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A GENERALIZED CLASS OF STARLIKE FUNCTIONS ASSOCIATED
WITH THE WRIGHT HYPERGEOMETRIC FUNCTION

J. Dziok and G. Murugusundaramoorthy

Abstract. In terms of Wright’s generalized hypergeometric function we define some classes
of analytic functions. The class generalize well known classes of starlike functions. Necessary
and sufficient coefficient bounds are given for functions in this class. Further distortion bounds,
extreme points and results on partial sums are investigated.

1. Introduction

Let A denote the class of functions of the form
oo
f(2)=z+ 3 an2" (1)
n=2

which are analytic in the open unit disc U = {z : |z| < 1}. We denote by S the
subclass of A consisting functions f which are univalent in U. Also we denote by 7,
the class of analytic functions with negative coefficients introduced by Silverman
[14] consisting of functions f of the form

f)=z=> apz" (a4, >0, n=2,3,...;z€U). (2)
n=2

For functions f € A given by (1) and g(z) € A given by

9(z) =z+ 3 bn2", z€U,

n=2
we define the Hadamard product (or convolution) of f and g by
(fxg)(z) =24 > apnbyz™, ze€U.
n=2

DEFINITION 1. Let £ >0, 0 < v < 1. A function f € A is said to be in the
class S(k, ) if it satisfies the condition

() 22()
Re{ @ e
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The class S(k,~) was studied in [8] (see also [6, 9, 11]). In particular the class
S(7) = 8(0,7)

is the well-known class of starlike functions.

For positive real parameters aq, A4y ...,a,, A4, and 1,B1..., B4,By (p,q €
N =1,2,3,...) such that

1+ZB71_ZA7LZO; (3)

the Wright’s generalized hypergeometric function [20]

P\Ijq[(ah Al)a vy (a;D?Ap); (ﬁh Bl)7 L) (ﬁq7 Bq)7 Z] = p\I]q[(OZTHAn)l,p; (ﬁny Bn)l,q; Z]
is defined by

n
nl’

pYallar; A)1p; (B, Bi)i,gs 2] = i{Hf:oF (ar + nA)HITZo T (Be + nBy)} ! :

zeU. Ifp<qg+1, A, =1t=1,...,p)and By = 1(t = 1,...,q), we have the
relationship:

GPLIIQ[(anvl)l,p; (ﬂna 1)17(1;2} = qu(ala ceey Oy /817' .. 7ﬂq;z)7 S U7 (4)

where ,Fy(aq,...,ap; 1, .., 0q; %) is the generalized hypergeometric function and

0 = ([T7_o ()~ ([T{_oL(B)) - (5)

In [2] Dziok and Raina defined the linear operator by using Wright’s generalized
hypergeometric function. Let

p¢q[(04t7At)1,p; (5taBt>1,q;Z] =0z quq[(ahAt)l,p(ﬁtuBt)l,q;Z]a zeU,

and
W= W[(anaAn)l,p; (5na Bn)l,q] tA— A

be a linear operator defined by

WE(2) == 2 pogl(ar, A)1,p; (Bes Bi)1,gi 2] = f(2), 2 €U.
We observe that, for f of the form (1), we have

Wf(z)=z+ iojan apz™, zeU, (6)

n=2

where

OT (a1 +A1(n—1))...T(ap + Ap(n —1))
(n=1IT(B1 +Bi(n—1))...T(By + Bg(n — 1)) ’
and © is given by (5). In view of the relationship (4) the linear operator (6) includes
the Dziok-Srivastava operator [3] (see [4]).

