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Solvability of Boundary Value Problems for Second
Order Impulsive Differential Equations on Whole
Line with a Non-Carathédory Nonlinearity

XIAOHU YANG AND YuJI Liu*

ABsTRACT. We study a class of boundary value problems of the im-
pulsive differential equations on whole lines with a non-Carathéodory
nonlinearity. Sufficient conditions to guarantee the existence of solu-
tions are established. A new Banach function space X and its relatively
compact property of subset of X is proved. An example is given to
illustrate the main results.

1. INTRODUCTION

The asymptotic theory of ordinary differential equations is an area in
which there is great activity among a large number of investigators. In this
theory, it is of great interest to investigate, in particular, the existence of
solutions with prescribed asymptotic behavior, which are global in the sense
that they are solutions on the whole line (or half line). The existence of
global solutions with prescribed asymptotic behavior is usually formulated
as the existence of solutions of boundary value problems on the whole line
(or half line).

These problems arise from real world applications. For example, some
chemical and biological systems can be modelled by an autocatalytic process
(see, e.g. [23, 21]. In many of these process the system can support propa-
gating wavefronts due to a combination of a reaction effect and a molecular
diffusion. The pioneering model in this framework is due to Fisher, [20], who
suggested the equation u; = uy,; +u(1 —u) for studying the spatial spread of
a favored gene in a population. The simplest generalization of that equation
is the so called Fisher-Kolmogorov’s equation u; = uy, + f(u), where f is a
given function with two zeroes, say u = 0 and v = 1, and positive on (0, 1)
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so that w = 0 and u = 1 are the only two stationary states of this equation.
Equations like this one arises in many problems suggested, for instance, by
the classical theory of population genetics or by certain flame propagation
problems in chemical reactor theory (see, e.g. [6]). A travelling wavefront
or travelling wave solution (t.w.s., in short) of this equation is a solution
u(t,x) having a constant profile, that is, such that u(t,z) = ¢(z — ct), for
some fixed ¢(&) (called the wave shape) and a constant ¢ (called the wave
speed). Specially important for the applications are t.w.s. connecting the
two stationary states, u = 0 and u = 1.

A simple calculation shows that if u(t,x) = ¢(x — ct) is a t.w.s. of uy =
Uz~ f(u), then the wave shape ¢ is a solution of the ODE v +cu/+ f (u) =
When a t.w.s. connects the stationary states, its corresponding wave shape
is a positive heteroclinic solution of v” + cu’ + f(u) = 0 that connects the
equilibria 1 and 0, that is, a solution of u” +cu’+ f(u) = 0 defined on R and
satisfying u(t) € (0,1) for all t € R and lim w(t) =1 and lim wu(t) =0,

t——o0 t—+oo

see [1]. Thus it comes the following boundary value problem:

ct, ! ct _ : _ ; —
(e u) +e“f(u) =0, t € IR, tl}r_noou(t) =1, tl}inoou(t) =0.

It is well known that the homogeneous and non-homogeneous Robin bound-
ary value problems of the Lane-Emden equations are as follows, respectively,

ou
7 + b(z)u = 0 on 01,
—Au(z) = uP(z) + Af(z),z € Q,

—Au(z) =uP(z),z € Q,

aaj:: + b(x)u =0 on 09,

where () is a domain in the n-dimensional Euclidean space R",
Lane-Emden equations arise naturally from the study of various nolnllinear
phenomena, such as pattern formation, population evolution, chemical re-
action and has attracted considerable attention in recent years [27, 29, 34].

One can see that the one-dimensional Robin boundary value problems of
the Lane-Emden equations on whole line are as follows:

2"(t) + [x(®)]" =0, teTR,

. ! _
tilgloox(t) a hm z(t) =0,

) =
t_lierooa: (t )—i—ﬁ hm z(t) =0,
() + [z + Af(8) =0, teR,
t_lil_noo 2 (t) — a hm z(t) =0,
t—1;1+moox (t )—i—ﬁ hm x(t) =0.

