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THE DEPENDENCE OF THE EIGENVALUES OF THE
STURM-LIOUVILLE PROBLEM ON BOUNDARY CONDITIONS

T. N. Harutyunyan

Abstract. We prove a new asymptotic formula for the eigenvalues of Sturm-Liouville prob-
lem, which is a generalization of the known formulae and which takes into account the analytic
dependence of the eigenvalues on boundary conditions.

1. Introduction and statement of the result

Let L(q, a, 8) denote the Sturm-Liouville problem

ty=—y" +q(@)y =py, zec(0,m), peC, (1.1)
y(0)cosa+ 9/ (0)sina =0, « € (0,n], (1.2)
y(r)cos B+ o/ (x)sin =0, € [0,7), (13)

where ¢ is a real-valued, summable on [0, 7] function (we write ¢ € L5[0,7]). By
L(q, o, B) we also denote the self-adjoint operator, generated by the problem (1.1)-
(1.3), (see [1], [2]). It is known, that the spectra of the operator L(q, «, §) is discrete
and consists of simple eigenvalues, which we denote by u,(q,a,3), n=0,1,2,...,
emphasizing the dependence of u, on ¢, a and § (concerning enumeration see §2).

The dependence of j, on q was investigated in [3]-[6] for ¢ € L{[0,7]. The
dependence of p, on a and 3 is usually studied (see [1]-[3], [7]) in the following
sense: the boundary conditions are separated into the three cases: 1) sina # 0,
sin 3 # 0; 2) sina =0, sinf3 # 0 or sina # 0, sin = 0; 3) sinaw = sin § = 0, and
results, in particular the asymptotics of the eigenvalues, are formulated separately
for each case (more detailed list is in [8]), namely:

1) a0, 0) =02 + 2 (et~ ctga) +[a] +ralg, 0 9),
if sina#0, sinf # 0, (1.4)
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2
2) un(q,mﬁ)=<n+l> +%ctgﬂ+[q]+rn(q,ﬂ), if sing #0,

2 (1.5)
: 1\ 2 .
2" pn(q,,0)=|n+ =] — —ctga+[q] +rn(q, ), if sina#0,
2 ™
(1.6)
3) pn(g,m,0) = (n+1)* + [q] + rn(q), (1.7)
where [¢] = 2 [[q(t)dt and r, = o(1) when n — oo, but this estimate is not

uniform in «, 8 € [0, 7] and we cannot obtain 2), 2') and 3) from 1) by passing to
the limit when o — 7 or  — 0.

In the sequel we will prove, that the dependence of eigenvalues p,, on o and (8
is smooth (analytic! see §2, Remark 3) and we want to obtain one formula instead
of four, which takes this smooth dependence into account.

THEOREM 1. The lowest eigenvalue uo(q, «, 3) has the property:

liHlO,LLo(q,OL,ﬂ) = —00, élm MO(q,a,/B) = —o0. For eigenvalues /’Ln(qaaa/B)) n =
1,2,..., the following formula
pin (g0, B) = [0+ (e, B)]° + [q] + (g, @, B), (1.8)

holds, where [q] = L [ q(t) dt,

o

1
On(a, B) = — arccos o -

\/[n + 6n(a, B)) sin® a 4 cos? o

— — arccos cos . (1.9)
71'

VI + 8, B) sin? 8+ cos? 3

and r, = ry(q, o, ) = o(1), when n — oo, uniformly in a,f € [0,7] and q from
the bounded subsets of Lk [0, 7] (we will write ¢ € BLi|[0,7]).

REMARK 1. Although (1.9) is not a representation of d,(«, ), but only an
(transcendental) equation, we will see that it is sufficiently convenient for investiga-
tion of the functions d, (a, 8) and the asymptotics of the eigenvalues. In particular,
all previous formulae (1.4)—(1.7) are consequences of (1.8) and (1.9) (see below §3),
and in (1.8) we can pass to the limit, when o — 7 or 5 — 0.

