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ON OPERATORS IN BOCHNER SPACES

Nina A. Yerzakova

Abstract. Estimates for the measure of noncompactness of bounded subsets of spaces of
(Bochner-) integrable functions are obtained, a new class of condensing operators is discussed,
and the solvability of a certain operator equation in a Hilbert space is proved.

In this paper we discuss a new class of condensing operators, and we prove the
solvability of a certain operator equation. An extension of some results from [8] is
obtained.

Let us recall some de�nitions. The measure of noncompactness �(U) = �E(U)
[1] of a bounded set U in a normed space E is de�ned as the supremum of all
numbers r > 0 such that there exists a sequence fung in U with kun�umk � r for
every n 6= m. Given two Banach spaces G and E, a continuous operator S : G! E
is called �-condensing if

�E(SU) < �G(U)

for every bounded U � G with noncompact closure.

There exists a large amount of literature devoted to measure of noncompactness
and condensing operators (see, for example, [1,2,4, 6{8]).

Let 
 be a domain in Rn. Let E be a regular space of �-measurable functions
on a domain 
; here regularity means that every element in E has an absolutely
continuous norm. Let PD denote the operator of multiplication by the characteristic
function �D of a measurable subset D � 
, i.e. PDu = �Du. For bounded U � E
put

�(U) = �E(U) = lim
�(D)!0

sup
u2U

kPDukE;

for U � E.
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The measure � has been studied in [2,6]. In particular, it was shown in [6] (see
also [1]) that

�(U) = 21=2�(U) (1)

for every �-compact (i.e., compact in measure) subset U of a separable Hilbert
space E.

Let � be a bounded interval on the real axis and E some Banach space. For
1 � p < 1, we denote by Lp(0; T ;E) the set of all Bochner-measurable functions
with the property that the function t 7! ku(t)kE belongs to Lp(0; T ).

For any partition � = D1 [ � � � [ Dl of � into Lebesgue-measurable disjoint
subsets Di, we denote by ~V the set of all functions

~u(t) =
lX

i=1

bi�Di
(t);

where �Di
is the characteristic function of Di as above, and bi are elements from

E (1 � i � l).

Lemma 1. Let eU � eV be bounded in Lp(�;E). For arbitrary t0 2 �, let

eU(t0) def
= feu(t0) : eu 2 eUg:

Then the function �E(eU(t)) is simple, i.e.

�E(eU(t)) = lX
i=1

ai�Di
(t);

and

�Lp(�;E)(eU) �
�Z

�

�pE(
eU(t)) dt�1=p

:

Proof. The proof of this assertion is analogous to the proof of Lemma 2.1 from
[8].

We denote by U some subset of Lp(�;E) which allows an �-approximation,
for every � > 0, through a set

eU� def
= feu : eu(t) = l�X

i=1

bi�Di
(t) (bi 2 E)g:

More precisely, we require that

�E(U(t); eU�(t)) � k1� (2)

for almost all t 2 �, where �E denotes the Hausdor� distance in E, the constant
k1 > 0 is independent of �, but the integer l� <1 may depend on �.
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Theorem 1. Let U be a bounded set in Lp(�;E) which allows an �-
approximation (2) for every �. Then

�Lp(�;E)(U) � k�E(U)kLp(�):

Proof. The proof of this assertion is analogous to the proof of Theorem 2.1
from [8].

Let H be some Hilbert space. As usual, we identify H with its conjugate space
H�. Let W 1;2(�;H) = W 1;2(b; d;H) (� = (b; d)) for some �1 < b < d < 1
denote the space of all functions u : � ! H such that both u and u0t belong to
L2(�;H), equipped with the norm

kukW 1;2(�;H) = kukL2(�;H) + ku0tkL2(�;H):

By Lemma 1.11 from [3], W 1;2(�;H) is embedded in C(�;H), i.e.,

kukC(�;H) � ckukW 1;2(�;H): (3)

Let W 1;2
0 (b; d;H) be the subspace of all functions u 2 W 1;2(b; d;H) such that

u(b) = u(d) = 0 (0 is zero of H). In W 1;2
0 (b; d;H) we have

kukL2(b;d;H) � k

�Z d

b

ku0(t)k2H dt

�1=2

= kku0tkL2(b;d;H): (4)

Finally, for u; v 2 W 1;2
0 (b; d;H) we put

kuk1;2;0 =
�Z d

b

ku0tk2H dt

�1=2

:

Some notations are in order.