In recent years, the existence of solutlons of boundary value problems of
the differential equations governed by nonlinear differential operator [®(u')]’



XIAOHU YANG AND YUJI Liu 33

= [|u/[P724']’ has been studied by many authors, see [7, 12, 13, 21, 22, 9, 11,
10, 14, 16, 17.

Impulsive differential equation is one of the main tools to study the dy-
namics of processes in which sudden changes occur. The theory of impul-
sive differential equation has recently received considerable attention, see
[30, 31, 32]. However, the study on existence of positive solutions of non-
local boundary value problems for impulsive differential equations on whole
real line has not been sufficiently developed [2, 3, 5, 4, 8, 9, 26].

In all above mentioned papers, the boundary conditions are subjected to
the two end points 0 and 400 (or —oo and +00) and the solutions obtained
are defined on [0,+00) (or R). An interesting question occurs: when one
subjects the boundary conditions on two intermediate points &, 7, how can
we get solutions defined on R of a boundary value problem of differential
equations on whole line? This is the first motivation of the present paper.

On the other hand, in known papers [10, 11, 12, 13, 14, 16, 17, 18, 33|,
concerning the differential equations [®(p(t)2’(¢))]' + f (¢, z(¢), p(t)2'(t)) = 0,
it is supposed that (¢,u,v) — f(t, u, p(t)v) is a Carathéodory function, i.e.,

(i) t — f(t,u, p(t)v) is integral on R for each (u,v) € R?;

(i) (u,v) — f(t,u,p(t)v) is continuous for almost all ¢ € IR;

(iii) for each r > 0 there exists a integral function ¢, : R — IR such that
|f(t, u, p(t)v)| < ¢r(t) for almost all ¢t € IR and |ul, [v| < 7.

To the best of our knowledge, there has been no paper concerning the solv-
ability of boundary value problem of [®(p(t)x(t))] + f(t, z(t), p(t)2’'(t)) =
0,t €= R with (t,u,v) — p(t)f(t,u,v) being a non-Carathéodory function:
t — f(t,u, p(t)v) is not integral on = R.

Motivated by mentioned papers, to fill this gap, we consider the following
boundary value problem for the impulsive singular differential equation on
the whole line

( [B(p(t)a’ (D)) +p(t) F(E 2(8), p(D)2 (£)) = 0, ae. t € R,
2() = [ m(s)p(s, (s), p(s)a’(s))ds,

p(m)a'(n) = [T n(s)p(s,z(s), p(s)2'(s))ds,

Ax(t;) = lim x(t) — z(t;) = I(t;, x(t;), p(t;)2'(t;)),i € Z,

+
t—t;

A®(p(ti)a'(t:)) = lim (p(t)a'(t)) — S(p(ti)x’(t:))

+
t—t;

L = J(ti,m(ti),p(ti)x’(ti)),i c Z7

where
(i) ®(z) = |z|*"22 with k& > 1, the inverse of ® is denoted by ®~! and
d(z) = 2" %z with %—{— % =1,
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(i) p:R — [0,00) with p € L} (R) and [°_p(t)dt = [} p(s)ds =
+00

(iii) p: R — [0,00) with =150 € L (R) and [° T D gy =
0+°° Wdu = 400 with 7(¢) =1+ ‘f; p(s)ds|,

(iv) f,¢,% : R® — IR are weak Carathéodory functions (see Definition
2.1 in Section 2), m,n € Ll(IR)
(v) Z = {0,£1,%2,---}, {t; : i € Z} is a increasing sequence with

lim ¢; = —oo and lim t¢; = 400,
1——00 1——+00

(vi) I,J:{t;:i€ Z} x R? - IR are discrete Carathéodory functions
(see Definition 2.2 in Section 2).