Op =
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Corresponding to the family S(v, k) we define the class WP (k, ) of function
f of the form (1) such that

CWIR) | 2WHR)
Re{ Wiz TP wie)

}>% zeU. (7)

We also let
TWy(k,y) =T NWE(k, 7).
Further we define some subclasses of the class WP (k, ) as given below.
Suppose that: If A, =1 (¢t =1,...,p)and By =1(t = 1,...,q), p = 2 and
q = 1 we have
({)ar=064+1(0>-1),aa =1, p; =1, then
z

o f(2)

WS +1,1;1)f(2) = D°f(2) = A=z

is called Ruscheweyh derivative of order ¢ (6 > —1)(see [12]). A function f € A is
in RS(y, k) if

ADOS() | 2D ()
Re{ Dif(z) " DRf)

(i) oy =a(a>0),aa =1, 1 =c(c>0),

}>% zeU, (8)

W(a,1:)f(2) = L{a, ) f(2) = (f; Ez)):z"‘H) v f(2)

n=0

called Carlson and Shaffer operator [1]. A function f € A is in LS(v, k) if

{HL@AfQ) | | (L0, f()"
R{ Caofz) T Lmofe)

(i) o1 =2 a2 =1, f1 =2 —1,
W(2,1;2 = n)f(2) =Q7f(2) =T(2—n)z"D!f(2)

}>% zeU, 9)

where (n € R;n # 2,3,4,...) the operator Q"f(z) was introduced by Owa and
Srivastava [19]. A function f € A is in GS(v, k) if

AU A ()
Re{ oz )

In this paper we obtain a sufficient coefficient condition for functions f given
by (1) to be in the class WP (k,~) and we show that it is also necessary condition
for functions to belong to the class. Distortion results and extreme points for
functions in 7W?}(k,v) are obtained. Finally, we investigate partial sums for the
class TW4(k,v).

>y, zeU. (10)
|
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2. Coefficients inequalities and distortions theorem

First we obtain a sufficient condition for functions in W2 (k, ).
THEOREM 1. Let 0 < v < 1 and k > 0. Suppose also that f(z) € A is given
by (1). If
ioj [kn? +n —kn —~] oy |an| <1 -7, (11)

n=2

then f € WE(k,7).

Proof. If we put

!/ 2 1
Pl = ZVEG) | 2OVAC)”

Wf(z) Wi(z)
then it is sufficient to prove that

|P(z) — 1| <1—7, zeUl.
Indeed if f(z) =z (z € U), then we have P(z) =1 (2 € U). This implies that the
desired in equality (11). If f(z) # z (|z| = r < 1), then there exist a coefficient
onan # 0 for some n > 2. It follows that

zeU,

o0
> op|an| ™ > 0.

n=2

Further note that the sequence b, = kn? +n — kn — + is increasing. Therefore

22 [kn? +n — kn — 5] oplan|r™ > (1 —7) 22 Onlan|r™,

o0
which implies that Y op|a,| < 1.

n=2

Thus by coefficient inequality (11), we obtain

S (0 — 1)(nk + Donanz""1| 3> (n—1)(nk + 1)on|an|

IO I = t—— <
1+ 2_:2 OnGn 2™t 1— 2_:2 Onlan]

118

(n—1)(nk + 1)op|an|

n=2

o0

L= 3" onlan|

n=2

[]CTLQ +n— k‘n—ﬂ On‘an‘ - (1 _rY) Z Un|a'n|

118

=2 =2
< n — n
1_ Z U7L|a7b|
n=2
00
(1=7) =1 =7) X onlan|
< =2 <l-v, zeU.

1= 3" onlan]

n=2
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Hence we obtain
WF () 22(Wf(2)"
Re +k
{ Wf(z) WE(z)
That is f € WE(k,v). This completes the proof. m

In the next theorem, we show that the condition (11) is also necessary for
functions from the class 7W%(k, ).

}:Re(P(z))>1—(1—’y):'y (z€U).

THEOREM 2. Let f be given by (2). Then the function f belongs to the class
TWi(k,~) if and only if

22 [an—i—n—kn—v] Opty <1—1. (12)

Proof. In view of Theorem 1 we need only to show that f € TWY{ (k, ) satisfies
the coefficient inequality (11). If f € TW?#(k,v) then the function

W) + R OWV(2)”
Ple) = Wi2)

(zeU)

satisfies
Re{P(z)} >~y (z€U).