Let � � (b; d) be an interval, � its closure, j�j its length, �� the �-

neighbourhood of �, u� an approximation of a function u on �, u� 2 W 1;2
0 (�� ;H)

an extension of u 2 W 1;2(�;H) preserving the norm in C(�;H) for � = j�j=2,
and U� the set of all extensions u� of functions u 2 U �W 1;2(�;H).

Let L2(
) denote the Lebesgue space andW
1;2(
) the Sobolev space. We shall

now consider two particular cases of H , namely H1 = L2 (
) and H2 = W 1;2 (
),
here 
 is a domain in Rn of �nite measure but, in general, with irregular boundary.
In both cases the space W 1;2(0; T ;Hi) (i = 1; 2) consists of all functions (t; x) 7!
u(t; x) such that u(t; :), u0t(t; :) 2 Hi for each t 2 �.

Lemma 2. Let f 2 L1(�;H2), and let 	: Hi 7! Hi (i = 1; 2) be an operator
satisfying the inequality

k	(�)kHi
� c1 +

JX
j=1

�cj k�k�i;j

Hi
(5)
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for all � 2 Hi, where c1 � 0, �cj � 0, and �i;j > 1 are real constants which may
depended on Hi. Then there exist operators F�;i : W

1;2(�;Hi) ! W 1;2(�;Hi),
such that the equalityZ

�

h(F�;iu)0t(t); v0t(t)iHi
dt =

Z
�

hf(t)�	(u(t)); v(t)iHi
dt

is true for arbitrary functions v 2W 1;2
0 (�;Hi). Moreover,

kF�;iukC(�;Hi)
� c0kfkL1(�;H2) + �c1j�j1=2 + j�j1=2

JX
j=1

ecjkuk�i;j

C(�;Hi)
; (6)

kF�;iukW 1;2(�;Hi) � c0kfkL1(�;H2) + �c1j�j1=2 + j�j1=2
JX
j=1

eecjkuk�i;j

W 1;2(�;Hi)
; (7)

and
�W 1;2(�;Hi)(F�;iU) � c3�L2(��;Hi)(	(U�))(U �W 1;2(�;Hi)); (8)

where the constants c0, �c1, ecj , eecj , and c3 are independent of u, U , � and �.

Proof. Let u�, v� 2W 1;2
0 (�� ;Hi). The estimates

k	(u�)kL2(�� ;Hi) �




c1 +

JX
j=1

�cj ku�k�i;j

Hi






L2(��;Hi)

�

� (c1 +

JX
j=1

�cj kuk�i;j

C(�;Hi)
)(2j�j)1=2 � (c1 + c�i;j

JX
j=1

�cj kuk�i;j

W 1;2(�;Hi)
) (2j�j)1=2

(9)

can easily be deduced from assumptions (5) on 	 and the embedding (3). Putting
f�(t) = P�f(t) we haveZ

��

jhf�(t); v�(t)iHi
j dt =

Z
�

jhf(t); v�(t)iHi
j dt � kv�kC(�;Hi)

kfkL1(�;H2)

� ckv�kW 1;2(�;Hi)kfkL1(�;H2) � c(k + 1)kv�kW 1;2
0

(��;Hi)
kfkL1(�;H2):

This shows that the linear functional

R (v�) =

Z
��

hf�(t)�	(u(t)); v�(t)iHi
dt

is bounded in module for all v� 2 W 1;2
0 (�� ;Hi). By the Riesz representa-

tion theorem, there exists a bounded (generally speaking, nonlinear) operator

F�;i : W
1;2
0 (�� ;Hi)!W 1;2

0 (�� ;Hi) such that

hF�;iu�; v�i1;2;0 =
Z
��

h(F�;iu�)0t(t); (v�)0t(t)iHi
dt

=

Z
��

hf�(t)�	(u�(t)); v�(t)iHi
dt

� (c(k + 1)kfkL1(�;H2) + kk	(u�)kL2(��;Hi))kv�kW 1;2
0

(�� ;Hi):
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Putting in the last equality v� = F�;iu�, we conclude that

kF�;iu�kW 1;2
0

(��;Hi)
� c(k + 1)kf(t)kL1(�;H2) + kk	(u�)kL2(��;Hi): (10)

We de�ne an operator (F�;iu) as approximation of F�;iu� on �. Taking into con-
sideration (3), (4), (9), and (10), we obtain then (6) and (7), since

kF�;iukC(�;Hi)
� ckF�;iukW 1;2(�;Hi) � c(k + 1)kF�;iu�kW 1;2

0
(��;Hi)

� c2(k + 1)2kfkL1(�;H2) + ck(k + 1)k	(u�)kL2(��;Hi)

