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SUFFICIENT CONDITIONS FOR ELLIPTIC PROBLEM
OF OPTIMAL CONTROL IN R", WHERE n > 2

S. Lahrech and A. Addou

Abstract. This paper is concerned with the local minimization problem for a variety of non
Frechet-differentiable Gateaux functional J(f) = fQ v(z,u, f)dz in the Sobolev space (Wy*(Q),
| -1lp); where w is the solution of the Dirichlet problem for a linear uniformly elliptic operator with
nonhomogenous term f and | - ||, is the norm generated by the metric space LP(Q), (p > 1). We
use a recent extension of Frechet-differentiability (approach of Taylor mappings, see [5]), and we
give various assumptions on v to guarantee a critical point to be a strict local minimum. Finally,
we give an example of a control problem where classical Frechet differentiability cannot be used
and their approach of Taylor mappings works.

1. Preliminaries
1.1. Description of the optimization problem

Let A be an elliptic operator of second order

Au = |1\<2\: . (—=1)'D(a;s(z)D%u)

where a;5(z) € D(Q). Suppose that @Q is a sufficiently smooth and bounded domain
inR". Let us consider the problem

Au=f, (1.1)
U/aQ = 0. (1.2)

For this problem, let us state Agmon’s-Douglis-Niremberg’s theorem.

THEOREM 1.1. If1 < g < oo, then we have that Vf € L1(Q), there exists a
unique solution u € W24(Q)NWy(Q) of problem (1.1), (1.2). Moreover, Ym > 0
if f € W™UQ), then w e W™T29(Q) and |[ullwmi2.a(q) < cllflwmaq)-

Let f € F ¢ Wy2(Q) be a control and let u be the solution of problem
(1.1), (1.2) in W, *(Q) N W22(Q) associated to f. Let us consider Ji(f) =
fQ ve(z,u, f)de + ck||f\|%vl)2(Q), (k=0,1,2,...,81) and J(f) = fQ ve(z,u, f)dz,
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(k=s1+1,514+2,..., ;811 82), where the sequence of functions v,: @XRXR — R
is measurable on @ x R X R and has sccond derivative with respect to (u, f) on
R x R for almost all € Q.

We consider three problems of minimizing the functional Jo(f):

i) Jo(f) — min, (1.3)
i) Jo(f) = min, J(f) =0, where J = (Ju i1s--+sJor 1005 (1.4)
113) Jo(f) - min, J(f) =0, J(f) <0, (k=1,2,...,s1). (1.5)

We must choose a control f° in order that the solution u° of the problem (1.1),
(1.2) with f = f° satisfies the inequality type Jx(f) < 0, (1 < k < s1) and the
equality type Jp(f) =0, (s1 +1 <k < sy + s2) and the functional Jo(f) takes the
minimum value. This control £ will be called optimal.

1.2. Taylor mappings and lower semi-Taylor mappings
Let || - [lw12(g) be the usual norm in W2(Q), F a subset of Wy2(Q), 7

a topology in F, Y a normed space, and || - ||y the norm in Y. According to
[5], a mapping 7: F — Y (respectively, r: F' — R) is said to be infinitesimally
(75 1] - w12 (@y)-small (respectively, infinitesimally lower (7, || - |ly1.2(g))-semismall)

of orderp; at f € F'if: Ve >0, 30f €1, Vhe W(}’Q(Q) we have

fHhe0r = Ir(f+)lly < elbllfag

(respectively Ve > 0, 305 € 7, Yh € W *(Q) we have
f+heOr = r(f+h)= —¢llhlfr )

here and below, Oy is a neighborhood of f in (F, 7).