The homogeneous form of boundary conditions in (1) is as follows: z(§) =
0, p(n)x’(n) = 0, which comes from a generalization of the boundary con-
ditions a lim z(t) — bx(§) = ¢ lim (¢t) — dp(n)a’(n) = 0. This kind of

t——o0 t——+oo

boundary conditions arise in the study of heat flow problems involving a
bar of infinite length with two controllers at ¢ = —oo and ¢t = 400 adding
or removing heat according to the temperatures and the change of temper-
ature detected by two sensors at t = & and t = 7 respectively. But these
two controllers do not work well. Problem (1) is also a generalization of the
initial value problem, but the solutions gotten are defined on IR. One knows
that 2(t) = [1 + 2/(¢)]?,t € R,2(0) = 0,2(0) = 1 (corresponding to (1),
®(x) =2,p(t) = 1,p(t) =1 and f(t,z,2') =1+2, I =J =0 and (i)-(vi)
are satisfied) has solution z(t) = —In|cost|, it blowup at time ¢ = +7.
From this point, it is of interest and meaningful to study the existence of
solutions of (1).

The purpose is to establish sufficient conditions for the existence of so-
lutions of BVP(1). Since (ii) and f is a weak Carathédory function, then
(t,u,v) — p(t)f(t,u, p(t)v) is a non-Carathéodory function on IR3. The
remainder of this paper is organized as follows: the preliminary results are
given in Section 2, the existence result of solutions of BVP(1) is proved in
Section 3. Finally in Section 4, an example is given to illustrate the main
results.

2. PRELIMINARY RESULTS

In this section, we present some background definitions. The preliminary
results are given too. Denote

t Lo (r(u)
T(t) =1+ / p(s)ds|, o(t) =1+ ‘/ ———du
n ¢ p(u)
It is easy to show that o, 7 are continuous on Rand lim o(t) = lm 7(¢) =
t—+oo t—=+oo

—+00.
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Definition 2.1. F': IRxIRxIR — IR is called a weak Carathédory function,
that is
(i) (u,v) = F (t,0(t)u, ®(7(t))v) is continuous on IR? for a.e. t € IR,
(ii) for each r > 0, there exists nonnegative function M, > 0 such that
|ul, |v| < r implies

’F (t,U(t)u,(I)_l(T(t))U)’ < M,,a.et € R.

Definition 2.2. H : {t; : i € Z} xR x R — IR is called a discrete
Carathédory function, that is
(i) (z,y) = H (ts,0(ts)z, @1 (7(ts))y) is continuous on IR? for all s € Z,
(ii) for each r > 0, there exists nonnegative constants M;, > 0(i € Z)
such that |z|, |y| < r implies

“+o00
|H (ts,0(ts)z, @7 (7(t))y)| < Ma,s €Z, Y My < +00.

S=—0Q

Definition 2.3. Let X be a real Banach space. An operator T: X — X
is completely continuous if it is continuous and maps bounded sets into

relatively compact sets.
Choose

x](ts7ts+1], Pf)«"/’(ts,tsﬂ] is continuous, s € Z,
and there exist the limits

hm x(t), hm p(t)x'(t),s € Z,
X=<Xz:R—-1R: t—td ) ®
tilmoo@ Jm 5

z/(t t)z! (¢

lim ()( ét))) lim pB)z(t)

t——o00 ® {5 too 2H(T(1) )

For z € X, define

= max { su () su p(B)l’(0)
=il = {teﬂg o(t)’ tegcb ((t))}

Lemma 2.1. X is a Banach space with || - || defined.

Proof. 1t is easy to see that X is a normed linear space. Let {z,} be a
Cauchy sequence in X. Then ||z, — x,|| = 0, u,v — +oo. It follows that
T, € X and

|[zu(t) =z (t)]

sup =0)

telR

— 0,u,v — 400,

sup OB Oy 1,4 5 4o,

telR
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So

sup % — 0,u,v — 400, lim x:(%) exists, s € N,

te(ts,ts+1] t— t

sup % —0,u,v — +00, lim+ q’j@?;((f))) exists, s € Z.

te(ts,tst1] t—tg

Then there exists functions x50, ys0 € C°[ts,ts11) such that lim zalt) _
’ ’ U—+00 a(t)
p(t)ay, (t)

zs0(t) and ugrfoo T = Ys,0(t) uniformly on [ts, ts11].

