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BOUNDARY VALUE PROBLEM WITH SHIFT
FOR TWO SIMPLY CONNECTED REGIONS

Bosko Damjanovié

Abstract. In this paper a boundary value problem for two analytic functions in different
simply connected regions is considered. If index corresponeded to the problem is not greater than
zero, then the solavability of that problem is shown without any further conditions and its solution
is obtained in an explicit form (4). However, if the index is greater than zero, then the problem
is solvable and its solution is given by (5) if real conditions of solvability (6) hold.

Let S and D be finite simply-connected regions in the complex plane, bounded
by closed Ljapunov curves L and I' respectively. Suppose that the contours L
and T" are oriented in the positive sense with respect to their interiors S and D,
respectively. Let «(t) be a function defined on L satisfying the following conditions:

a) it transforms homeomorphically the closed contour L onto intself, changing
the orientation;

b) function «(t) has continuous derivatives which are distinct from zero at all
points of the contour L.

Let a~!(t) be the inverse function of a(t), t € L.

We shall determine the functions ®;(z) and ®2(z) which are analytic in S
and D respectively, whose boundary values on the appropriate contours satisfy the
following boundary condition:

Dy (at)) = G(t) * D1(t) + g(t), telL, (1)

where G(t) and g(t) are given continuous functions on L in the sense of Holder [5].

In the case D = exterior(S) many authors (cf. [4]) considered the problem
of finding functions ®;(z) and ®5(z) which are analytic in S and D, respectively,
whose boundary values on appropriate contours satisfy the boundary condition
analogous to (1).

Assume that the origin belongs to the region S and define the function Go(t)
in the following way: Go(t) =t FG(t), t € L, where k = [arg G(t)],, is the index
corresponded to the function G(t).
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Now, k = LlargGo(t)], = 0. From the paper [2] it follows that for the ho-
mogeneous boundary value problem with the coefficient G(t) there exist functions
Xo(t) and Xg1(t), being analytic in S and D respectively, and distinct from zero
on SUL and D UT, respectively, and which, on the appropriate contours L and
T, have limits Xo(t) € H(L) and X1 € H(L) satisfying the following boundary
value condition: Xy (a(t)) = Go(t) * Xo(t), t € L.

These functions are determined by the formulae:

Xo(z):exp<—i/LMdt>, z€ S,

271 t—z
1 h(a™t(t
ngl(Z) = exp<2—m, /L % dt), S D,

where h(t), t € L is the solution of the equation

(FR)(t) = h(t) ﬁ/L (t ! - - h(:;'(_Tzl(tQ h(r)dr =nGo(t), 7€ L.

According to these conclusions, it follows that the coefficient G(¢) of the prob-
lem (1) for the contour L can be represented in the form

_ Xo,i(a(t)

G(t) - t_kX()(t) ) te Lv (2)

In such a way, the boundary condition (1) can be written as

y(at) B g(t)
Xoa(a(t)) t=FXo(t)  Xoa(a(t))’

telL. (3)

o
Let us denote by f2(z) the function )(2& z € D. In the case k < 0 the

B, (2) 0.1(2)’
—————, z € S has the point z = 0 as a pole of order —k, so that it can
275Xy (z)

be represented in the form

function

—k

<I>1(z) Z C;
27k X (2) parika +hi(2), z€5
where f1(z) is indefinite analytic function in S and ¢;, 7 =1, 2, ... , —k, are complex

constants.
If we denote BQj—l = Recj, BQj = Il’l’le7 QQj_l(t) = 1/tj, t e L, q2j(t) = i/tj,
t € L, we shall get the boundary value problem

—2k

f2a(t) = f1(t) = ZBij(t)
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with solution

where By is an arbitrary complex constant and ¢;(¢) are the solutions of Fredholm’s
integral equations (Fo;)(t) = g;(t), s =1,2,..., —2k.

Let us assume that B_opy1 = Re By, B_2r12 = Im By and let us define the
functions

_1 1 P2;-1(t)
Waj—1(z) = pri %/Lﬁdt z €S,

; 1 i(t
Wai(2) = — — — o) e,
/ z) 2m Jp t—=z

Woopt1(2) =1, z€S, W_okio(2) =4, 2z €S,
1 . -1
Vj(z):_/w7 seD,
L

271 t—z
Vooky1(z) =1, z€D, V_ogyo(z) =1, z€D.

Now we can give the general solution of the boundary value problem (1) in the
case k < 0 in the following way:

—2k+2

®1(z) = 27" Xo(z (Z B;Wj( 2m/L;9£t)Zdt>7 z €S8,

—2k+2
By(z) = = FXo.( i B,V (= / 20 ), sep
27rz Lt—z ’ ’

where ¢(t) is the solution of the integral equation

g9(t)
Xoa(a(t))

(4)

(Fe)(t) =

In the case k£ > 0, the solution, if it exists at all, may be represented in the
form

(5)
2me J, t—=z

where C is an arbitrary complex constant.
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For the purpose of finding the conditions of solvability, we shall expand the

function . )
4
®,.(2) = - | =2
(2) = Co 2mi /L t—=z dt

in Taylor’s series in the neighborhood of the point z = 0. Thus, the function

_~ 1 [ o(t) — /¢(t)
P D¢ Co—— | 22t -y =— [ 22 gt S
1(2) == °(z)< 2mi J, ;27@ Lpr ) €S

will be analytic in S if all the coefficients at 2°, 2!, ..., 271 in this expansion are

equal to zero. If we choose
1 t
C() = —/ w dt
27 L t

and separate the real and imaginary parts in the conditions

t
/Z(Tl)dtzm J=1,2, . k-1,
L

we get the following 2(k — 1) real conditions of solvability:

ot) . o(t) ., _ _

The unique solution in this case is given by (5). In such a way we have proved
the following theorem.

THEOREM. If the index k = $larg G(t)] > 0, then the problem (1) is solvable
and its unique solution is given by (5) if and only if all the 2(k — 1) real conditions
of solvability (6) hold. If, however, index k < 0, then the boundary value problem
(1) is solvable and its solution, represented by the formula (4), contains 2(—k + 1)
arbitrary real constants.
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