A mapping J: F' — Y (respectively, J: F' = R) is called a (7, - [lw12(g))-
Taylor (respectively, lower (7, || - ||w1.2(g))-semi-Taylor) mapping of order p; at
f € F if there exist k linear symmetric (not necessarily continuous) mappings
JE(): (WEEHQ)F = Y (respectively, JB (f): (W2 (Q)* = R), k=1,...,p1,
such that

J(f+h)—J(f)=
=JO(HR+ 27 TD() (R h) 4+ + @) TP () (B . h) +7(f + ),

where r: F' =Y (respectively, 7: F' — R) is an infinitesimally (7, ||-||w1.2(g))-small
(respectively, infinitesimally lower (7, || - |lw1.2(g))-semismall) mapping of order p;
at feF.

We note that J(f),..., J®I(f) are not in general single-valued. The set of
tuples (JM(f), ..., J®I(f)) is denoted by S,,(J, f).

Let us solve the problems (1.3), (1.4) and (1.5).
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For the problem (1.5) let us introduce the Lagrange functions:

S

-

'C(fy*A)‘O) :k_(])\kjk(f)—i_«g*‘](f» (16)
L5022 = SN0+ SV, (7
Lor(fry%s A Aa) = Ei AT )+, O, (1.8)

E
\ |

where Ao € R, y* € (R®2)*, A € (R*})".

Similarly, for the problem (1.4), let us introduce the Lagrange functions:

ﬂﬁwa=M%(H% ), (1.9)
Ls(f:5520) = MV (F) + (" TV () (1.10)
Lir(foy* ) = AoJo "N+ J<2’(f)> (L.11)

where A\g € R, y* € (R*?)".

Let us give the following lemma where the proof can be traced back to [5].

LEMMA 1.1. Let (Q,X, 1) be a measure space with o-finite measure, and let X
be a complete linear metric space continuously imbedded in the metric space M(Q)
of equivalence classes of measurable almost everywhere finite functions x: Q& - R,
with the metrizable topology T(meas) of convergence in measure on each set of
o-finite measure.

Suppose that X contains with each element x(s) the function |z(s)|, the metric
in X is translation-invariant, and p(x,0) = p(|z|,0) for each x € X. Then for each
sequence T, — 0 in X there exist a subsequence x,, and an element z € X such
that: |z, (s)| < z(s), k = 1,2,... in the sense of the natural order on classes of
functions.

2. Sufficient conditions of local minimum for Gateaux functional
of second order Dirichlet problem

Suppose that @ is a sufficiently smooth and bounded domain in R", where
n > 2. Let F be a subset of W;%(Q). Let G be the functional defined on F by
G(f)= fQ v(z,u(z), f(z)) dz, where u(z) is the solution of problem (1.1), (1.2) in

W2(Q)NW22(Q) and the function v: @ x R xR — R is measurable on Q x Rx R

and has second derivative with respect to (u, f) on R x R for almost all = € Q.

Suppose also that v, vff), vﬁ) are continuous in @ X R x R.

Let 7, be the topology generated by the metric space LP(Q), where p > 1. In
the rest of this section a = const.
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THEOREM 2.1. Suppose that the following conditions are added to the condi-
tions of paragraph (1) and (2):
[o(@, u, £l < allul” + [f]7) + bo(2),
[0, D)+ g (@, )] < allul ™ + 7171 + bi(2),
(083 (., )] + 200 (@, )]+ oD s ] < allul 41715 + ba(2),

where v = 2% bo(z) € LY(Q), bi(z) € L=¥2(Q), ba(z) € LE(Q), and 1 <

n—27
2n

p < 25, Then G is a (7, ||.|lwiz(g))-Taylor mapping of sccond order at cach

point f € F. Morcover,1 GP(f) € B(WEH(Q). || - [wr2(@). R) and GO(f) €

LW 2(@Q), - lwr2(g)), R).
Proof. Let us prove first that the functional G is finite. We have

()| = \ [ vt pyae] < [ oo plas

§a</Q ()| da:—i—/Q|f(:v)|” dx) —i—/an(:r)d:c

< a(llw(@)lZe @) + I @70 i) + 1ba(@)ll 22 (@)
< a1 (@) @) + 1 @)I%r2g) + 1Bo(@)l]zr (@) < 0.