Define xo(t) = x50(t),y0(t) = yso0(t) for all t € (t5,ts541](s € N). Then
x0,yo : IR — IR is well defined on IR and

lim 2l — xo(t), lim p(_tzg(c_%((tt))) =10(t),t € R.

u——too o) T u—s+oo ®

It follows that

sup ma“((tg) - xo(t)‘ — 0,u — +o00,
te(t&ts-&-l}
p(t)zu(?)
sup —yo(t)|,u — +oo.
te(tsststn] T ()

Step 1. Prove that o(- ) 0(-), @1 (7("))yo(-) € CO(ts,ts+1] and the limits
1im o(t)xo(t) and hm O~ (7(t))yo(t) exist.

t—)t t—>t

We have for ¢y € (ts,ts+1] that
lo(t)xo(t) — o(to)zo(to)| < |o ( )zo(t) — 2y ()] + |an (t) — 2N (to)|
+ |zn(fo) — U(tO)xo(to)\

<2 sup o(t)
te(ts’t.s«l»l]

20— ao(t)] + an(t) — o (to)

<2 max o(t) sup
tE[t57ts+1] tE(t57ts+1}

=l — ao(t)] + law (1) - 2x(to)l.

Since  sup JC:((tt)) —zo(t)] = 0,u — 400 and z,(t) is continuous on
tE(tstst]
(ts,ts+1], then for any € > 0 we can choose N and § > 0 such that

sup x{;\’(g) — l‘o(t)‘ < eand |zy(t) —an(lo)| < € for all [t —To| < 6.
tG(ts,tS+1]
Thus |o(t)zo(t) — o(to)zo(to)] < 3e foe all |t — ty] < 8. So o(-)zo(-) €
CO(ts,ts11]. Similarly we can prove that ®~1(7(:))yo(-) € CO(ts,ts11]. We
see easily that the limits lin}r o(t)zo(t) and lim+ O~ (7(t))yo(t) exist.
t—t t—t

Step 2. Prove that the limits t_l}inoo xo(t), tl;gloo yo(t) exist.
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Suppose that lim z,(t) = A,. By sup leu®20 O _, 0,u,v = +00, we

o(t)
know that A, is a Cauchy sequence. Then lim A, exists.
uU——+00
By sup m()(ifo(t)' — 0,u — +o0o, we get that
teR
lim zo(t) = lim lim 2o — Jip o lim 2 = i A,
t——o00 t——00 u—+oo 9(t) ustoot——oc o(t) u—>+00

Hence lim xo(t) exists. Similarly we can prove that lim xz(¢), lm yo(),
t—+o00 t——o0

li ist.
(i yo( ) exist

Step 3. Prove that yo(t) = %)f(o)()t)]/.
We have for ¢ > £ and some ¢, € IR that

—L(r(s s
wa(t) = 3 Awy(ts) —zu(€) — f¢ %ds

e<ta<t
:‘fgx ds—ftiq) (r{s)yo s)ds‘

8

—1(r(s (t(s t)x!
_ fgt 2 (s) — 2 (p((s)))yo( (S) S7(7(5) gg ?gp ()(;L((f))) — yo(t)
ng )dssup‘ —yo t)‘—>0asu—>+oo.
So
lim | z,(t) — Az (ts) — xy( Md&
e ( ( ) £<tzs<t ( ) ) f p(s)
Then
a(tao(t) = Y Ao(ts)ao(ts) — o(&)eco = [ 73%% .
e<to<t