We start from the formula

1 T
(0, 0, B) = pn (0, @, B) + /0 [ /0 o@)12 (2, tq, 0 B) de| db, n=0,1,...

(1.10)
where h,,(z,tq, o, 3) are the normalized eigenfunctions (foﬂ h2(x,tq, o, B) dx = 1)
of the problem L(tq,a,3) and where ¢ is a real parameter. Formula (1.10) was
proved in [6] in the case o = m, § = 0. In the general case (a € (0,7], 8 € [0,7))
the proof is similar and we omit it. Below we prove two lemmas.
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2
LEMMA 1. (0,0, 8) = [n+dp(e, 8)]°, n=1,2,....

LEMMA 2. fol [fow q(x)h2 (z,tq, o, B) dz| dt = [q] + rn(q, v, B), where
(g, @, B) = 0(1), n — oo, uniformly by o, 3 € [0, 7] and g € BLK[0,7].

From these lemmas formula (1.8) of Theorem 1 will follow. For more detailed
investigation of the dependence of eigenvalues on the parameters o and 3 (in par-
ticular for the properties of po(q, o, 3) and the analytic dependence p,, on « and
3), in §2 we introduce the concept of “the eigenvalues function” and study its prop-
erties. This study reduces us, in particular, to the study of functions §, («, 8) and
we do it in §3. In §4 we will prove Lemma 2.

2. The eigenvalues function

Let us consider firstly the problem L(g,7,0) and enumerate its eigenvalues in
increasing order

HO(qaﬂ—70) < /Ll(qaﬂ—vo) << un(q,w,()) < e (21)

According to the alternation properties of the eigenvalues of problems L(g,,0)
and L(q,, ) (see [1, p. 261], we have the inequalities

/J/O(Q77r7ﬁ) < MO(Q77T7O) < /’LI(Q77raﬁ) < -
o < gy B) < pin (g, 0) < ppga (g, B) < -0 (2.2)

for arbitrary 8 € (0,7). Then, by the alternation of the eigenvalues of the problems
L(q,m, ) and L(q, o, B) (for arbitrary « € (0, 7)) we have the inequalities

HO(Q7O‘76) < ,ug(q, 7‘-76) < ,ul(qa Oé,,g) <
e < /’Ln(% aaﬁ) < Mn(Qa ﬂ-aﬁ) < ,un+1(qa Oé,,@) <L (23)
(2.1), (2.2), (2.3) together give us the correct enumeration of the eigenvalues of the
problems L(q, o, 3) for arbitrary « € (0, 7] and 8 € [0, 7).

Let us represent an arbitrary positive number v in the form v = a + 7n,
where @ € (0,7] and n = 0,1,2,...; and arbitrary § € (—oo,7) we represent as
d =0 —mm, where 8 € [0,7) and m =0,1,2,....

DEFINITION 1. The function p(q,,0) = u(y,d) in two arguments, defined on
(0,00) X (—00, ) by the formula

M(’77 5) = /L(OZ + 7, 5 - ﬂ—m) = /j/n+m(qa Q, /6)7 (24)

where ux(q,a,0), k = 0,1,2,..., are the eigenvalues of L(q,«, ), enumerated
by (2.1)-(2.3), we shall call the eigenvalues function (EVF) of the family of the
problems {L(q,a, ), a € (0,7], B € [0,7)}. In particular, for fixed 5 € [0, ), the
function of one argument p*(v), defined on (0, 00) by the formula

p(y) = (v, B) = pla+mn, B) = pn(q, o, B)
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we shall call the EVF of the family {L(q, o, 8), a € (0, 7]}, and for fixed a € (0, 7],
the function in one argument p~ (), defined on (—oo, ) by the formula

Mi(d):ﬁl’(a75):ﬂ(a7ﬂ_’n—m):/‘Lm(q’a7/3)7 56[0?W)’m:071’2""7
we shall call the EVF of the family {L(q, o, 3), 5 € (0, 7]}.

REMARK 2. Sometimes we omit some arguments (for example u(q, «, 5) =
u(a, 3)) to emphasize the principal arguments, according to which we make inves-
tigations.