Thus the functional G is finite.
Let R: W, 3(Q) = W, *(Q), where (R(h))(z) is a solution of the problem

Au=h, (2.1)
u/gqg = 0. (2.2)
Such a solution exists Yh € Wi2(Q).
Let GW(f) and G@(f) be defined by:

GOk = lim A7HG(f +Ah) = G(1))

~ lim 2~ /Q[v(a:, w+ AR(R), f + M) — v(z,u, f)] dz

A—=0

= lim A1 / [v(z,u+ AR(R), f + Ah) — v(z,u, f + Ah)
Q

+o(z,u, [+ AR) — vz, u, f)] dx

1
= lim { / oD (x,u+ OAR(R), f + AR)R(h) d6
A—=0 Q 0

1
+/ v}l)(x,u,f—i-p)\h)hdp dx
0

— lim { / o (s ONR(R). £+ M) — o0, w, DR(h) dO
o lJo

A—0
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+/1 o (z, u, f)R(R) d@—l—/l[’u(l)(az u, f+ /\h)—v(l)(x u, f)lhd
o v o ST g Fom P

Il
S
o4

-~

D (z,u, f)R(R) d +/ hv}l)(x,u, [dz
Q

and

GO (1)1, ho) = lim AHGD(f + Mha) = GO (1))

= lim At [/Q [0SD (2, u + AR(ha), f + Ah2) — oD (2, u, f)] R(h1) da

+ / [’u}l)(x,u + AR(h2), f + Ah2) — v}l)(x,u, )] dz
Q
= lim A™! [/ [o (@, w4 AR(hs), f + Mha) — v{D (2, u, f + Aho)
A—0 Q
+ ’U’l(l,l)('ri U, f + )\hZ) - ’Ua(:,l)('r: U, f)] R(hl) dx
+ / [0 (@, 4+ AR(h2), f + Ahz) — 01D (2, u, f + Aho)
Q

+ v;l)(a:, u, [+ Aha) — v;l)(a:, U, f)]hl dz

A—0

1
= lim A™! [/ U 03 (@, u+ OAR(ha), f + Ah2)AR(hs) df
g lJo
1
+/ v (@, u, f + pAha)Aha dp] R(hy) d
0
1
+/ U v (@,u+ OAR(ha), f + Ah2)AR(h2) dO
olJo

1
—i—/ v;?(m,u,f—l—p)\hg))\hz dp} hldm}
0

= / v (@, u, [)R(h1)R(hs) d + / vl (2, [)R(h1)ha do
Q Q

+/Qv;2u)(m,u, [YhiR(hs) dfc—i—/Qvff)(az,u, [Yhihadz.
Therefore G (f) = Jo oiD (z,u, FYR(R) dz + Jo v;l)(m,u, f)hdz and
v (z,u, fYR(h1)R(hs) da +/ vgc)(x,u,f)R(hl)hz dz

Q
+/Qv;2u)(x,u,f)h1R(h2) d:l:—i—/Qv;Zf)(x,u,f)hlhz dz.

G ()b h) = [

Q
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The linearity and bilinearity of G (f) and G?(f) are obvious. Let us prove now
that they are bounded.

‘We have
GO (A < /Q 0 (@, u, ) R(R)| d + /Q o (@, )b de

S/Q[a(IU(fv)IV_ +1f @) )+|b1(fv)|] [|R(h)| + |h]] d

n42 n42
2n

< [o [ (e Feae| T o [ ()| _

+ :/Q|b1(x)|f+"2 dx]w} H/Q R(R)| dx]nz_f+ [/Q|h|f"2 dx]nzn}

n+2 nt2
- [a<||u(:c)||;;(Q) I @l gy ) + ”bl(‘””)”L%@)] )
< [IRO, gy g, + 81 2 |
< eo | [u(@) gy + 1/ (@)l + llbﬂx)“ﬁmm] X