This implies that
WE(z)=2z— > onanz™ #0 (2 €U\ {0}).
n=2

Noting that %(r) is the real continuous function in the open interval (0,1)

with f(0) = 1, we have

1— > opapyr™ >0 (0<r<1). (13)

n=2
Now
oo oo
1— Y nopanr™t —k > (n2 — n) Oplnr™ 1
v < P(T) _ n=2 n=2

o0
1— Y opapr™t
n=2

and consequently by (13) we obtain

i [k‘n2 +n—kn— fy] Onlnr™ 1 <1 —7.

n=2

Letting » — 1, we get (12). This proves the converse part. m

COROLLARY 1. If a function f of the form (2) belongs to the class TWH(k,7),
then
1—nv

<
on [kn2+n—kn—~]o,’

n=23....
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The equality holds for the functions

l—v
ho(2) = 2 — n U n=23,.... 14
(2) ==z [kanrnfknf’y]anZ zelU, n (14)

Next we obtain the distortion bounds for functions belonging to the class
TWe(k, 7).
THEOREM 3. Let f be in the class TWY(k,7), |z| =r < 1. If the sequence
{ [k‘n2 +n—kn— 'y] an}zozz
is nondecreasing, then

1—v 11—~ 2

. <r4+-——>" 2 15
RCET P _|f(2)‘_r+(2k—7+2)02r 15)
(oo}
If the sequence {k"u”in_k"_"’an} is nondecreasing, then
n=2
2(1-1) / 2(1-1)
1l—-—m———r < <l4———"——r. 16
k=120 S W @IS+ g (16)

The result is sharp. The extremal function is the function hy of the form (14).
Proof. Since f € TW?¥(k,~), we apply Theorem 2 to obtain

2k —v+2)o2 > |an] < > [knz—&—n—kn—'y] Onlan] <1 —1.
n=2

n=2
Thus
2)| < |z| + |z]? Ap| <74+ ————— 1.
PN 1 3 lanl < 74 T
Also we have
1—7 9

Sl 22 S >p— - '
£ 2 |2l = |2 3 Janl 27 = T

and (15) follows. In similar manner for f’, the inequalities

00 0
[f'()l <1+ ZJLI%IIZ\"’1 <1+ 2] Zznan
n= n=

and

x 2(1—9)
< -~ 7
nZ::Qn\anl T (2k =7 +2)o2

lead to (16). This completes the proof. m

COROLLARY 2. Let f be in the class TWy(k,v), [z| =7 < 1. If
pP>q agp1 =21, aj > and A; > By (j=2,...,9), (17)
then the assertions (15), (16) holds true.

Proof. From (17) we have that the sequences
o0 kn? —kn — >
{[an—l—n—kn—’y] O’n}n:2 and { notn i fyan}
n=2

n
are nondecreasing. Thus, by Theorem 3, we have Corollary 2. m
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THEOREM 4. Let hi(z) = z and hy, be defined by (14). Then f € TWH(k,~)
if and only if f can be expressed in the form

f(z) = iunhm in > 0 and i::lunzl. (18)

Proof. If a function f is of the form (18), then

o) l_fy
— 2 _ _
f(z)—;::2 [kn? 4+ n — kn — 7] Un[k'nQ—&—n—kn—’y]Unﬂn

- iun(l—v) (1) (1—7) <1—7.

Hence f € TWH(k, 7).

. .. kn?4+n—kn—~|on
Conversely, if f is in the class TW} (k, v), then we may set 1, = %,

n>2and pug =1— ) py,. Then the function f is of the form (18) and this com-
n=2

pletes the proof. m
3. Partial sums

For a function f € A given by (1) Silverman [15] and Silvia [18] investigated
the partial sums f; and f,, defined by

f1(z) = z; and f,(2) =2+ f: apz™, m=2,3.... (19)
n=2

We consider in this section partial sums of functions in the class 7W?#(k,~) and
obtain sharp lower bounds for the ratios of real part of f to f,, and f’ to f/..