Let o(x, p,7y) and ¥ (z, p, §) denote the solutions of (1.1), satisfying the initial
conditions

©(0,p,7) =siny, ¢'(0,41,7) = —cosy, y€C,
(m, pu,0) =sind, '(m,p, ) = —cosd, J¢€C,

respectively. The eigenvalues u,, = p,(q,«, 58),, n =0,1,2,..., of L(q, a, B) are the
solutions of the equation

(2.5)

X(p) = (m, p, ) cos B+ ¢ (m, p, ) sin 3 = 0, (2.6)

or the equation

Xa (1) 1= (0, 1, B) cos  + (0, 1, B) sin.ar = 0.

The functions @, (z) = ¢(z, pn, o) and ¥, (x) = Y(z, p,, B), n =0,1,2,..., are the
eigenfunctions, corresponding to the eigenvalue p,. The squares of the L?-norms
of these eigenfunctions:

a = / lon(@)Pdz, by = / " [n(@)P da, (27)

are called the norming constants.

Now we prove that EVF u(~,d) is analytic at the arbitrary point (o, d0) €
(0,00) X (=00, 7). Let 79 = a+ 7n, dg = B — mm, where « € (0,x], 5 € [0,7) and
n,m =0,1,2,.... And let po = p(y0,90) = pla+mn, 8 — M) = pnym(q, @, B)
is the value of EVF at point (v9,dp). Then x(uo) = 0. Since the eigenvalues are
simple, %’f’m # 0 ([1, p. 261]). Then, by the implicit function theorem (see [9,
p. 166]), there exists a “complex” neighbourhood V of (7o, dp), on which one-valued
analytic function fi(~,d) is defined such that fi(yo,00) = po, x ((v,9),7,6) =
X (10, 70,90) = 0 for all (,d) € V. In particular, for real pair (vy,0) € V, fi(y,0) =
u(7,d). Since (79, dp) was an arbitrary point from (0, 0o) X (—oo, 7), we have proved
the (real) analyticity of u(y,d) on the whole set (0,00) X (—oo,7). In particular,
it follows the “real analyticity” (see [9, p. 167]) of u*(:) on (0,00) and = (-) on
(—o0, 7).

REMARK 3. Thus, according to the definition (2.4), each u,(q, o, ) is “a part”
of “analytic surface” u(q,~,d), and therefore it is an analytic function in o and S.
In other words, we can say that p,(q, o, 8) = pn (e, ) is analytic in (0,7) x (0, 7)
and at the boundaries of [0, 7] x [0, ] the function ., (a, 8) analytically transforms
into ,un+1(a7ﬁ) or Mnfl(aaﬂ)'
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Let us also prove that the ranges of values of u*(-) and p~(-) are the whole
real axis (hence the range of p(-,-) also is R). In the case of p~ it is sufficient to
prove that for every pug € R there exists 5y € [0, 7) such that

X(MO) = (p(ﬂ-a Ho, CY) COS 60 + 90/(7‘-7 Ho, OZ) sin ﬂO = 0.
Really, if ¢(m, o, @) = 0, then we take By = 0, if (7, uo, @) # 0, then we take

By = arcctg (—%). The case of ut is proved in the same way.

Now we prove, that EVF p(v,d) increases with v and decreases with 6. Let
Yo = ap + mn be fixed and 6 = 8 — wm. Then the solution ¥(x, u(vo,9),8) =
V(X tintm (@0, 8),8) = Yniem(x,ap,F) is an eigenfunction. For eigenfunctions

Y(x, w(70,6), 8) = ¥(x,0) and ¥(z, u(y0,61),81) = ¥(x,61) (01 = B1 — m™m) is
true the identity

% (1)[),(1‘7(51)1/)(3:’5) - 1/’(%51)1/)/(50,5)) = (,U,("Y(),(s) - /L(’Y()y(;l)) ! T/’(zv5)¢(z751)

Integrating the last identity from 0 to m, we obtain

sin(81 — 8) = [1(10,8) — 1(70,61)] / ", 61) - b(a, 8) do.