% | IR wszon + ||h|W1,z<Q)}.
Thus 3 ¢3 > 0 such that

GO ()R] < ea(|[R)lwr2 (@) + 1]l wreg))-

On the other hand, R(h) depends continually on h, thus |G (f)A| < cs|hllwr2(q),
where c5 > 0. Consequently, GV (f) € L(W]*(Q), lI-llw12¢0y); R).
Let us prove now that G®(f) is also bounded. We have

GO (f)(h1,h2)| < / [0 (, u, £)R(hy)R(h2)| dex + / 08 (2,4, £)R(h1)ha| dz
Q Q
+/Qw}f(x,u,f)th(hzndH/Q|v;2f>(x,u,f)h1h2|dm
< [ 12w R0 R(0)] d
Q
+ /Q 20057 (2w, I [|R(h) e + R (h2)l[ha] da + /Q [vf (@, )hahs] da

< /Q (10 (2., F)] + 20 (@, )]+ o2, 1]

X [|[R(h1)R(ha)| + |R(h1)ha| + [k R(hs)| + |h1hs]|] dz

< [ [a(w* +101%) + o]
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% [|R(h1)R(h2)| + | R(h)ha| + [h1R(ha)| + |hihs]] da

S[a[/Q(W(xﬂ?)gdzr o| [ (rn®)? d!’”F*VQ'bZ(‘”’”””xﬂ

|| omounmon = ae| | [ (rmina =

+[/ ﬂhlnR(hZ)')&d‘”Vﬂ/ (lh1||h2|)"’32dx] }

R(h 2n_ R(h R(h 2n_
< (BRI, 2y o IR 2, o)+ IR(] 2 o [l

2P0l g +||h1||m@ el

% [alllu(@)l gy + 17 @) gy + b2l 5 )]

< C4[Hl"b(hl)||le2(@)||R(h2)||vvlvz(Q) + |1R(h)llwr2 @) llP2llws2 )

7.

Ln Z(Q

+ [l .

+ lhillwr2@) [ B(h2)llwr 2@y + ||h1||W112(Q)||h2||W112(Q)}
< csllhillwrz@)llhzlln: 2q)-

Thus GP(f) € B(W5*(@Q). || - [lwr2(@)) R)-
Let us prove now that G is a (73, |- ||w1.2(0))-Taylor mapping, where 7, is the

topology generated by LP(Q).

Let f € F and let us prove that r(h) = G(f + h) — G(f) — GV (f)h —
271GA(f)(h,h) is infinitesimally (7, ||.|lw22(q))-small of second order at zero.
Assume the contrary. Then 3(hy,)men € F and & > 0 such that h,, — 0 in LP(Q)
and 7(hp,) > E||l~zm||%[,1,2(Q).

Using the Agmon’s-Douglis-Niremberg’s theorem, we obtain R(hm) — 0
in LP(Q) and using Lemma 1.1, we deduce that 3Z(z) € LP(Q) such that
[(RB(hm))(z)] < Z(z).

Let Zo(x) = Z(z) + |u(z)|, then |u(z)] + | (R(hm))(2)| < Zo(z), where Zy(z) €
?(Q). Analogously for f € W2(Q), we obtain |f(2)| + |hm| < Z1, where Z; €
P(Q). We have

L
L
r(h) = /Q [v(z,u+R(R), f +h) —v(@,u, f) = o{D (2,0, )YR(R) =" (@, u, /)R
27 [0 (z,u, £)R3(h) + 2082 (2, u, [YR(R)R + 0\ (2, u, )R?]] da.
Indeed,

v(:z:u—i—R(h)f—i—h) —U(.'B,u, f)
:U($11+R(h)f+h) *U(.’B,U, f—l—h)—l—v(xuf—l—h) *U(.’B,U, f)
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1
/ o (@, u+ OR(R), f + B)R d6—|—/ Y, u, |+ AR)RdA
0