It follows that M o(t . That is yo(t) = M Sim-
Y

p(t e-1(7(1))
ilarly we can get yo(¢ ) = % for t < &. So xg € X with z, — xg as

u — 4o00. It follows that X is a Banach space. m

Lemma 2.2. Let M be a subset of X. Then M is relatively compact if and
only if the following conditions are satisfied:
(1) both {t — jg% x € M} and {t — p(t)( ((3) cx € M} are uniformly
bounded,
1) both {t — S and {t — 1T € are equicontin-
i) both {t — 35 i v € M} and {t > 55 o € M
uous in (ts,tsy1](s € N),
iii oth {t — x € and {t — tx € are equi-
i) both i(t) M d P() '(t) M

a(t) 2=1(7(t))
convergent as t — +00.
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Proof. “ < 7. From Lemma 2.1, we know X is a Banach space. In order to
prove that the subset M is relatively compact in X, we only need to show
M is totally bounded in X, that is for all € > 0, M has a finite e-net.

For any given € > 0, by (i)-(iii), there exist constants M > 0, > 0,
ts, > 0 and t_s, < 0 such that

sup 2 E %l, sup (}(t)'g}lét))g < M,z € M,

teR te

z(wi) z(w2)

o(wi) o(w2)

< guwl)wQ S (t87t8+1]7 |’LU1 - 'UJ2| < 57

s=—-89,—So+1,---,s0— 1,z € M,

plwn)a(w) _ plwn)e
)<I>—11(T(w1§) B (Qtau(wg ’ <3 3

wy,wa € (ts,tsy1], |wr —wa| < 9,5 = —sg,—so+1,--+,s0 — L,z € M,
z(wi) _ z(ws) < <t > ¢ M
o(wr) o(w2)| = 3,’11)1, 2 S l_gy OF W1, W2 =2 Usy, T € )

”gﬁ”f()f&%)) — {Eﬁ"éﬁgi;;)’ < §,wi,wy <togy or wy,wy > tey,x € M.
Define
x,p(t)x’ € Clts,ts+1],8 = —S0,—so+ 1, , 80 — 1,
hm 2(t) oxist, s = —s0,—s0 + 1, ,80 — 1,
X’(—tso,tso] =8T: ( )
hrn POEL0) exist,s = —sg,—sg+ 1,--- ,s50— 1

o )

For x € X|(—tso,tso]v define

|z]|s, = max max 20l max
s o(t)
tE(—tsg tso) tE€(~tsgotsg

Similarly to Lemma 2.1, we can prove that X, (—tsgteg] is a Banach space.
Let M|y, t,,) = {t = x(t),t € (—tsy,tso] : @ € M}. Then My, 4, ]

is a subset of X|_ By (i) and (ii), and Ascoli-Arzela theorem,

we can know that M ‘(*tso,tso] is relatively compact. Thus, there exist

tsoytso} :

T1,T9, -+, € M such that, for any x € M, we have that there exists
some ¢ = 1,2,--- , k such that
£)—a4(t )]’ (8)—a, (¢
||z — xi]|s, = max sup %, sup % < $.
te€(—tsq,tsg) tE€(—tsq tsg)

Therefore, for x € M, we have that

||.'L' - x’LHX = Imax sup M7 sup w’
t€(~tsgts] o) te(—tsg tsg) 2T



XIAOHU YANG AND YUJI Liu 39

sup , sup = sup /==, sup =
1o, o(t) t>tay e=1(7(1)) 1<t ot) ot e=1(r(1))

|z(t)—i(1)] p(B)]a’ (1) —a; (?)] |z (t)—i(t)] p(B)]’ () —a; (?)| }

e (t) _ a(tsy) z(tdy) _ wiltd) zitdy)  @i(t)
< € z{) o) _ o) _
max 3’%‘15) D o) +f’2‘1§] o) oty | TS ;ﬂ’ o(th) " e |
plt)e/ (1) _ p(tly)e'(t) plti)e' () pltiy)ei(thy)
S |er )~ e, | TR et () T ()
Pt )ri(E0) _ )0
e () )
z(t) z(t—sy) z(t—sg) o zi(t—sq) xi(t—sp) _ox(t)
S o0 T am)| TSP (7] T ) | TGP o) T e |
(D (1) _ plt=sg)a’(tsp) O e (W (o v
oup S — N ) +t§?p 1t ag) B 1(r(tag))
_*SO

TP o) T eE0

So, for any € > 0, M has a finite e-net {Uy,,Uy,, -+, Uy, }, that is, M is
totally bounded in X. Hence M is relatively compact in X.

