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EXTENDED p-SUM OF DIGRAPHS
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Abstract. We prove that all components of the non-complete extended p-sum (NEPS)
of strongly connected digraphs have the same index of imprimitivity. This index is given in
dependence of the indices of imprimitivity of digraphs on which the operation is performed.

Let h(G) = h be the greatest common divisor of the lengths of all the cycles
in a digraph G. The digraph G is called primitive if it is strongly connected and
h = 1 and imprimitive if it is strongly connected and h > 1. In the second case h is
called the index of imprimitivity (h is the index of imprimitivity of the adjacency
matrix of the digraph G as well ([1, p. 183])). Non-connected digraph is primitive
if all its components are primitive.

The presence of loops in a strongly connected digraph results in that the di-
graph is primitive, while the multiple arcs do not affect its index of imprimitivity
at all. In view of that the multiple arcs and loops in the digraphs throughout this
paper are allowed.

DerINITION 1. Let B C {0,1}"\ {(0,0,...,0)}. The NEPS with basis B
of digraphs G1, G2, ..., G, is the digraph G whose vertex set is the Cartesian
product of the vertex sets of digraphs Gy, Ga, ..., G,. For two vertices, say
w = (u1,us,...,u,) and v = (vy,v2,...,v,), of G construct all the possible arc
selections of the following type. For each n-tuple (51, 32,...,8,) € B, such that
u, = v holds whenever B = 0, select an arc going from u; to v; in G; whenever
B; = 1. The number of arcs going from u to v in G is equal to the number of such
selections.

If B consists of all the possible n-tuples (of course, without the n-tuple
(0,0,...,0)) the operation is called the strong product. The p-sum is obtained
if B consists of all the possible n-tuples with exactly p 1’s. If p = n, the p—sum is
called the product.
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It is shown in [4] that all components, of the product of strongly connect-
ed digraphs Gi, Ga, ..., G,, have the same index of imprimitivity, given by!
h = l.c.m.(hy,ha,...,h,) and the sum of these digraphs have the index of im-
primitivity given by? h = g.c.d.(h1,ha, ..., hy), where h(G;) = h; is the index of
imprimitivity of G;. It is shown in [5] and [6] that all components of the NEPS
of undirected, connected graphs are primitive or all are bipartite. Necessary and
sufficient conditions for primitivity and bipartiteness are given too. Here we show
that all components of a NEPS, of strongly connected digraphs, have the same in-
dex of imprimitivity and determine it in dependence of the indices of imprimitivity
of digraphs on which the operation is performed.

We shall consider the NEPS basis B of which has property (D): for each
j €{1,2,...,n} there exists in B at least one n-tuple (31, f2, ..., 3,) with §; = 1.
This condition implies that the NEPS, effectively, depends on each Gj;.

The index of a strongly connected digraph is its greatest real eigenvalue. A
mazimal eigenvalue of a digraph G is an eigenvalue of G modulus of which is equal
to its index. As is well known [1] the index of imprimitivity of a strongly connected
digraph is equal to the number of its maximal eigenvalues.

The following theorem from [3] has essential role in further considerations.

THEOREM 1. If, fori =1,2,....n, Njj;, 7 = 1, 2, ..., p;, is the spectrum
of a digraph G; (p; being its number of vertices), then the spectrum of NEPS with
the basis B of digraphs G1, Ga, ..., Gy, consists of all possible values Aj, j, .. ;. ,
where

Aj17j27---7]-n. = Z )\/f]ll : )‘5]22 T )‘ﬁ;nv (]1 = 17 27 -5 Pis i = 17 27 s ,TL).
BEB
The eigenvector xj, j,,.. 5, = T1j; @ Taj, @ -+ @ Tnj, belongs to the eigenvalue

A s, 5 where x5, is an eigenvector belonging to the eigenvalue A;j; of Gj.

Here 8 = (81, B2, - .-, Bn) and @ denotes the Kronecker product of matrices.

THEOREM 2. Let Gy, Go, ..., G, be strongly connected digraphs each con-
taining at least two vertices out of which Giy, Giy, ..., Gi,, ({i1,i2,...,is} C
{1,2,...,n}) are imprimitive with the imprimitivity indices h;,, hi,, ..., h;,, Te-
spectively. All components of a NEPS, with basis B satisfying condition (D), of
digraphs G1, Ga, ..., G, are primitive or imprimitive with the same index of im-
primitivity. This index of imprimitivity is equal to the greatest natural number h,
for which there exist integers &, , &iyy -+ 5 iy, 0 < &, < hgy, — 1, such that for each
B € B the expression

£i1
hi,

£i2
hi,

Bin + =B, + - +
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1
hi, h
s an integer.

