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CHARACTERIZATION OF REFLEXIVE

BANACH SPACES WITH NORMAL
STRUCTURE

Milan R. Tasković∗

Abstract. This paper presents a characterization of reflexive Ba-
nach spaces with normal structure in term of fixed point for diametral
contractive mappings.

1. Introduction and history

Kakutani [10] and Markoff [14] have shown that if a commutative family
of continuous affine maps of a linear topological space into itself leaves some
nonempty compact convex subset invariant, then the family has a common
fixed point in this invariant subset. Precisely, this statement was proved in
1936 by Markoff with the aid of the Schauder-Tychonoff fixed point theorem,
till S. Kakutani in 1938 found a direct elementary proof and demonstrated the
importance of the result by giving a number of applications; he also showed
that this result implies the Hahn-Banach principle in linear functional analy-
sis.

Fixed-point theorems for families of continuous linear or affine trans-
formations also have been obtained by Day [5] and Göhde [7].

Fixed-point theorems for families of nonexpansive mappings established
by De Marr [6] (for Banach spaces), F. Browder [4] (for uniformly convex
spaces) do not apply in this class of sets, and T. Lim [13] (for reflexive Banach
spaces).
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Let X be a Banach space. A mapping T of a subset K of X into X is
called diametral contraction on K if

||Tx− Ty|| ≤ sup
{
||x− z|| : z ∈ K

}
(D)

for all x, y ∈ K. In a former paper Tasković [17] investigated a nonempty
commutative family F of diametral contractive mappings of a nonempty com-
pact convex subset K into itself, and showed that the family F has a common
fixed point in K.

We notice, by interchanging x and y we see that condition (D) may be
written in a widening and broad form with

||Tx− Ty|| ≤ max
{
sup

(
||x− z|| : z ∈ K

)
, sup

(
||y − z|| : z ∈ K

)}
(Da)

for all x, y ∈ K. The condition (Da) is not equivalent to the condition (D),
since has been notice P. Kenderov [18].

Open problem 1. If K is a nonempty, bounded, closed and convex
subset of a reflexive Banach space X and if T : K → K with the property
(Da) does T have a fixed point in K?

On the other hand, parallely with the preceding results, first a general
fixed point result for isometries was obtained by Brodskij-Milman [3].

For this result the concept of normal structure, due to Brodskij - Milman
[3], plays a key role.

For S ⊂ X we denote the diameter of S by δ(S). A point x ∈ S is a
diametral point of S provided

sup
{
||x− y|| : y ∈ S

}
= δ(S).

A convex set K ⊂ X is said to have normal structure if for each
bounded convex subset H of K which contains more than one point, there is
some point x ∈ H which is not a diametral point of H. Compact convex sets
possess normal structure obtained by Brodskij - Milman [3].

Kirk [12] proved that if K is a nonempty weakly compact convex subset
of a Banach space and ifK has normal structure, then every nonexpansive self-
map T of K has a fixed point. Later, Belluce - Kirk [1] extend this statement
by showing that any finite family of commuting nonexpansive self-mappings
of such a set K always has a common fixed point.

In this paper we proved that every reflexive Banach space with normal
structure possesses the fixed point property for diametral contractive map-
pings.

It is natural to ask whether this result remains true for reflexive Banach
spaces without normal structure. As an answer for this question we prove
that every normed space possessing the fixed point property for dametral
contractive mappings has normal structure.
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In connection with this, Brodskij-Milman [3] obtained the following
characterization of normed spaces with normal structure, that a normed space
has normal structure if and only if it contains no diametral sequences.

2. A fixed point theorem

In this part we extend Kirk’s theorem and we describe a result for the
existence of fixed points which generalize several known results.

We are now in the position of proving the following statement use a
characterization of reflexivity due to Šmulian and the preceding concept of
Brodskij and Milman.

Theorem 1. Let K be a nonempty, bounded, closed and convex subset
of a reflexive Banach space X, and suppose that K has normal structure. If T
is a diametral contractive mapping of K into itself, then T has a fixed point
in K.

Proof. Let F denote the collection of all nonempty closed and con-
vex subsets of K, each of which is mapped into itself by T . Obviously, F is
nonempty. Now we define a partial ordering on F by the set inclusion rela-
tion. By Šmulian’s theorem (X is reflexive Banach space if and only if every
bounded desceding transfinite sequence of nonempty closed convex subset of
X have a nonempty intersection) and Zorn’s lemma F has a minimal ele-
ment which we denote by S. Here, S being minimal with the respect to being
nonempty, bounded, closed convex and invariant under T . We complete the
proof by showing that S consists of a single point.

If S contains only one element, then that element is a fixed point of T .
If not, let S contain more than one element, then it follows from the normal
structure of K that there exists c ∈ S such that

sup
{
||c− y|| : y ∈ S

}
:= ρ < δ(S).

Thus and from (D) we obtain the following inequality

||Tc− Ty|| ≤ sup
{
||c− y|| : y ∈ S

}
= ρ.