/1R(h)[ Dz, u+0R(R), f +h) — vV (z,u+ OR(h), f)
+o{D (@, u+ OR(h), f)] d8 + /1 v (@, u, £ + Ah)hdA

—/1R(h) (D (z,u+ 0R(R), f)d6+/ v}”(x,u,erAh)hdA
0 0

+ / / v (@, u+OR(R), f + Ah)RR(h) X db.
So,
h—// [ (@, + OR(h), ] + B)R(R) — {1 (z,u, NYR(R)
B (e, u, )R] db da

+/ /1 [ (2, u, £+ AR)R — v (@, 0, )R — 2720\ (2, u, F)R?] dXda
// o (2, u, )R(h)hd) dz
// / (@, u+OR(h), f + Ah)RR(R) dXdd du
/ / (z,u+ OR(R), ) — o) (@, f) — 27 (v2) (2, u, f)R(W)| R(h) db da
+/Q/O v (@, u, £+ AR) = v (@0, £) — 2700 (2,0, )R] hdN de

_ / /1 o (2,u, fYR(R)hdA do

/// )(z,u+ OR(h), f + Ak)hR(h) dXdf da.

Let A,,, By be two functions defined by:

(1)
(@, u+ 0R(hwm), f) — v (@, u, f) (2) 5
Ap(,6) { — Ou (z,u, ), R(hm) #0,
0,

R(hm)

.
0, By = 0.

O (@,u, f 4+ Mam) — )
Bm(x:)\){ vy (z,u, f ) vf (@, f) )\vff)(m,u,f), B 70,
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Let Fy, be defined by Fin (2,6, A) = 0{% (2, u(@) 4R (o), f+Nh) =07 (2, u(z), £).

So,

1
’I“(il'm)| = ‘/ / A']IL(:E:Q) m d6d$+/ / .'17 )\ h2 d\dx
/ / / :E 9 )\ m)ilm dAdfdzx|.
Thus

()| g/()l/Q‘Am(:z:,a)RQ(ﬁm)‘ d:cdH—i—/Ol/Q‘Bm(x,A)fziL‘ drdz
+/01 /01/Q|Fm(x,9,)\)|‘R(ﬁm)‘ o] vt i
</1[/ 1A (2, 0)|% dx] K/ R (Fom )| 72 2dx> znrda
o[ e ] (foere ) 7 |

//[/ | Fon(, 8, )| d:z] [/ R (P ,,L|de] RN

Ap(z,0)|3dz| do|R 2
/[/| E ] IRGI 2,
+/ [/ |Bm(x,)\)|3d:z]ndA||fz,,L||2Qn
0 Q Ln=2(Q)
1 1 . %
+/ / [/ |Fm(17=9=)\)|5dx] do dx
o Jo LY@
([ 1R ) ([ il 2 a0) "] 7
Q Q
1 . % ~
SCG/O [/Q |Am(m,6)|2dx] d6||R(h,,,L)||€V1,2(Q)
- 1 1 . %
o Jo LJ@
' 2 1" ! . 13
SCs[/ [/ |Am(x,0)|zd:z] d6+/ [/ |Bm(;1;=)\)|2dx:| d\
0 Q 0 Q
1 1 . % _
+/ / [/ |Fm(m,9,A|zdx] d6dA}|hm||€V1,2(Q)
o Jo LJ@

Let us remark that A,,(z.0), By (2, A), Fip (2,0, \) — 0 almost. everywhere.
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On the other hand, using the mean value theorem, we deduce that there exists
a sequence k,,(z) such that 0 <k, (z) <1 and

Az, O1F = [0 (@, u(z) + k(@) O[R(h)](2), ) — 052 (z, u(z), £)]6]
< [[v&) (@, w(@) + m(2) 0 [R(hm))(2), )] +
[ (Ju(2) + ki (2)0[R (R ()] 7 +
+a(ju(@)| ¥ +1£(@)| %) + [ba(x)]
[ [<|u<x)|+|R( W @D + 11 (@)| 7]
+ aflu(@)|F + |£( )|7"]+2\b2< )N