=. Assume that M is relatively compact, then for any ¢ > 0, there
exists a finite e-net of M. Let the finite e-net be {Uy,,Us,, -+, Uy, } with
x; C M. Then for any x € M, there exists U, such that x € U,, and

P(tfso)mé(tfso) _ P(t)$;(t))‘} <e.

l|z|]| < ||z — || + ||zi]] < €+ max{||z;||:¢=1,2,---,k}. It follows that
both {t — % cx € M} and {t — qf(t)( ((tg) : ¥ € M} are uniformly

bounded. Then (i) holds.

Furthermore, there exists t_s, < 0 and t5, > 0 such that |z;(w;) —
zi(wa)| < e for all wy,ws > t5, and all wy,wy < t_g5, and ¢ = 1,2,--- k.
Then we have for wy,ws > t5, and all wy,ws < t_g, that

z(wr)  z(wsz)
o(wy) a(w2)
z(w1) zi(w1) zi(w1) x; (w2) zi(ws) )
S a(wi) N a(wgl) a(wll) B g(w;) + U(w;) ~ o(w 2) < 3e,x € M.

Similarly we have for wy, ws > tg, and all wy, we < t_g, that

< 3e,x € M.

‘ plwi)z' (w1)  p(wa)z’ (wa)

o=l (r(wr)) 7 H(r(w2))

Thus (iii) is valid. Similarly we can prove that (ii) holds. Consequently,
the Lemma is proved. m
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For ease expression, we define . kg := — > ks for a > b. For
a<ts<b b<ts<a

x € X, define (T'z)(t) by
(Ta)(t) = [73 m(s)d(s, x(s), pls)a’(s))ds + 30 I(ts,a(ts), plts)'(ts))

E<ts<t

et (o (S a0 (s, 2(s), p(s)a'(5))ds )

+ X J(ts,w(ts),p(ts)w’(ts))—fnup(w)f(w,Jf(w),p(w)w’(w))dw) du.

n<ts<u

Lemma 2.3. Suppose that f, ¢, are weak Carathéodory functions and I, J
are discrete Carathéodory functions and for eachr > 0, f (t,0(t)u, @~ (7 (t))v)
converges uniformly as t — +oo on [—r,r] X [-r,r]. Then T : X — X is
well defined and is completely continuous, x € X is a solution of (1.1) if and
only if ¢ € X is a fixed point of T in X.

Proof. From Lemma 2.1, X is a Banach space. For z € X, we have ||z|| <r
for some r > 0. Then there exists constants M, > 0, M, ;5 > 0 and
M, 1.5 > 0 such that

f(t,2(t), ' ()| = )f (t,a(t)%,@‘l(r(t))%)‘ < M, ae.teR,

|6(t, (), p(t)2'(1))] < My g, a.e..t € R,

[, z(t), p(t)2' ()| < My, ae.,t € R,

+o00
’I(tsax(ts)ap(ts)l'/(ts)” < Mr,1,375 € Z, Z Mr,[,s < +o0,

S=—00

“+00
| I (ts, z(ts), p(ts)’(ts))| < My js, s € Z, >, M, s < +00.