THEOREM 5. Let a function f of the form (2) belong to the class TW?h(k, )
and assume (17). Then

f(z) 1
Re{fm(z)}Z]-dm-&-l’ zelU, meN (20)
e fu(2)] . d
m\%Z m—+1
Re{f(?:)}21+dm+1’ z€eU, méeN, (21)
where

_kn2+n—kn—'y
= o

d, :
I—v

n. (22)

Proof. By (17) it is not difficult to verify that

dpt1 >dp>1, n=23.... (23)
Thus by Theorem 2 we have
SNantdmir Y, an < > dpan <1 (24)

n=2 n=m-+1 n=2
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Setting
- 1
dm n n-
7) 1 S, O
9(2) = dma1 ol 1—d =1+ — , (25)
fnz z m—+1 1_|_ Z anznfl
n=2

it suffices to show that Reg(z) > 0, z € U. Applying (24), we find that

o0

(Z) 1 A1 Z ‘an|
'g()+1’§ n et %) Sla ZGU,
z
g 2-23 lan| —dmi1 Y an
n=2 n=m-+1

which readily yields the assertion (20) of Theorem 5. In order to see that

Zerl

fz)=2+ , z€U, (26)

dm+1
gives the sharp result, we observe that for z = re!™/™ we have

f@) g 2" ey L
fm(2) A1 A1

Similarly, if we take

fm(2) dmi1 }

h(z) = (1 +dm+1){ 702) - T+ dora

&S]

(1 +dur1) Y. apzt
=1- O::mH , zeU,
14+ > apzn!
n=2
and making use of (24), we can deduce that
1+d a
h(z) —1 ( ) n:;n:—i-l 2]
TErSIE <1, zev
z
2-2 22 |an| = (1 = dpt1) 2 . |an|
n= n=m-+

which leads us immediately to the assertion (21) of Theorem 5. The bound in (21)
is sharp for each m € N with the extremal function f given by (26), and the proof
is complete. m

THEOREM 6. Let a function f of the form (1) belong to the class TWy(k, )

and assume (17). Then
7(2) m+1
{7 G} 0
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and

frln(z) dm+1
Re{ £(2) } Sl (28)

where dy, is defined by (22).

Proof. By setting

o) =i { gy~ (1= )} mev

and

Hz) = [om 1)+ dn { J;T((,:)) - i } el

the proof is analogous to that of Theorem 5, and we omit the details. m

4. Integral transform and integral means

First we prove that the class 7W?#(k,v) is closed under some integral trans-
forms.

For f € A we define the Komatu operator [10]

c 3 1 6—1
Vo) = G [t (e g) fean, o> 1020

In particular, for § = 1 we obtain well-known the Bernardi operator.

A simple calculation gives

VielF)2) =2~ 5 (”1)5anzn.

n=2 c+n

First we show that the class 7W?#(k,) is closed under Vs .(f)(z).
THEOREM 7. Let f(2) € TWH(k,v). Then Vs.(f)(z) € TWi(k, ).
Proof. We need to prove that

X O\, k) (10
n < ]-7 2
n=2 (1 7) (c+n> ¢ ( 9)

where
(v, k,n) = [kn> +n — kn — y]o,. (30)

On the other hand by Theorem 2, f € TW?#(k,v) if and only if
x ¢
Z ()\77? kj?”)an S 17
n=2 (1 - ’Y)

where ®(v, k,n) is defined in (30). Since ELIL < 1, then (29) holds and the proof is
complete. m
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THEOREM 8. Let f € TWH(k,v). Then Vs.(f)(2) is starlike of order &,
0<&<1in|z| < Ry, where

c+n 6(1—§)<I>('y,k7n) T
(1) (n—f)(l—w] (n=2)