< [2a(|Zo(@)| 7 + £ (@) 7) + 2|ba(2)]]
Analogously, for B,, we deduce that there exists Sy, (z):
(

n

|Bun (2, V|2 = 047 (2, u(@), f(2) + EmAhm) — 037 (2, u(z), f(2))A]?
< [a<|u<:c>|n +f(z >+fmAhm|Qf>+| ba(z)
+a(lu@)|* +|£(@)] %) + [ba(2)]]
< [2a(lu(@)|® +2/Z,(2)| %) + 2/b2(2)]] * € IHQ).
Analogously, for F,, we obtain

| Fon(,0, )3 = |03 (2, u(@) + 0R(hun), £ + M) — 07 (2, u(), £)]
< [a(lw(z) + 0R ()| + |f + M| ™
+|u(@)| % + |f (@) %) + 2/ba ()]
< [2a(1Z0(2)| % + | Z1(2)| %) + 20b2(2)]] * € LHQ).

Let us remark that A,,(z,0) — 0, By, (z,A) = 0, F,.(z,0,)) — 0 almost every-
where. Thus, using the dominated convergence theorem, we conclude that

/[/|A (,0)] x] d6 -0,

2

/U |Bm(x,)\)|%dx]nd>\—>0,
//[/w (2,60, )] x] d\d — 0,

but this contradicts (2.3). m

n
2

I3

n
2

THEOREM 2.2. Let the following condition be added to the conditions of The-
orem 2.1:

ol (@, ) + 05 (2,0, )] < allul® + |17 + [ba(@)]-
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Then. the functional G is a (7p, ||-||w1.2(g))-Taylor mapping of first and second order
at each point f € F.

Proof. We must estimate r(h) = G(f +h) — G(f) — GV(f)h as in the proof
of Theorem 2.1, representing r(h,,) in the form:

A m) dr B, ﬁmd ,
W= [ Al + [ Bulelinds
where
v(z, w4 R(hm), f+ hm) — v(@, 4, f + B, ) _
Ap(2) = R(m) v (2,0, f), R(hm) #0,
> R(hun) =0,
v(z,u, £+ hm) — v(z,u, f) o .
Bm(x) = ilm Uf (.’E,U, f) hm 7& 0,
0, B =0,

while h,,, is the same as in the proof of Theorem 2.1. Thesce estimates are omitted. m
Now let us give sufficient conditions of optimality for the problems (1.3), (1.4)
and (1.5).

THEOREM 2.3. Suppose that in the problem (1.4), vy satisfies the conditions
of Theorems 2.1 and 2.2. Then the functionals

Jk(f)E/ka(m,u,f)da: J(k=s1+1,...,81 4+ 82)

are (75, || llw.2(qy)-Taylor mappings of first and second order at each point f € F'
and Je(f vak U, f)(]T+Ck||fHW1 2(Q) (k=0,...,81) are lower
(T |- ||W1 2(@))-semi- Taylor mappings of first and sccond order at each point f € F.

Consequently, EJél)(f) and 3],&2 (f), (k=0,...,81 + s2).

Let us suppose also that J(f) =0, 35* € (R**)*, 3a > 0 Cf(f,ﬁ*,l) =0
and Yh € kerJO(F) Lsp(f,5%,1)(h,h) > 2a\|h\|W12(Q) where L;(f,5*,1) and

L:ff(f y*,1) are given by formulas (1.10), (1.11). Then f is a strict Tp-local min-
imum point.