� c2(k + 1)2kfkL1(�;H2) + ck(k + 1)(c1 +

JX
j=1

�cj kuk�i;j

C(�;Hi)
)(2j�j)1=2

� c2(k + 1)2kfkL1(�;H2) + ck(k + 1)(c1 + c�i;j

JX
j=1

�cj kuk�i;j

W 1;2(�;Hi)
) (2j�j)1=2 :

The inequality

kF�;iu� � F�;iv�kW 1;2

0
(��;Hi)

� kk	(u�)�	(v�)kL2(��;Hi)

for arbitrary u�; v� 2 W 1;2
0 (�� ;Hi) is proved analogously to (10). Therefore, by

the de�nition of � and (4) we have for any subset U of W 1;2(�;Hi)

�W 1;2(�;Hi)(F�;iU) � (k + 1)�W 1;2
0

(��;Hi)
(F�;iU�) � k(k + 1)�L2(��;Hi)(	U�);

as claimed.

Corollary 1. Let � � �1 � (b; d), eu be some �xed function from

W 1;2(�1;Hi), eu� its approximation on �, and eU the set of all functions u from

W 1;2(�1;Hi) which coincide on � with eu. Then for arbitrary u 2 eU the approx-
imation F�1;iu di�ers on interval � from F�;ieu� only by a constant depending
on u.

Corollary 2. Let the assumptions of Corollary 1 be satis�ed. Suppose that,
for every �, �1 2 H1, we have

	(�+ �1) = 	(�) (11)

if and only if �1 = 0. LetZ
�

h(eu)0t(t); v0(t)iH1
dt =

Z
�

hf(t)�	(eu(t)); v(t)iH1
dt

and for some u 2 eU and � 2 H1Z
�

h(F�1;2(u+ �))0t(t); v
0(t)iH1

dt =

Z
�

hf(t)�	(u(t) + �); v(t)iH1
dt

for all v 2W 1;2
0 (�;H1). Then � = 0.
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Lemma 3. Let f(t; :) 2 H2 for all t 2 �, and let 	 : Hi ! Hi be an
operator which satis�es (7) (i = 1; 2). Let F�;i : W

1;2(�;Hi) ! W 1;2(�;Hi) be
the corresponding operators, de�ned in Lemma 2. Then for all u 2 W 1;2(�;H2)
we have F�;1(u(t; x)) � F�;2(u(t; x)) on �.

Proof. The proof of this assertion is analogous to the proof of Lemma 3.2 from
[8].

We shall show now that in a particular case of Lemma 3 we are led to con-
densing operators. Let us denote by B(0; r) the closure of the set � 2 H2, with
k�kH2

� r in the norm H1.

Theorem 2. Let the assumption (5) be satis�ed. Given r0 assume that, for

each r � r0 and all functions �, �1 from B(0; r) for the operator 	: H1 ! H1 the
next inequalities are true:

j	(�)j � j�0 + eck�k��1H1
�j; (12)

k	(�)�	(�1)kH1
� ek(r)k� � �1kH1

: (13)

are true. Then there exists r > 0 su�ciently small such that, for every bounded set

U �W 1;2(�;H1) with values in B(0; r), the inequality

�W 1;2(�;H1)(F�;1U) � a�W 1;2(�;H1)(U); (14)

holds with some 0 < a < 1, i.e. F�;1 is a condensing map.

Proof. Let U be any bounded subset W 1;2(�;H1); in particular, U satis�es
the inequality (2). From (13) it follows that the set 	(U) satis�es the inequality
(2), too. By [5, Theorem 4.8.4], every subset of W 1;2(
) is �-compact (� being the
Lebesgue measure). Consequently, by our assumptions on 	 and our choice of the
set U , the set 	(U(t0)) = f	(u(t0; :)) : u 2 Ug is also �-compact for �xed t0 2 �.
Thus from (1), (2), (8), (12) and Theorem 1 we obtain

�W 1;2(�;H1)(F�;1U) � c3�L2(��;H1)(	(U�)) � c3

�Z
��

�2H1
(	(U�(t))) dt

�1=2

�
p
2c3

�Z
��

�2H1

�
�0 (x) + ecku� (t; x) k�1�1H1

u� (t; x) : u� 2 U�
	
dt

�1=2

� c3r
�1�1ec�Z

��

�2H1
(U�(t)) dt

�1=2

� cc3r
�1�1ec(2j�j)1=2�W 1;2(�;H1)(U):

Taking r su�ciently small we arrive at the inequality (14).