It follows that there exists the derivative

(70, 0) 1

= —— <0, 2.8

a6 Jo ¥*(x,0) dx (2:8)

and therefore, u(v,d) is decreasing function by 6. In the same way we get the

identity

(v, 0o) 1

= 77 > 0, 2.9

vy Jo 92, (v, 00), ) dz (29)

from which we conclude that EVF p(vy,0) is increasing by .

Let us fix @ € (0,7] and consider the function = () = p(w,d). Since p=(+)
is strongly decreasing on (—oo, ), analytic (here its continuity is sufficient), and

its range of values is the whole real axis, we get that }im u~(0) = —oo and there
—TT
exists a unique point dp such that u=(dp) = 0. Similarly lirrb put(y) = —oo and
"Y*)

there exists a unique point 7, such that p*(y) = 0 (for any fixed 8 € [0,7), i.e.
Yo =Y0(8))-

3. The EVF ;(0,7,9) and the properties of 6, («, )

For g(z) = 0 the solution y = ¢(z, \?,a) of Cauchy problem (1.1), (2.5)
(u = A\?) has the form

. sin Az
o(x, A%, o) = sin v cos Az — cos o - N
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and the characteristic equation (2.6) has the form

cos acos 3

x(\?) = sin(a — 3) cos At — ( 3 + Asinasinﬁ) sin A = 0. (3.1)
When o = 7 and g8 = 0, this equation has the form = 0, and therefore
the eigenvalues p,(0,m,0) = A2 = (n+ 1)%, n = 0,1,2,.... In particular, the
lowest eigenvalue £19(0,7,0) = 1. Since EVF p=(6) = u(0,7,0) is decreasing in
0 and must obtain all the values up to —oo, it follows that when ¢ changes from

0 to m, po(0,7,d) takes all the values from 1 to —oo, i.e. éim wo(0, 7, 3) = —o0.

sin Aw
A

Since o (0, cr, 8) < po(0, 7, 3), when 0 < a < m, it follows that ﬁlim o (0,0, B) =
—oo for arbitrary a € (0,7]. Similarly (using that increases in a)) we obtain that
lirr%) 1o(0, o, 3) = —oo for arbitrary 8 € [0,7). Since “the integral part” in (1.10)
oa—

is bounded (see §4 below), we have proved the assertion of Theorem 1, relating to
Ho (Q7 «, ﬁ) .

The remaining eigenvalues (i.e. (0, , 8) for n > 1) 1, (0, v, B) can be defined
also for « = 0 and 8 = 7 by:

1n (0,0, 8) := pn—1(0,m, B), (B €[0,7)),
wn (0, a, ) := pp—1(0, a, 0), (o € (0,7)).
These definitions are correct since (the another definition, which follows from ana-
lyticity, is:)
pn(0,0,8) := lim 41,0, @, §) = lim 11(0, &+ 71, )
= (0,7, B) = p(0, 7 + 7(n — 1), 5) = pn—1(0,7, B)

and
pn0,0,7) = T (0,2, ) = T (0, 0,5 — 7n)
= p(0,a, 7 —7n) = pla, —m(n — 1)) = pp—1(0,,0).

So, we can consider the eigenvalues u, (0, a, 3) for n > 1 as the functions, defined
on [0, 7] x [0,7]. For all e, 8 € [0, 7] there are the relations

(’I”L - 1)2 = ,U,n_z(o,ﬂ', O) = /ln—l(oaﬂ-vﬂ-) < ,U'n—l(ovﬂ-’ﬂ) = :un(oa O,ﬁ) < un(O,a,ﬁ)
< (0,7, 8) < 1 (0,7,0) = (n+1)%

Therefore, it is natural to consider the functions A, (0, @, 8) := \/1n (0, @, 8) (n =
1,2,...) in two arguments («, ) € [0,7] x [0,7] in the form \,(0,a,8) = n +
on(a, B), where 6, (a, 5) must satisfy the inequalities —1 < d,(c, 5) < 1 and, by
the properties of EVF, be increasing in « and decreasing in (.

