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MEASURES OF NON�STRICT�SINGULARITY

AND NON�STRICT�COSINGULARITY

Sne�zana �Zivkovi�c

Abstract� In this paper we investigate a new measure of non�strict�singularity and a
new measure of non�strict�cosingularity� Measures of non�strict�singularity and of non�strict�
cosingularity have been investigated in 	��
� 	�
� 	��
� 	�
� 	�
� 	��
�

�� Introduction and preliminaries

In this paper X � Y and Z are complex Banach spaces� B�X�Y � �K�X�Y �� the
set of all bounded �compact� linear operators from X into Y � We shall write B�X�
�K�X�� instead of B�X�X� �K�X�X���

An operator T � B�X�Y � is in ���X�Y � ����X�Y �� if the range R�T � is
closed in Y and the dimension ��T � of the null space N�T � of T is 
nite �the
codimension ��T � of R�T � in Y is 
nite�� Operators in ���X�Y � � ���X�Y � are
called semi�Fredholm operators� We set ��X�Y � � ���X�Y � � ���X�Y �� The
operators in ��X�Y � are called Fredholm operators� We shall write ���X� �resp�
���X�� ��X�� instead of ���X�X� �resp� ���X�X�� ��X���

Let BX denote the closed unit ball of X � Let T � B�X�Y � and

m�T � � inff kTxk � kxk � � g

be the minimum modulus of T � and let

q�T � � supf � � � � �BY � TBX g

be the surjection modulus of T �

If M is a subspace of X � then JM will denote the embedding map of M into
X � and if V is a subspace of Y � then QV will denote the canonical map of Y onto
the quotient space Y�V �

An operator T � B�X�Y � is strictly singular �T � S�X�Y �� if� for every in
nite
dimensional �closed� subspace M of X � the restriction of T to M � T jM � is not a
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homeomorphism� i�e�� m�T jM � � �� An operator T � B�X�Y � is strictly cosingular

�T � SC�X�Y �� if� for every in
nite codimensional closed subspace V of Y the
composition QV T is not surjective� It is well known that

K�X�Y � � S�X�Y � and K�X�Y � � SC�X�Y �� �����

If � is a non�empty bounded subset of X � then the Hausdor� measure of
noncompactness of � is denoted by ����� and de
ned as follows

���� � inff � � � � � has a 
nite ��net in X g�

For A � B�X�Y � the Hausdor� measure of noncompactness of A� denoted by kAk��
is de
ned by

kAk� � inff k � � � �Y �A�� � k�X ���� � � X is bounded g�

Recall that �����

kAk� � inff kQVAk � V is a subspace of Y� dimV 	�g�

For A � B�X�Y �� set �see ����

kAk� � inff kAJLk � L closed subspace of X� codimL 	�g�

Recall that
kAk� � � �� kAk� � � �� A � K�X�Y �� �����

For A � B�X�Y �� set

GM �A� � inf
N�M

kAJNk� G�A� � GX �A��

�M �A� � sup
N�M

GN �A�� ��A� � �X �A��

where M � N denote closed in
nite dimensional subspaces of X �see ������ � is a
measure of non�strict�singularity of operators� i�e��

��A� � � �� A � S�X�Y �� �����

Weis ��� introduced for A � B�X�Y � the following functions

KV �A� � inf
W�V

kQWAk� K�A� � Kf�g�A��

rV �A� � sup
W�V

KW �A�� r�A� � rf�g�A��

where V � W denote closed in
nite codimensional subspaces of Y �

r is a measure of non�strict�cosingularity� i�e��

r�A� � � �� A � SC�X�Y �� �����

Recall that
r�A� T � � r�A� for all T � SC�X�Y �� �����
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and
KV �A� � inf

W�V
kQWAk�� �����

where V � W denote closed in
nite codimensional subspaces of Y �see ���� Summary
and discussion� Remark �� or �
� Example ���� or ���� Lemma ������

Recall that ������ �����

G�A� � � �� A � ���X�Y ��

K�A� � � �� A � ���X�Y ��
���
�

�� Results

Schechter ���� proved the next theorem�

Theorem ���� A � ���X�Y � if and only if for each Banach space Z there is

a constant c� � 	 c 	�� such that

��T � � c��AT �� T � B�Z�X��

We can prove the dual theorem�

Theorem ���� A � ���X�Y � if and only if for each Banach space Z there is

a constant c� � 	 c 	�� such that

r�T � � cr�TA�� T � B�Y� Z�� �������

Proof� Let A � ���X�Y �� By ��� Theorem ��� and Theorem ���� it follows
that there is a constant c� � 	 c 	�� such that for each Banach space Z

kTk� � ckTAk�� T � B�Y� Z�� �������

Let V be a closed subspace of Z with codimV � � and � � �� From ����� it
follows that there is a closed subspace W of Z such that W � V � codimW � �
and

kQWTAk� 	 KV �TA� � �� �������

From ������ ������� and ������� it follows that

KV �T � � kQWTk� � ckQWTAk� � c�KV �TA� � ��

� c�r�TA� � ���

Hence r�T � � c�r�TA� � ���

Assume A �� ���X�Y �� By ��� Theorem ������� it follows that there is an

operator C � K�X�Y � such that codimR�A	 C� ��� Let V � R�A	 C�� Since
QV �A	C� � �� from ����� and ����� we get r�QV A� � r�QV �A	C�� � �� LetM
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and N be closed subspaces of Y�V with codimM ��� N �M and codimN ���
Since kQNQV k � � we get

r�QV � � sup
M�Y�V

codimM��

inf
N�M

codimN��

kQNQV k � ��

Thus� there is no constant c� � 	 c 	�� such that ������� holds�

Let S be a subset of a Banach space A� The perturbation class associated with
S is denoted by P �S� and

P �S� � f a � A � a� s � S for all s � S g�

The perturbation class associated with ���X�Y � ����X�Y �� is denoted by
P ����X�Y �� �P ����X�Y ����

For T � B�X�Y �� set �see ����� �����

nP�� � kTkP�� � inff kT 	 Pk � P � P ����X�Y �� g�

nP�
�

� kTkP�
�

� inff kT 	 Pk � P � P ����X�Y �� g�

The next theorem is inspired by ��� Example ���

Theorem ���� Let T � B�X�Y �� Then

m�T � � kTkP�� � kTk� �������

q�T � � kTkP�
�

� kTk� �������

Proof� ������� Assume P � P ����X�Y ��� It implies P �� ���X�Y �� By
��� Theorem ����
� it follows that there is K � K�X�Y � such that dimN�P 	K� �
�� Set M � N�P 	 K� and � � �� By ����� we get kPJMk� � kKJMk� � ��
Hence there is a closed subspace V �M such that dimM�V 	� and kPJV k 	 ��
For x � V we have

kTx	 Pxk � kTxk 	 kPxk � m�T �kxk 	 �kxk�

It implies kT 	 Pk � k�T 	 P �JV k � m�T � 	 �� Hence kT 	 Pk � m�T �� Thus
kTkP�� � m�T ��

������� Let P � P ����X�Y ��� Then P �� ���X�Y �� From ��� Theorem

������� it follows that there is K � K�X�Y � such that codimR�P 	K� � �� Set

U � R�P 	K�� From QU �P 	K� � � and ����� it follows kQUPk� � kQUKk� �
�� Hence for � � � there is a 
nite dimensional subspace W � Y�U such that
kQWQUPk 	 �� There is a closed subspace V � Y such that V � U andW � V�U �
It is not di�cult to see that the operator A � �Y�U���V�U�
 Y�V de
ned by