R1 = inf

n

where ®(v, k,n) is defined in (30).
Proof. 1t is sufficient to prove

2(Vo.o(f)(2))
Vs.c(f)(2)
For the left hand side of (30) we have,

—1‘<1—§, 2| < Ry. (31)

2(Vse(f)(2))
Vs.c(f)(2)

_1‘:

The last expression is less than 1 — £ if

ot (et (=920 kn)
< (1) e

Therefore, the proof is complete. m

Using the fact that f(z) is convex if and only if zf’(z) is starlike, we obtain
the following.

THEOREM 9. Let f € TWy(k,7). Then Vs (f)(2) is convez of order 0 < § < 1
in |z| < Ry where

R2 = inf

n

c+1 nin—&)(1—7)

where ®(\, 7, k,2) is defined in (30).

<c+n)5 & £)<I>(%k7”)] - (n>2),

In [14], Silverman found that the function f3(z) = z — é is often extremal
over the family 7. He applied this function to resolve his integral means inequality,

conjectured in [16] and settled in [17], that

27 27
/ |f(rei®)|" do < / | fo(re®®)|" ad),
0 0



A generalized class of starlike functions 281

forall f €T, n>0and 0 <r < 1. In [17], he also proved his conjecture for the
subclasses T*(vy) and C(y) of T.

Now, we prove the Silverman’s conjecture for the functions in the family
TWhH(k, 7).

LEMMA 1. [7] If the functions f and g are analytic in U with g < f, then for
n>0,and 0 <r <1,

27 ) 27 )
/ |lg(re’®)|” do < / | f(re?®)|" af. (32)
0 0

Applying Lemma 1, Theorem 2 and Theorem 4 we prove the following result.
THEOREM 10. Suppose f € TW)(k,7v), n>0,0< X <1 and fa(2) is defined
by

_ 1-7
SR O eI

where ®(v, k,2) is defined in (30). Then for z =re'?, 0 <r < 1, we have

27 27
| e as [Cine o (3)
0 0
Proof. By (2), it is equivalent to prove that
27 n 27 n
x 1—7)
1-— anz™" 1 dh < / 1-— (72 deb.
/O n§2 0 CI)()\y’Y7 ka 2)
By Lemma 1, it suffices to show that
1— anzn—l <1-— z.
'rLZ=:2 (I)()‘a’y?k72)
Setting
1- ioj apz" =1~ 1_77111(,2) (34)
n=2 " CI)(A”Y? k’ 2) ’
and using (11), we obtain
w(2)] = |3 2kmlg,onot| < g 5 2RI, oy
n=2 v n=2 1- v

This completes the proof. m

5. Neighbourhood results

In this section we discuss neighbourhood results of the class 7W?(k, ). Fol-
lowing [5, 13], we define the §-neighbourhood of function f(z) € T by

Ns(f) := {h €T :h(z)=2— iZdnz" and §2n|an —dy| < 6} . (35)
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Particulary for the identity function e(z) = z, we have

Ns(e) := {h €T :g(z)=2z— > dpz" and ) n|d,| < 5}. (36)
n=2 n=2
THEOREM 11. If
__20-9)
a0 kD) o

where ®(\, 7, k,2) is defined in (30), then TW9(k,7) C Ns(e).

Proof. For f € TWY(k,~), Theorem 2 immediately yields ®(\, 7, k,2) > an <

n=2
1 — 7, so that
2 (1-7)
< .
P TPEN) o
On the other hand, from (11) and (38) that
o2(142) 3 nan < (1= ) = (1+ Nk —1)o2 3 a,
n=2 n=2
(1-9) 2(1 =)
<=y —-Q0Q+N(k- <
_( 7) ( + )( 7)0—2(1)()\,’}/,]6,2)_[24']?_'7]7
that is 201 )
- -7
< ————F =
P PR R %

which, in view of the definition (36) proves Theorem 11. m

REMARK. We observe that, if we specialize the parameters of the class
TW?(k,7), we obtain the analogous results for the classes RS(v, k), LS(v,k) and
GS(7, k) defined in this paper.