As example of an application of our results we study now the existence of
solutions u 2 W 1;2

0 (0; T ;H1) of the ordinary operator di�erential equation

�u00tt(t) + 	(u(t)) = f(t); t 2 (0; T ); u(0) = u(T ) = 0; (15)
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where 0 < T <1 and f 2 L1(0; T ;H2) are given. We say that eu 2 W 1;2
0 (0; T ;H1)

is a generalized solution of (15) ifZ T

0

heu0(t); v0(t)iH1
dt+

Z T

0

h	(eu(t)); v(t)iH1
dt =

Z T

0

hf(t); v(t)iH1
dt (16)

for any v 2W 1;2
0 (0; T ;H1).

Theorem 3. Let the assumptions (5), (11), (12) and (13) be satis�ed. Then

the equation (15) has a generalized solution in the space W 1;2
0 (0; T ;H1) for each

f 2 L1(0; T ;H2).

Proof. Let F�;iu be the operators de�ned in Lemma 2 for Hi (i = 1; 2). By
(7) we have

kF�;iukW 1;2(�;Hi) � c0kfkL1(�;H2) + �c1j�j1=2 + j�j1=2
JX
j=1

eecjkuk�i;j

W 1;2(�;Hi)
� r0

if kukW 1;2(�;Hi) � r0 for some 0 < r0 < 1, and j�j � � for � su�ciently small.

We take as � the interval (0; �) and consider the Hilbert space W 1;2(�;H1) of
functions satisfying u(0; x) = 0 for all x 2 
. From Lemma 3 it follows that
F�;1u(t; x) � F�;2u(t; x) if u 2 W 1;2(�;H2). By (6) there exist �1 � � and r > 0
su�ciently small such that for � = (0; �1) we have

kF�;iukC(�;Hi)
� c0kfkL1(�;H2) + �c1j�j1=2 + j�j1=2

JX
j=1

ecjkuk�i;j

C(�;Hi)
� r

if kukC(�;H2)
� r. By Theorem 2 we may choose r > 0 such that the inequality

�W 1;2(�;H1)(F�;1U) < �W 1;2(�;H1)(U)

is true for the operator F�;1 and for every bounded not precompact subset

U � W 1;2(�;H1) with values in B(0; r). This shows that F�;1 is a condensing
map with respect to the measure of noncompactness �. Moreover, the set of all
functions u 2 W 1;2(�;B(0; r)), with kukW 1;2(�;H1) � r0 is closed, convex, nonemp-
ty and invariant with respect to F�;1. Thus, by an analogue to Schauder's �xed
point principle for �-condensing maps [1], the operator F�1;1 has a �xed point

u1 2 W 1;2(�;H1). By Corollary 2, applied to �1 = (�1=2; 3=2�1) the set ~U of all

functions u 2 W 1;2(�1;B(0; r)), kukW 1;2(�1;H1) � r0, which coincide on � \ �1

with u1 + � for some � 2 H2 depending on u, is invariant with respect to the
operator F�1;1. Consequently, the operator F�1;1 has also a �xed point u2 2 ~U
which, by Corollary 2, coincides with u1 on � \�1. Now let

~u(t; x) =

�
u1(t; x); by t 2 (0; �),

u2(t; x); by t 2 (�; 3�=2).

Then the equality (16) is true for all v 2W 1;2
0 (�;H1) with supp v � (0; 3�=2), since

every function v 2 W 1;2
0 (�;H1) with supp v � (0; 3�=2) can be decomposed into a
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sum v1 + v2, where v1 2W 1;2
0 (�;H1) with supp v1 � (0; �), and v2 2 W 1;2

0 (�;H1)
with supp v2 � (�=2; 3�=2). Applying this procedure a �nite number of times, we
obtain the solution on the whole (0; T ).

Theorem 3 is illustrated in the next example.

Example. Let H1 = L2(
). Let 	: H1 ! H1 be given by

	(�) = �

JX
j=1

�cj k�k�j�1
H1

(� 2 H1);

where �cj � 0, and �j > 1 are real constants. Let �0 = minf�1; . . . ; �Jg, and
�c0 = maxf�c1; . . . ; �cJg. Then the condition (12) is true. Since there exists 0 < r0 < 1
such that

j	(�)j � J�c0k�k�0�1H1
j�j

if � from B(0; r0). It can easily be veri�ed that (5), (11), (13) are satis�ed too.

Theorem 3 ensures the the existence of a generalized solution of the boundary
value problem (15) in the Bochner space W 1;2

0 (0; T ;H1) for each f 2 L1(0; T ;H2).

Remark. The operator F�;1 with the function 	, considered in Example is,
in general, not compact [8].
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