A��y � U� � V�U� � y � V� y � Y�

is an isometric isomorphism and AQV�UQU � QV � Hence kQV Pk � kQV�UQUPk�
It follows that kQV Pk 	 �� Hence

kT 	 Pk � kQV �T 	 P �k � kQV Tk 	 kQV Pk � q�QV T �	 � � q�T �	 ��

Thus kT 	 Pk � q�T �� and kTkP�
�

� q�T ��



Measures of non�strict�singularity and non�strict�cosingularity �

Now we use the notation of �
�� let� for T � B�X�Y ��

snP���T � � sup
M

nP���TJM ��

isnP���T � � inf
M

snP���TJM ��

where M denotes a closed in
nite dimensional subspace of X and

sn�P�
�

�T � � sup
U
nP�

�

�QUT ��

isn�P�
�

�T � � inf
U
sn�P�

�

�QUT ��

where U denotes a closed in
nite codimensional subspace of Y �

Zem�anek ���� considered the following functions

u�A� � supfm�AJW � �W is a closed subspace of X with dimW ��g�

v�A� � supf q�QVA� � V is a closed subspace of Y with codimV ��g�

From the de
nition of the strictly singular and strictly cosingular operators it is
obvious that

u�A� � � �� A � S�X�Y ��

v�A� � � �� A � SC�X�Y ��
�����

For A � B�X�Y � set �see ���� ����

Gu�A� � inffu�AJM � �M is a closed subspace of X � dimM ��g�

Kv�A� � inff v�QUA� � U is a closed subspace of Y � codimU ��g�

Recall that
Gu�A� � � �� A � ���X�Y ��

Kv�A� � � �� A � ���X�Y ��
�����

From ������� and ������� it follows

Gu�T � � isnP���T � � G�T ��

Kv�T � � isn�P�
�

�T � � K�T ��
�����

By ������ ���
� and ����� we get

isnP���T � � � �� T � ���X�Y ��

isn�P�
�

�T � � � �� T � ���X�Y ��
���
�

���
� follows also from �
� Theorem ������ and Theorem ��������

For T � B�X�Y �� set

�P���T � � sup
M

inf
N�M

kTJNkP�� �

rP�
�

�T � � sup
V

inf
W�V

kQWTkP�
�

�
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where M � N denote closed in
nite dimensional subspaces of X and V � W denote
closed in
nite codimensional subspaces of Y �

Analogously as in ���� it can be proved that �P�� �rP�
�

� is a seminorm�

From ������� and ������� it follows

u � �P�� � ��

v � rP�
�

� r�
�����

By ������ ������ ����� and ����� we get that �P�� is a measure of non�strict�
singularity and rP�

�

is a measure of non�strict�cosingularity� i�e��

�P���T � � � �� T � S�X�Y �� �����

rP�
�

�T � � � �� T � SC�X�Y �� ������

����� and ������ follow also from �
� Theorem ������ and Theorem ��������

It is well known that

S�X�Y � � P ����X�Y �� and SC�X�Y � � P ����X�Y ���

Theorem ���� Let X and Y be Banach spaces� Then�

�������� S�X�Y � � P ����X�Y �� if and only if from P � P ����X�Y �� it follows

PJM � P ����M�Y �� for each closed in�nite dimensional subspace M
of X�

�������� SC�X�Y � � P ����X�Y �� if and only if from P � P ����X�Y �� it follows
QV P � P ����X�Y�V �� for each closed in�nite codimensional subspace V
of Y �

Proof� ��������� Let S�X�Y � � P ����X�Y ��� Suppose M is a closed in
nite
dimensional subspace of X and P � P ����X�Y ��� Then P � S�X�Y �� It implies
PJM � S�M�Y � � P ����M�Y ���

Assume that for each closed in
nite dimensional subspace M of X from P �
P ����X�Y �� it follows PJM � P ����M�Y ��� Hence for T � B�X�Y � we get

kTJMkP�� � inff kTJM 	 P�k � P� � P ����M�Y �� g

� inff kTJM 	 PJMk � P � P ����X�Y �� g

� inff kT 	 Pk � P � P ����X�Y �� g � kTkP�� �

Therefore
�P���T � � kTkP�� � ��������

If T � P ����X�Y ��� then kTkP�� � �� By �������� it follows that �P���T � � ��
From ����� we get T � S�X�Y �� Thus S�X�Y � � P ����X�Y ���

��������� Analogously to ���������
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