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HARMONIC FUNCTIONS STARLIKE OF THE COMPLEX ORDER
Sibel Yalgin and Metin Oztiirk

Abstract. The main purpose of this paper is to introduce a class T'SF;(v) (v € C\ {0}) of
functions which are harmonic in the unit disc. We give necessary and sufficient conditions for the
functions to be in T'S}; (7).

1. Introduction

A continuous complex-valued function f = u+iv defined in a simply connected
domain D is said to be harmonic in D if both « and v are real harmonic in D. In
any simply connected domain we can write f = h + g, where h and g are analytic
in D. A necessary and sufficient condition for f to be locally univalent and sense
preserving in D is that |h/(2)| > |¢'(z)| in D.

Denote by Sy the class of functions f = h+ g that are harmonic univalent and
sense preserving in the unit disc U = {z : |z| < 1} for which f(0) = f,(0) — 1 =0.
Then for f = h+ g € Sy we may express analytic functions i and g as

o0 o0
h(z)=z+ > apz™, g(z) = > bp2",  |by| < 1. (1)
n=2 n=1

In 1984 Clunie and Sheil-Small [2] investigated the class Sy as well as its geomet-
ric subclasses and obtained some coefficient bounds. Since then, there have been
several related papers on Sy and its subclasses.

Let T'Sy denote the family of functions f = h+ g that are harmonic in U with
the normalization

h(z)=2z— > apz™, g(z) = > bpz"™,  ap,by =0, by < 1. (2)
n=2

We let T'S3;(7y) denote the subclass of T'Sy consisting of functions f = h+g§ € TSy
that satisfy the condition

1 (zh(2) — z¢'(2)
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We further let OS};(y) denote the subclass of T'Sy consisting of functions
f=h+ g e TSy that satisfy the condition

22 =1+ an+ (n+1+[n+1-27))bn] < 4]yl. (4)
n=1

Denote by PS% () the subclass of T'Sy consisting of functions f = h+g € TSy
that satisfy the condition

<[, Re(v) " oo Re0)
poll (ORI ] o (R =] EA T

Recently, Avcl and Zlotkiewicz [1], Jahangiri [3], Silverman [4], and Silverman
and Silvia [5] studied the harmonic starlike functions. Avci and Slotkiewicz [1]
proved that the coefficient condition

> n(lan] + [ba]) <1, by =0
n=2

is sufficient for functions f = h + g to be harmonic starlike. Silverman 4 proved
that this coefficient condition is also necessary if b; = 0 and if a,, and b, in (1) are
negative. Jahangiri [3] proved that if f = h + g is given by (1) and if

>

nzgl—a

n—auo X n+o
|an|+Z
n=1

then f is a harmonic, univalent and starlike function of order « in U. This condition
proved to be also necessary if h and g are of the form (2). The case when o = 0 is
given in [5] and for o = by = 0 see [4].

In this paper, we give an answer to the conjecture that T.S7 () = 0S¥ (7).

2. Main results
THEOREM 2.1. OS}(y) C TS5 (7).

Proof. Let f € OS% (7). According to the condition (2) we only need to show
that if (4) holds then

Re { (v = 1)(h(z) + 9(=)) + 2h'() ~ 2/ (2) } o
A(h(z) +9(2))

where v € C\ {0}. Using the fact that Rew > 0 if and only if |1 + w| > |1 —w|, it
suffices to show that

|2y = D(1(2) + 9(2)) + 2h'(2) = 29’ ()] = |1(2) + 9(2) = 21'(2) + 29'(2)] > 0. (6)

Substituting for h(z) and ¢g(z) in (6) yields

(2 = 1)(h(2) + g(2)) + 21 (2) = 29/ ()| — |h(2) + 9(2) — 21/ (2) + 29'(2)]
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= ’272 - Y (2y=-14n)az"— Y. (n+1—27)b,2"|—
n=2 n=1

