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RIEMANNIAN MANIFOLD
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Abstract. Generalized recurrent Riemannian manifold is a Riemannian manifold whose
curvature tensor satis�es the condition (1). In this paper we prove: If the associated 1-form
satis�es the condition (3), where  6= 1 6= 2, or, in the case  6= const, sAs 6= 0, generalized
recurrent Riemannian manifold reduces to a recurrent one.

Let us consider a non-at Riemannian manifold (M; g) of dimension n � 2,
whose curvature tensor satis�es

rrRijkl = 2ArRijkl +AiRrjkl +AjRirkl +AkRijrl +AlRijkr ; (1)

where A is a non-zero 1-form andr denotes the operator of covariant di�erentiation
with respect to the metric g. If besides (1) the curvature tensor satis�es

ArRijkl +AkRijlr +AlRijrk = 0; (2)

the condition (1) reduces to

rrRijkl = 4ArRijkl ;

i.e. (M; g) is a recurrent manifold. Conversely, every recurrent manifold also sat-
is�es the condition of the form (1). This is the reason for calling the manifold
satisfying (1), generalized recurrent Riemannian manifold. The 1-form A will be
called its associated 1-form.

This type of manifold was introduced by M. C. Chaki [1] and called pseudo-
symmetric manifold by him. We avoid this name because it is used for other type
of manifolds (see for ex. [3]).

In [4] we proved that if the associated 1-form satis�es

rjAi = �gij + AiAj ; AtA
t = 0;

where � and  are some functions, generalized recurrent Riemannian manifold is a
manifold of quasi-constant curvature. We also proved that if � = 0, i.e. if

rjAi = AiAj ; (3)

then AtA
t = 0.
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The object of this paper is to investigate generalized recurrent Riemannian
manifold satisfying (3). In fact, we shall prove

Theorem. If the associated 1-form satis�es (3) where  6= 1 6= 2 or, in
the case  6= const, sA

s 6= 0, s = @=@xs, generalized recurrent Riemannian
manifold reduces to a recurrent one.

Proof. First, we note that for every generalized recurrent Riemannian space,
the associated 1-form is a gradient and the following is satis�ed [4]

rrrsRijkl �rsrrRijkl = AriRsjkl +ArjRiskl +ArkRijsl +ArlRijks

�AsiRrjkl �AsjRirkl �AskRijrl �AslRijkr ; (4)

where we have put Ari = rrAi �ArAi.

Using the Ricci identity

rrrsRijkl �rsrrRijkl = �RajklR
a
isr �RiaklR

a
jsr �RijalR

a
ksr �RijkaR

a
lsr;

the relation (4) can be written in the form

RajklR
a
isr +RiaklR

a
jsr +RijalR

a
ksr +RijkaR

a
lsr

= AsiRrjkl +AsjRirkl +AskRijrl +AslRijkr

�AriRsjkl �ArjRiskl �ArkRijsl �ArlRijks : (5)

Applying the operator rm and using (1) and (5), we get, after some calcula-
tions,

BsimRrjkl +BsjmRirkl +BskmRijrl +BslmRijkr

�BrimRsjkl �BrjmRiskl �BrkmRijsl �BrlmRijks

+AaR
a
isrRmjkl +AaR

a
jsrRimkl +AaR

a
ksrRijml +AaR

a
lsrRijkm

+AaR
a
jklRmisr �AaR

a
iklRmjsr +AaR

a
lijRmksr �AaR

a
kijRmlsr = 0;

(6)

where we have put Bijm = 2AmAij +AiAmj +AjAim �rmAij .