REFERENCES

[1] B.C. Carlson, S.B. Shaffer, Starlike and prestarlike hypergrometric functions, STAM J. Math.
Anal. 15 (2002), 737-745.

[2] J. Dziok, R.K. Raina, Families of analytic functions associated with the Wright’s generalized
hypergeometric function, Demonstratio Math. 37 (2004), 533-542.

[8] J. Dziok, H.M. Srivastava, Classes of analytic functions associated with the generalized hy-
pergeometric function, Appl. Math. Comput. 103 (1999), 1-13.

[4] J. Dziok, H.M. Srivastava, Certain subclasses of analytic functions associated with the gen-
eralized hypergeometric function, Integral Transforms Spec. Funct. 14 (2003), 7-18.

[5] A.W. Goodman, Univalent functions and nonanalytic curves, Proc. Amer. Math. Soc. 8
(1957), 598-601.

[6] J.L. Li, S. Owa, Sufficient conditions for starlikness, Indian. J. Pure Appl. Math. 33 (2002),
313-318.

[7] J.E. Littlewood, On inequalities in theory of functions, Proc. London Math. Soc. 23 (1925),
481-519.

[8] M.S. Liu, Y.C. Zhu, H.M. Srivastava, Properties and characteristics of certain subclasses of
starlike functions of order 3, Math. Comput. Modelling 48 (2008), 402-419.



A generalized class of starlike functions 283

[9] Z. Lewandowski, S.S. Miller, E. Zlotkiewicz, Generating functions for some classes of uni-
valent functions, Proc. Amer. Math. Soc. 65 (1976), 111-117.

[10] Y.C. Kim, F. Rgnning, Integral transform of certain subclass of analytic functions, J. Math.
Anal. Appl. 258 (2001), 466-489.

[11] C. Ramesha, S. Kumar, K.S. Padmanabhan, A sufficient condition for starlikeness, Chinese
J. Math. 33 (1995), 167-171.

[12] S. Ruscheweyh, New criteria for univalent functions, Proc. Amer. Math. Soc. 49 (1975),
109-115.

[13] S.Rucheweyh, Neighborhoods of univalent functions, Proc. Amer. Math. Soc. 81 (1981), 521—
527.

[14] H. Silverman, Univalent functions with negative coefficients, Proc. Amer. Math. Soc. 51
(1975), 109-116.

[15] H. Silverman, Partial sums of starlike and conver functions, J. Math. Anal. Appl. 209
(1997), 221-227.

[16] H. Silverman, A survey with open problems on univalent functions whose coefficients are
negative, Rocky Mountain J. Math. 21 (1991), 1099-1125.

[17] H. Silverman, Integral means for univalent functions with negative coefficients, Houston J.
Math. 23 (1997), 169-174.

[18] E.M. Silvia, Partial sums of convex functions of order «, Houston J. Math. 11 (1985),
397-404.

[19] H.M. Srivastava, S. Owa, Some characterization and distortion theorems involving fraction-
al calculus, generalized hypergeometric functions, Hadamard products, linear operators and
certain subclasses of analytic functions, Nagoya Math. J. 106 (1987), 1-28.

[20] E.M. Wright, The asymptotic expansion of the generalized hypergeometric function, Proc.
London. Math. Soc. 46 (1946), 389-408.

(received 18.07.2009; in revised form 07.11.2009)

J. Dziok, Institute of Mathematics, University of Rzeszéw ul. Rejtana 16A, PL-35-310 Rzeszéw, Poland
E-mail: jdziok@univ.rzeszow.pl

G. Murugusundaramoorthy, School of Science and Humanities, V I T University, Vellore - 632014,
T.N., India

E-mail: gmsmoorthy@yahoo.com