!l.c.m. denotes the least common multiple
2g.c.d. denotes the greatest common divisor
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Proof. First, we note that all components of a NEPS of strongly connected
digraphs are its strong components, too [3]. Thus, from theorem of Frobenius ([2],
p. 18), it follows that it is sufficient to prove that the multiplicity of each maximal
eigenvalue of the NEPS is equal to the number of components of the NEPS. Then
the index of imprimitivity is equal to the number of its distinct maximal eigenvalues.

By Theorem 1 the maximal eigenvalue of NEPS can be obtained only from
those eigenvalues of the digraphs G; (j = 1,2,...,n) which have a modulus equal
to its index r;. All these eigenvalues of G; can be written in the form r; exp(¢;2Z7),

0 <{¢; <h; —1,i* = —1 (theorem of Frobenius).
Thus, a maximal eigenvalue of the NEPS is obtainable from
_ B1,Ba B J1 J2 Jn )
Njy o = Zrl roteerhrexp | (=01 + 5= P4+ —06n ) 2mi ), (1)
it hi ho I

whereogjk Shk—l.
Let h be the index of imprimitivity of any component of the NEPS. That

means that there exist integers &1, &, ..., &y, 0 < & < h; — 1, such that
&y &is & 1
i —D; =06, — — =ys3, €Z, fe€B, 2
hi151+hi252+ +hisﬁ“ R Ys s B (2)

holds. Then, from (1) we get h — 1 maximal eigenvalues of the NEPS. They can
be obtained from (1) with ji, j2, ..., jn obtained from (2) by multiplying (2) by
s=1,2,...,h — 1, respectively, and taking j, = s - & (mod hy). Each component
of the NEPS is corresponded to a solution [3] in integers xy, yg (0 <z, < by, — 1)
of the system of equations

%ﬂi1+%ﬂiz+'“+%ﬂi5:yﬁv ngZ,ﬂEB. (3)
1 2 s

In fact, each solution of (3) provides by (1), an eigenvalue, equal to the index.
Further, to each such solution, h — 1 new systems of numbers satisfying (2) are
corresponded. These ones can be obtained by sums x; + & (mod hy), where zy
is a solution of (3) and & is a solution of (2) (k = 1,2,...,n). These systems of
numbers when put into (1) yield A — 1 maximal eigenvalues. It can easily be shown
that all solutions of (2), obtained in this way, are different. In such a way we get
all systems of numbers satisfying (2) (i.e., all maximal eigenvalues of the NEPS).
If, on the contrary, there exists a system of numbers &1,&5, ..., &) satisfying (2)
which is obtained neither from (2) by multiplying by 1,2,...,h — 1 nor as sums
z +& (mod hy), where z and &, (k = 1,2,...,n), are the solutions of systems of
equations (3) and (2), respectively, then &, — &, (K =1,2,...,n), is a new solution
of (3), which is a contradiction. That means that all components of the NEPS have
the same index of imprimitivity given by h.

This completes the proof of the theorem. m

According to this theorem it follows that the index of imprimitivity of the
NEPS, under above conditions, is equal to the quotient of the number of maximal
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eigenvalues of the NEPS and the number of components (i.e., multiplicity of the
index) of the NEPS. It is shown in [3] and [6] that the number of components
and the number of maximal eigenvalues of the NEPS is given by the number of
solutions of the systems of equations (4) and (5), respectively. Thus, we have
proved the following theorem.

THEOREM 3. Let Gi, Go, ..., G, be strongly connected digraphs each con-
taining at least two vertices out of which Gi, Giy, ..., Gi, ({i1,i2,...,is} C
{1,2,...,n}) are imprimitive with the imprimitivity indices h;,, hi,, ..., h;,, re-

spectively. Let K be the number of solutions in integers x;, yz (0 < z; < h; —1) of
the system of equations:
T4y

hiy

Lo X

—D; i'qi: 5 B7 4
hi252+ +hi5ﬁ“ ys, BE€ (4)

Bi, +
and let N be the number of solutions in integers x;, yz (0 < z; < h; — 1) of the
system of equations (a € B):

Tq,

hi,

Tiy

hi,

Ty
(Bi = i) + 7= (Biy —aip) -+ = (Bi. —ai.) =yp, SEBFa (5)
Then the index of imprimitivity of the NEPS with basis B (|B| > 2) satisfying
condition (D), of digraphs G1, G2, ..., G, is given by h = N/K.

In the case when the basis of the NEPS contains only one element this operation
is reduced to ordinary product of digraphs and solution of the problem is given in [4].
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