Substituting A = A,(0,,8) = n + dn(, 8) in (3.1), for §,, = §,(a, 5) we
obtain the (transcendental) equation:

cos - cos 3

sin(a — ) cos o, — < ———

+ (n 4+ 6,) sinasin B) sin 76, = 0. (3.2)
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Solving this equation as trigonometrical equation of the type a cos 7d, +bsin7d,, =
0 and using the property —1 < d,(«, 3) < 1, we obtain

1
On(a, B) = — |arccos R -

\/(n + 6n(a, B)) sin® a 4 cos? o

— arccos cos B . (3.3)

\/(n + 8, (e, b))* sin® B + cos? 3

Thus, Lemma 1 is proved. m

Although (3.3) is not a representation for d,,(c, 3), but only an equation, many
properties of d,(«a,3) can be derived. For example, it follows from (3.3) that
—1 < 0,(a, B) < 1. Besides, it is easy to compute the values

5,(0,0)=0, 0, (0, f) =L 0 =1,

2 2’
T 1 T T T 1
— = — — — | = — = —— 3.4
5”(2’ 0) 2’ 5”(2’ 2) 0, 5”(2’”) 2’ (3.4)
T 1
On(m,0) =1, 0, (ﬂ', 5) =3 Op () =
Differentiating (3.2) in « and in 3, we obtain
00 (, B)
Oda N

cos(a — ) cos o, (a, B) + (% —(n+ (e, B)) cosasinﬁ) sin wd,, (v, )

msin(a — B) — —<esacosB 4 gin ovsin 3) sinwd, (o, 3)+
)

~ (ntda(a,p)
cosacosf ; : , (3:5)
7 (o + (n+ dn(a, B)) sinasin ) cos o, (a, B)
86, (ar, B) (% — (n+6,)sinacos ﬂ) sin 8, — cos(a — 3) cos Th,,
B (77 sin(a — 3) — W — sin asin ﬁ) sin w0, +
(3.6)

+ (% +7(n+0y,) sinozsinﬂ) cos oy, '

It follows from (3.4)—(3.6) that

36,(0,0) n 96, (0,5) 1 1\ 96,(0,m) n-—1

da 7 da _7T< 2)’ oo w
9, (%00 1 96, (%.%) 1 95, (%,7) 1

oo r(n+3) oo oo w(n—3)

T 7T
06, (m,0)  n+1 9o (7, %) 1 (n—|— 1) 0o (m,m) 1
s ’ T

Oa T Oa
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and
09,(0,0) n 96, (0,%) 1 09,,(0, ) n—1
B 06~ a(m-1 98w
86,,(%,0)7 n+3 86, (5,5) 1 96, (5,m)  n—3
o T 0B ™’ o3 T’
D8, (m,0) n+1 96, (7, %) 1 98, (7, ) n
o5 w98 w(n+i) 98 @

These formulae are useful for obtaining the asymptotics of the norming constants
ap and by, since by (1.8) and (2.7)—(2.9)

1 op(o + mn, 6) 9én(a, B)

(. B) Oy 2[n + dn(a, B)] - =5 = + o(1),
bn(;,ﬁ) _ au(a,g(;t ™) 90+ 6,0 B)] - 3571(;;75) o),

when n — oo.

Now we will show that (1.4)—(1.7) are the consequence of (1.8) and (1.9).
It is evident from (3.3) that 0,(w,0) = 1. So we obtain (1.7) from (1.8) and

Lemma 2. Let us write temporarily ,,(8) = NI ;)O;im2 vyl Then

on(m,B)=1— arccos ZTn(B). UsinB#0 (B €(0,m)), zp(8) =0 (%) and

. (0) = te 0 = Ctiﬁ +ctgB- O (1112) :
O+ 6u(m, 8)% + ctg? 8

Using arccosz = § — arcsinz and arcsinz = x + O (x3) we obtain

11 1 ctg 3 1
on =1l—-4+—zpr o (z2 =—4+ ——+4ctgf-0(—|.
(7, 5) 5+~ (8) + 0 (4 (5)) 2+ﬁ(n+%) +ctg 8 (n2)
Substituting &, (m, 5) into (1.8) and using Lemma 2 we obtain (1.5). Similarly
6n(a,0) = L arccoszn0(a) = 3 — Larcsina, o(e) = 1 — W(Ctga) +ctga - O ()

and we obtain (1.6). When sina # 0, sin § # 0 (a, 8 € (0, 7)), similarly we obtain

