), m € N{J{0} be defined as

P () = My ((t—2)™,2) =n i::l jr)n,v(as)foOO Gnw—1 ()t — )" dt+(—2z)™ (14z)™"
Then
z(x + 2)

pno(x) =1, pp1(x) =0, pya(r)= n

and we have the recurrence relation:

i1 (%) = (14 2y 1o () + 10t (€) + M (@ + 2)pnm—1 (), m > 1,
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where 1}, . (x) = Zkjin m(x). Consequently, for each x € [0,00), we get
fin.m () = O(n~1m+1/2])

where [a] denotes the integral part of a.

REMARK 1. From Lemma 1, using Cauchy-Schwarz inequality, it follows that
My(|t =2 |,2) < (nao(@))'? = Vale +2)/n.

REMARK 2. It is observed that for a > 1 we have Q(a)( ) < appo(z), T €
[0,00). We define (3, o(z,1) fo n.a(T,s)ds. In particular, we have

ﬂn,a(ma OO) = A Wn,a(m,s) ds = 1.

LEMMA 2. For z € (0,00) and o > 1, we have
(i) Bn.a(z,y) < ar(@td) g <y < g,

= TL($ y)Q}

i) 1— Boalz,2) < 2@2) 0 -5 < 0.
(it) (@,

n(z—x)?’

Proof. First we prove (i). By using Lemma 1 and Remark 2, we have

Boa(ry) = /O W o (s )t < /O Tty d

(z —y)?
< (o =) Papinale) = S

The proof of (ii) is similar, we omit the details. m

3. Rate of convergence
Our main result is stated as follows:

THEOREM 1. Let f € DB,.(0,00), 7 € N; also suppose a > 1, and x € (0, 00).
Then for n sufficiently large, we have

1’+2 ﬂw-i-;v/v z+x/\/1n

Moo, 2) = f(z)] < B2 z Vo - \/ ((")2)
+ %wm) — f(&) — af @)+ @) + 2l ()

alz+2) 2 On"1?) + ! owc(:r +2)
nr a+1

[f'(@™) = f'(z7)],
where the auziliary function f, is given by
fO) = f(z7), 0<t<w
f=(t) =< 0, t=ux
ft)—f(z"), z<t<oo.
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\/Z f(x) denotes the total variation of f on [a,b]. Also by f(z™) and f(zT), we
mean the left and right-hand limits respectively.

Proof. By the Mean value theorem, we have

nocfa / Wnaxt f( ))dt

_ /0 /x Wi o (2, 8)(f (u) du) dt. (4)

Using the following identity

f'(u) = m[f’(ir*) +af (@) + (f)(u) + %[f’(fﬁ) — f'(@7)]x
x (sentu— )+ 20) + 7@ = 51760 + £l
where x,(u) = { (1): Z;ﬁ Obviously, My, o(xz,x) = 0. Also
/ ( / %[f’(ﬁ) — ['(@7 )] sgn(u — @) du) Wy o (w,t) dt
0 x
= @)~ F Mol — ), 2)
and
o t 1 , .
/0 (/x L) af (@) du) W, 1) de
< @) +af @Mt~ 2),2) = 0.

Thus using the methods as given in [6], Lemma 1, Remark 1 and above values, we
have

|Myo(f,z) — f(2)]

/i (/w (f’)z(u)du)wn,a(x7t)dt—/o (/w (f’)m(u)du)wn,a(m)dt’
@) = £ @) Maa(lt - 2l @)

= Ana(f.2) = Buo(£.0) + =5 1f' (@) = f'(27)| Mo a(t — al.2)

<

< Mnalf )+ Bualf. ) + 217 @) Py 2EED )

Thus it suffice to estimate the terms A, o(f,z) and B, (f,z). Integrating by
parts, using Lemma 2 and taking y = © — x/+/n, we have

na fv |_‘/ du dtﬂnoz(xt)

_ / Bt (£ (8) dt‘ < ( / g / ) wn,a(x,tn\j/((f')m)dt
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Let u = ;% . Then we have
.’,E ar\x \/ﬁ v
”/ gl e | \/((f) )du
alz +2) [yl e+l @ z+2) WVl
<(n+2),§/k V (o< Dy (g,
Thus,
oz +2) A" + 2 *
Bralfo) < == 5 x\_/ﬁ ﬁx\/f (6)