Proof. All conditions of Theorem 1.5 in [5] are satisfied, so fis a strict Tp-local
minimum point. m

THEOREM 2.4. Suppose that in the problem (1.5), vy satisfies the conditions
of Theorems 2.1 and 2.2. Then the functionals

Jk(f)E/ka(a:,u,f)dx, (k=s1+1,...,81 +52)

are (7p, || - ||W12 y)-Taylor mappings of first and second order at each point
f € F and Ju(f) = vak z,u, f)dT—l—ckaHW”(Q (k =0,...,81) are lower
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(7p; I lwr.2 gy )-semi- Taylor mappings of first and second order at each point f € F.
Consequently, EJél)(f) and 3],&2)(]”), (k=0,...,8 + s2).

Let us suppose also that [ € F, J(]?) = 0, Jk(]?) =0, (k= 0,...,51).
Let us put L = {h € WHQ)/J(Ph = 0,k = 1,...,51,JV(Hh = 0}
Suppose that Ix € (R®)*, 3g* € (R®)*, Iy > 0, Ixg > 0, (k = 1,..,51):
Lo(F5 1) = 0 and Vh € L Lyr(F,5501)(h.h) > 29|[h]%0sq,, where

Cf(f,’y\*,x,l) and Cff(f,’y\*,x,l) are defined by formulas 1.7 and 1.8. Then f
is a strict T,-local minimum point.

3

Proof. All conditions of Theorem 1.6 in [5] are satisfied, so fis a strict 7,-local
minimum point. m

THEOREM 2.5. Suppose that in the problem 1.3, vy salisfies the conditions of
Theorems 2.1 and 2.2. Then the functionals

Jk(f)Z/ka(a:,u,f)dx, (k=s1+1,...,81 +s2)

are (7p, || - [lwi.2(q))-Taylor mappings of first and second order at each point

(7p; I lwr.2 gy )-semi- Taylor mappings of first and second order at each point f € F.
Consequently, EJél)(f) and 3],&2)(]”), (k=0,...,51+ 83).

-~

Let us suppose also that J(gl)(f) =0 and3a > 0, Vh € W;%(Q) JSZ)(f)(h, h) >
20|l 2g)- Then f is a strict Tp-local minimum point.

Proof. All conditions of Theorem 1.4 in [5] are satisfied, so fis a strict Tp-local
minimum point. m

REMARK 2.1. Let us remark that in Theorems 2.1 and 2.2, the increase
conditions satisfied by v are not sufficient to certify the Frechet differentiability of
functional G : (W(Q), || - lr(Q)) = R2.

Indeed, suppose we haven = 3 and% <p<1. Letusdefinev: QxRxR —- R
by: v(z,u, f) = a[|u|g + |f|g] + |bo(z)|, where by(z) € C(Q),a € R,a > 0.

Let d,, — 4oc and put p = |dm|2, S0 am — +oc and Vo € Q Vu € R
vYm e N

[0 1, )| = aldim|? = ]| 2dn|* > aldin|* |da]” = | P

Let f € WOI’Q(Q). By the countable additivity of Lebesgue measure, 3¢ > 0 3Q" C
Q: p(Q)>0and p(Q',0Q) >0and Ve € Q' |f(z)| < e

In this case put: D = max{|v(z,u, f)|/|u| < ¢,|f| € ¢,z € Q} < co. Let us

_1 -
choose @, C Q' such that pu(Qpm) = |dm| Pam?®. Let h,, defined by:
ﬁm(x) _ { A — f(;v) when x € Q,,,
0, when z € Q \ Q.-
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We have:
7 (@) 0@y < ldmllze (@) + 1 (@)l 2o(@um)
< (@) +e(1(@n)P < 0 + e(u(Qu) .

Consequently, [ (#)l|zo(@y — 0; ., hon() = 0 in LP(Q).
On the other hand, we have

IG(f + ) — G(f)| =

_ ‘ / (e [RPI@). fle) da

1
> atp|dm|? — Dp(Qm) = acs, — +00.

Therefore, |G(f + hm) — G(f)] = +o0. Thus G is not Frechet differentiable at each
point f € W, *(Q). m
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