Hence, T (S) is contained in the closed ball B with Tc as center and ρ

as radius. Also, S ∩B is invariant under T , therefore, by the minimality of S
it follows that S ⊂M , i.e., ||Tc− x|| ≤ ρ for every x ∈ S. Hence, we have

sup
{
||Tc− x|| : x ∈ S} ≤ ρ.(1.1)

Consider the set

F =
{
z ∈ S : sup

[
||z − x|| : x ∈ S

]
≤ ρ

}
.
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Obviously F is closed, convex and nonempty (Tc ∈ F ). Again if z ∈ F ,
then z ∈ S and hence Tz ∈ F by (1). Hence F is invariant under T . Also, we
have

δ(F ) ≤ sup
{
||x− y|| : x ∈ F, y ∈ S

}
≤ ρ < δ(S),

by hypothesis and the preceding facts. Thus F is a proper subset of S, which
contradicts the minimality of S. Hence S has only one element which is a
fixed point of T . The proof is complete.

3. Characterization of reflexive spaces with normal structure

It is natural to ask whether the preceding Theorem 1 remains true for
reflexive Banach spaces without normal structure. In this part we answer
this question in the negative. We prove that Theorem 1 is the best possible in
sense that every normed space possesing the fixed point property for diametral
contractive mappings has normal structure.

First characterization of normed spaces with normal structure was given
by Brodskij - Milman [3] in terms of diametral sequences. A characterization
was given by Kassay [11].

A bounded sequence {xn}n∈N is diametral if it is non-constant and if
δ
(
xn, conv{x1, . . . , xn−1}

)
→ δ

(
{xn}n∈N

)
, where convA = convex hull of A.

Let X be a normed space and we define K as a collection of all closed,
convex, bounded subsets of X, each of them containing more than one ele-
ment.

One says that X has normal structure if every K ∈ K contains a
point which is not diametral point of K.

In connection with the preceding, a mapping T : K → K (for K ∈ K)
is said to be diametral contractive if

||Tx− Ty|| ≤ sup
{
||x− z|| : z ∈ Y

}
(D’)

for every Y ∈ K with Y ⊂ K and for all x, y ∈ Y . A normed space X is said to
have diametral fixed point property if every diametral contractive map
T : K → K (for an arbitrary K ∈ K) has a fixed point.

With the help of the preceding Theorem 1 we now obtain the main
result of this paper in the following form.

Theorem 2. (Characterization of normal structure). A reflexive Ba-
nach space has normal structure if and only if it possesses the diametral fixed
point property.

Proof. Since the condition of this statement is known to be necessary
for normal structure from Theorem 1, we have only to show that it is sufficient.
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Supposing the contrary, there is a reflexive space (or only a normed
space) X without normal structure and with diametral fixed point property.

Then from Brodskij - Milman’s result in [3], X contains a diametral
sequence {xn}n∈N∪{0}. Thus for the set K = conv

(
{xn}

)
∈ K we obtain

δ(K) = δ
(
{xn}

)
. On the other hand, from the definition of diametral se-

quences, we have with n→ ∞ that

||x− xn|| → δ(K) for every x ∈ conv
(
{xn}

)
.

This means, because δ(K) > 0, that the sequence {xn}n∈N∪{0} has no
constant subsequence.

We define a mapping T from K into itself by

T (x) =
{
x0 if x /∈ {xn}n∈N∪{0},
xn+1 if x = xn (for n ∈ N ∪ {0}).

Thus we have defined a function T on K to K. Now, for K ∈ K we
have T (K) = {xn}n∈N∪{0} ⊂ K, so T does not have a fixed point.

On the other hand, for Y ∈ K and Y ⊂ K let ε be an arbitrary positive
number and let us choose an element z ∈ conv

(
{xn}

)
such that ||z − x|| < ε

for x ∈ K. Thus we obtain the following inequalities

δ(K) ≥ sup
{
||x− y|| : y ∈ Y

}
≥ sup

{
||z − y|| : y ∈ Y

}
− ||z − x|| >

> sup
{
||z − xn(k)|| : for k ∈ N

}
− ε ≥ δ(K) − ε,

where {xn(k)}k∈N is a subsequences in Y of the sequence {xn}n∈N∪{0}. Hence,
directly, we have

δ(K) = sup
{
||x− y|| : y ∈ Y

}
≥ sup

{
||Tx− Ty|| : y ∈ Y

}
≥ ||Tx− Ty||

for all x, y ∈ Y . Thus T satisfies (D’) and does not have a fixed point. The
proof is complete.

Some remarks. We note that from the preceding proof of Theorem
2, sufficient in this statement is a special case of more general the following
result: Every normed space with the diametral fixed point property has normal
structure. The proof of this fact is equal with the preceding proof of sufficiently
in Theorem 2.

Open problem 2. Let K be a nonempty weakly compact convex subset
of Banach space and assume that K has normal structure. If K an arbitrary
family of commuting diametral contractive maps from K into itself, does K

have a common fixed point?
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[17] M.R. Tasković: Some results in the fixed point theory-II, Pub. Inst. Math.
(Beograd), 41 (1980), 249-258.

[18] P. Kenderov: Private communication, Sofia, September 25 th, 1997.
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