On the other hand, we have
|[Ano(f, )| = /:O(/: (f)a(u) du) Wnya(x,t)dt}
/:O(/t (f)a(u) du) W.alz,t) dt’Jr /:w (/t(f’)m(u) du) di(1 = Bp.alz,t)) dt'

|00 - 5@ Wt dt] ety = D)W t)

2z

/ () )dw)| 1= B (e, 20)] + / e O] 11— B 1) dit
g% OOWW(a: [t — If(x)' OoWn,a(x,t)(t—det
(:17 +2)

<

<

_|_

|f(22) — f(2) —af'(=7)]

7
xr

For the estimation of the first two terms in the right-hand side of (7), we proceed

as follows:

+1f )I Wna(x )|t —a|dt +

S
Eol
—
%\&

Applying Holder’s inequality, Remark 1 and Lemma 1, we have

¢ W.o(z, )|t — x| dt + =51 |f( )|

Wn,a(x,t)(t —x)?dt
T Jog 2w

< % ( g W.olz, )" dt) (/OOO Wi.o(z,)(t — x)2dt) i
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O e -2 ar < 02’"0<n‘”2)w R

Also, by Remark 1, the third term of the right-hand side of (6) is given by
If'(zh) Wh.olz, t)|t — 2| dt <|f'(z)|z~! / Wh.o(z, t)(t —z)? dt
0

2z
alr+2
<12,
Combining the estimates (4)—(7), we get the desired result. This completes the
proof of the theorem. m

REMARK 3. We may note here that for a = b = 0, the operators reduce to the
standard Baskakov-Szdsz operators studied in [5] and [8] which are defined by

MOO(fo) =1 S pos(a) / dna(F(0)dt, @ € [0,00)
v=0 0

We may consider the Bézier variant of such type of operators and the analogous
results can be obtained along the lines similar to our main result.

ACKNOWLEDGEMENTS. The authors are thankful to the referees for their
valuable comments leading to the overall improvements in the paper.

REFERENCES

[1] U. Abel, V. Gupta, M. Ivan, Asymptotic approzimation of functions and their derivatives by
generalized Baskakov-Szdsz-Durrmeyer operators, Analysis Theory Appl. 21 (2005), 15-26.

[2] P.N. Agrawal, A.J. Mohammad, Linear combination of a new sequence of linear positive
operators, Revista U.M.A. 44 (2003), 33-41.

[3] R. Bojani¢, F. Cheng, Rate of convergence of Bernstein polynomials for functions with
derivatives of bounded variation, J. Math. Anal. Appl. 141 (1989), 136-151.

[4] F. Cheng, On the rate of convergence of Bernstein polynomials of function of bounded vari-
ation, J. Approx. Theory 39 (1983), 250-274.

[5] N. Deo, Simultaneous approzimation by Lupas operators with weighted function of Szdsz
operators, J. Inequal Pure Appl. Math. 5 No. 4, Art. 113 (2004).

[6] V. Gupta, H. Karsli, Rate of convergence for the Bézier variant of the MKZD operators,
Georgian Math. J. 14 (2007), 651-659.

[7] V. Gupta, M.A. Noor, Convergence of derivatives for certain mized Szdsz Beta operators, J.
Math. Anal. Appl. 321 (2006), 1-9.

[8] V. Gupta, G.S. Srivastava, Simultaneous approximation by Baskakov-Szdsz-type operators,
Bull. Math. Soc. Sci. (N.S.) 37 (1993), 73-85.

[9] H.M. Srivastava, Z. Finta, V. Gupta, Convergence of a certain family of summation integral
type operators, Applied Math. Comput. 190 (2007), 449-457.

[10] X.M. Zeng, W. Chen, On the rate of convergence of the generalized Durrmeyer type operators
for functions of bounded variation, J. Approx. Theory 102 (2000), 1-12.

(received 23.09.2009; in revised form 03.06.2010)

School of Applied Sciences, Netaji Subhas Institute of Technology, Sector 3 Dwarka, New Delhi
110078, India

E-mail: vijaygupta2001@hotmail.com

Department of Applied Mathematics, Delhi Technological University (Formerly Delhi College of
Engineering), Bawana Road, Delhi 110042, India

E-mail: dr_naokant_deo@yahoo.com