On(a, B) = 1 (ctgﬁ—ctga)—i—ctga O(1>—|—ctgﬁ O(l)

and substituting into (1.8) we obtain (1.4). m

It is useful to remark that {4, (c,8)} -, form a sequence of functions, which
are analytic in the domain (0, ) x (0, ), continuous on [0, 7] x [0, 7] and the limit
function 0. (cv, ) is discontinuous:

-1, a=0, g=m,

-2, a=0, Be(0,7) and B=m, ac(0,m),

0, (o,p)€(0,m)x(0,7), (a=0,3=0), (a=m, f=m),
%, a=m, € (0,7) and =0, a <€ (0,7),

1, a=m, B=0.
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From this point of view it is interesting to compare the principal part [n + &, (a, ﬁ)]2
of our formula (1.8) and the remark 1 in article [3, p. 768].

It is also easy to see that for v € (0, 7] and 8 € [0,7) dn (v, B) = 0n (77—, T— ).
This equality is, on the other hand, a consequence of the equality u,(g,a,3) =
Un(q*,m— B, m — ) (see [3, p. 763]), where ¢*(x) = q(m — x).

4. The proof of Lemma 2

Let y;(x, 1) = yi(z, u,q), i = 1,2, be the solutions of (1.1), which satisfy the
initial conditions y1(0, 1) = 1, ¢4 (0, ) = 0 and y2(0, u) = 0, y5(0, ) = 1. For these
solutions the estimates are known (see [10], also [1], [2], [6]), which, in the case of
equation —y” + tq(x)y = A?y, can be written in the form (oo(z) = [ [q(s)| ds):

t tog(x)
|Z/1(177>\27tQ) - cos)\z| < [tloo(@) ItmA e+ =5 ’

RY
sin Az [tloo(Z) |tmn|zs t20@
yo(x, A2, tq) — ISR /Al + =15

The solution ¢(z, p, tq,«) = y1(x, p)sina — yo(z, p) cosa can be written in the
form

41 )\
o(x, A%, tq, o) = (cos A + 1 (2, tq, \)) sin o — (51n>\ m + m(m,tq,A)) cos
where for real © = A2 > 0 (Imp = ImA = 0) ri(z,tq,A) = O(3) and

ro(z,tq,\) = O (5%) uniformly in ¢ € [0,1], z € [0,7] and ¢ € BLL[0,7]. Then
for eigenfunctions ¢, (z,tq) = @(z, pn(tq, a, 8),tq, ) in the case sina # 0 we
have ¢2(z,tq) = cos? Az - sin®a + O (2), and in the case sina = 0 (a = ),
02 (z,tq,m) = 751“15‘""” + O (). It follows that, if sin v # 0, then
™1 2An 1 1
llonll? = sin2a/ MdaﬁLO (3) =T sina+0 <) ,
0 2 n 2 n
and if sin @« = 0, we have

1 [™1—cos2\,x 1 T 1
2 _ 1 n S =
lonl? = 5 [, =5 a0 (1) = g5 (1+0(3)):

Pn(x,tq)
Tenl

Thus, if we define the normalized eigenfunctions as h,(x,tq) = , then in

both cases we have
2 (x,t 1+ cos2\, 1
B2 (0, 1) = Lolle) _ 1EcosPr ()
T n

llonll?
and the estimate of the rest is uniform in = € [0,7], t € [0,1], a, 8 € [0,7] and
q € BLi[0,7]. And so

/o1 {/07r q(@)hn (@, tg, @, B) dx} dt

_ i/oﬂq(x)dxijr/ol Uoﬂq(x)cosﬂn(tq,aaﬁ)dx} dt+0 (i)

= [q] + rn(qua>/8)7
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and since \,(tq,o,3) — oo when n — oo, then r,(q,a,3) = o(1) (uniformly in
a, 3 € [0,7] and ¢ € BLK [0, 7], by Riemann-Lebesgue lemma. Lemma 2 is proved. m
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