S(n—1Dapz"+ > (n+1)b, 2"
n=2 n=1

Z 20|zl = X2 2(n =1+ yl)anlz" = X2 (n 4+ 1+ [n+ 1= 29)bn[2]"

n=2 n=1

> 20| — (Zz2(n— 1+ [v))an + Z(n+1+|n+1—2'y|)bn) > 0.
n=

n=1

The functions

flz)=2— § anzn_’_ i 2|’7‘
n=2n— 14y nsin+1l4|n+1—29|

YnZ" (7)
where x,,, ¥, are non-negative and

oo oo

n=2 n=1

show that the coefficient bound given by (4) is sharp. The functions of the form
(7) are in T'SF;(y) because

2n—14+y)an+ >, (n+1+|n+1-29])b,

n=2 n=1

2v|(1+ SRS y) —4fy. m

n=2 n=1

THEOREM 2.2. T'SH () C PSH(v).

Proof. Let f € TS%; (7). From (3) we have

Re {l (_ D nea(n _ool)anzn - 2?0:01(” ‘5‘_ 1)bnzn> } > 1
1= sanz™+ 3 " byz"

Y
If we choose z on the real axis and z — 1~ we get

D onea(n — Dan + Z;’j;olo(n +Dba g (1) .
L- Zn:2 an + Zn:l bn Y
whence - .
oo o —Dan + Y07, (n+ 1)b, Re()
= >~ - <1
1- anz Qpn + Zn:1 by, vl
and so

118

n— 1a, + n+1b, < ——(1-— a, + by,
2( ) ngl( ) Re(v) n§2 ngl

which is equivalent to (5). Thus f € PS}(y). m
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THEOREM 2.3. Ify € (0,1], then OS}(y) =TS5(y) = PS§ (7).

Proof. If v € (0,1], then the inequalities (4) and (5) are equivalent; hence
0S%(v) = PS}(v). By using Theorem 2.1 and Theorem 2.2, from this assertion
we obtain the conclusion of the present theorem. m

THEOREM 2.4. If —1/2 > Re(y) < 0 or v € (3/2,+0), then

PSi(y) € TSH()-

Proof. Let
flz)=2-2% (8)
Then f € PS} () when v € C\ {0} and Re(y) < 0, because

> [0

Re(7)
o]
Re(v) Re(v)
o] o]

Now let » = Re(y) < 0 and let s be a negative real number such that 142r(1—s) >
V(1= s)
14+~(1—5s)

1+1<M—1>:s<0,
T\ h(z) +9(2)

| e+ o0+ )E <y,

=v-1+ + [yl =29y + <20y

0. If we choose z = , then z € U and for f given by (8) we have

hence f ¢ TS5 (7).
Similarly, let

flz) =2+ 72 9)
Then f € PS3 () when v € (3/2,+00), because
x Re Re(y
ol ORI ] e [CE et ] Y
n=1 |’Y| |7|
Re Re
et (3550 -yl ) 1 =370 <oy
] v
Now let v € (3/2,400) and let s be a negative real number such that y++(s—1) < 0.
If we choose z = —%7 then z € U and for f given by (9) we have
1 2h/(2) — 2
LA GE —z) )
T\ h(z)+9(2)

hence f ¢ TS} (y). m
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THEOREM 2.5. If v € (—o0,—1) U (—1/2,0), then
TSu(y) £ OSxH ().

Proof. Let v € (—oo, —1); we verify that the functions
Hz)=2z- A2 (10)
belong to T'S3 () for A > 7= and that f ¢ OSy (7).

Indeed we have
Y2 —1+]an+(n+1+n+1—=29))by] =2[y[+2(1+ [v])A > 4[],
n=1

0
because \ > e > 1.

We also have

e 1(2ha(2) —203(2) _ ~ Re RS .
R{1+’Y<hx(z)+g,\(z) 1)} R{Hv(Azl)}m’ ev, (11

for A > ﬁ and v < —1, hence fy € TS} (7).
Let now v € (—1/2,0), and let f\ be defined by (10), where
v gl

<A
1—7v 1+~

Then A > —ﬁ implies f ¢ OS5 () and for A < —% the inequality (11) is
also verified, hence f) € TS} (7). =
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