But, in view of (3) we have

Bijm = �mAiAj � 2( � 1)( � 2)AiAjAm (7)

and

rkrjAi �rjrkAi = (kAj � jAk)Ai;

or, using the Ricci identity,

AaR
a
ikj = (kAj � jAk)Ai: (8)

In the sequel we shall consider the cases  6= const and  = const separately.
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The case  6= const, sA
s 6= 0. First, we note that AiBijm = AiBjim = 0

because of (7) and AtA
t = 0. Also, AaAkRaikj = tA

tAiAj , because of (8). Thus,
transvecting (6) with As, we get

�BrimAaR
a
jkl +BrjmAaR

a
ikl �BrkmAaR

a
lij +BrlmAaR

a
kij

+ tA
tAr[AiRmjkl +AjRimkl +AkRijml +AlRijkm]

+AaR
a
jklAsR

s
rmi�AaR

a
iklAsR

s
rmj+AaR

a
lijAsR

s
rmk�AaR

a
kijAsR

s
rml = 0:

Substituting (7) and (8), we have

Ar

�
tA

t[AiRmjkl +AjRimkl +AkRijml +AlRijkm]

+Ai(kjAlAm � ljAkAm) +Aj(liAkAm � kiAlAm)

+Al(jkAiAm � ikAjAm) + Ak(ilAjAm � jlAiAm)
	
= 0:

Let # be a vector such that Ar#
r = 1. Then, transvecting the preceding

relation by #r, we get

Ai(sA
sRmjkl + kjAlAm + lmAkAj � ljAkAm � kmAlAj)

+Aj(sA
sRimkl + liAkAm + kmAlAi � kiAlAm � lmAkAi)

+Ak(sA
sRijml + ilAjAm + jmAiAl � jlAiAm � imAjAl)

+Al(sA
sRijkm + jkAiAm + imAjAk � ikAjAm � jmAiAk) = 0:

This can be written in the form

AiTmjkl +AjTimkl +AkTijml +AlTijkm = 0; (9)

where we have put

Tmjkl = sA
sRmjkl + kjAlAm + lmAkAj � ljAkAm � kmAlAj :

We see that

Tmjkl = �Tjmkl; Tmjkl = Tklmj ; Tmjkl + Tmklj + Tmljk = 0: (10)

Thus, we can use the following lemma ([5], lemma 4).

If Ai and Tmjkl are numbers satisfying (9) and (10), then either each Ai is zero
or each Tmjkl is zero.

According to our assumption, A is non-zero 1-form. Thus Tmjkl = 0, i.e.

sA
sRmjkl = ljAkAm + kmAlAj � kjAlAm � lmAkAj ;

from which we get

sA
s(ArRijkl + AkRijlr +AlRijrk) = 0:

Therefore, if sA
s 6= 0, the condition (2) is satis�ed. But this means that general-

ized recurrent Riemannian manifold reduces to recurrent one.
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Case  = const,  6= 1 6= 2. In this case, (7) and (8) reduce to

Bijm = �2( � 1)( � 2)AiAjAm; AaR
a
ikj = 0

respectively and (6) becomes

Am(AsAiRrjkl +AsAjRirkl +AsAkRijrl +AsAlRijkr

�ArAiRsjkl �ArAjRiskl �ArAkRijsl �ArAlRijks) = 0:

Let # be a vector such that Ai#
i = 1. Then, transvecting the preceding relation

with #m, we �nd

AsAiRrjkl +AsAjRirkl + AsAkRijrl +AsAlRijkr

�ArAiRsjkl �ArAjRiskl �ArAkRijsl � ArAlRijks = 0: (11)

Now, we apply the method used in [2], Proposition 4.1. Let us put

#iRijkl = Cjkl; #a#bRaijb = Dij :

We see that

Cjkl = �Cjlk ; Cjkl + Cklj + Cljk = 0; Dij = Dji; #aDaj = 0:

Transvecting (11) with #i#s, we get

Rrjkl +AjCrkl +AkCjrl +AlCjkr +ArCjlk +ArAkDjl �ArAlDjk = 0: (12)

A cyclic permutation of r, k and l gives

AkCjrl +ArCjlk +AlCjkr = 0;

because of which (12) reduces to

Rrjkl +AjCrkl +ArAkDjl �ArAlDjk = 0: (13)

Trnsvecting (13) with #l we get Ckjr = ArDjk�AjDrk. Substituting this into
(13), we obtain

Rrjkl = ArAlDjk �ArAkDjl +AjAkDrl �AjAlDrk:

But this relation implies (2).

This completes the proof of the Theorem.
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