S=—00

By direct computation, we get

( [2(p(®)(T2) ()] +p()f (8, x(t), p(t)2'(t)) = 0, a.e., t € IR,
(T)(€) =[5 m(s)d(s, z(s), p(s)a’(s))ds,
(2) p(m)(Tx) () = [73 n(s)i(s, 2(s), p(s)2' (s))ds,

A(Tz)(t;) = I(ti, 2(ti), p(t:)2' (i), i € Z,

AR (p(t:)(T) (t:)) = J(ti, x(t:), p(ti)a’ (1)), i € Z.
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One can show that Tx € X. Thus T : X — X is well defined and x € X is a
solution of (1) if and only if z € X is a fixed point of T in X. Similarly to the
proof of Lemma 2.2 in [18], we can prove that T is completely continuous.
The proof is complete. =

Lemma 2.4. Let X be a Banach space. Assume that Q) is an open bounded
subset of X with 0 € Q and let T : X — X be a completely continuous
operator such that ||Tz|| < ||z|| for all x € OQ. Then T has a fized point in
Q.

3. MAIN RESULT

In this section, we prove the main result of this paper. We need the
following assumption:

(A) there exist nonnegative constants Aj,a;j,b;; >
071727"' 7m)7 ¢s > Oﬂﬂs > 0(8 € Z) and kjvlj > O(J =

+o—o +o0o
ki+1;>0and ) ¢s<+4o00, >, <400 and

S§=—00 S§=—00

O(Z = 1,2,5 =
721'

1 .- ,m) with

‘I (ts,a(ts)u,q)_l(r(ts))v)‘ < s |bio+ D, b1j|u]kj|v|lf] ,
i=1

J

‘J (ts70(ts)u7 (I)_l(T(ts))'U)‘ < ¢sq) (b20 + in:l b2j|u|kj|v|lj) )
j=

(1, 0 (£, 1 (r())0)] < aro + > ajful® o],

Jj=1

Bt (£, @1 (7 (D)) < azo + 3 azglul®s o],

j=1

hold for all u,v € R,a.et € R,s € Z.
We denote

o =max{kj+1;: j=1,2-- ,m},

_ +oo 1 +o0
Ay = ||m|lia10+ > ¢sbio+ al|n|lia0 + P~ < > %) b2.0 + iAo,

S=—00 S=—00

_ +00 +oo
Bij = |lmlliai; + X ésbij + allnlliag + @~ ( > ¢s> boj + 14y,

S§=—00 S§=—00
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and

_ “+00
As = ¢||n||1a10 + @t ( > ¢s> ba,0 + 1 Ao,

S§=—00

_ +oo
Baj = alln|lia1j + @ ( > ws) baj + i Aj,

S§=—00
- mo__ m
A= max{Al, AQ}, B = max Z Bl,j7 Z B2,j .
j=1 J=1

Theorem 3.1. Suppose that (A) holds, f,®,1 are weak Carathéodory func-
tions and I,J are discrete Carathéodory functions and for each r > 0,
[ (t,o(t)u, @1 (7(t))v) converges uniformly as t — o0 on [—r,r] X [—r,7].
Then BVP(1) has at least one solution if

(i) 0 €(0,1) or (ii) o =1and B <1 or (iii) 0 > 1 and B(A+B)°~! <
(o—1)71

Proof. We will apply Lemma 2.4. Let X and T be defined in Section 2.
From Lemma 2.3, T': X — X is well defined and is a completely continuous
operator. We prove that T has a fixed point in X to get a solution of
BVP(1). For z € X, we have ||z|| <r < 400. Then (A) implies that

({0002 O)] = | (1002, 071 (r1) 2920 )]

x(t) |7

0|5 | p(t)a’ ()
()

=1 (7(1))

m 1 m
§<I><A0+2Aj j) §¢<A0+2Ajr’fﬁlj>,tem,
5=1 7=1

[ (ts, z(ts), p(ts) 2 (ts))] < s

m
bio + Z b1j7‘kf+lj] ,s €L,
j=1

| (ts, z(ts), p(ts)x'(ts))| < 5P (bgo + > bgjrkj+lj> ,SEZL,
j=1

m
lp(t, z(t), p(t)z' ()] < ato + . ayjr*itliae.,t € R,
j=1

m
[0 (t, 2(t), p(t)2' ()] < ago + 3 agjrFitli ae. t € R.
j=1
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By the definition of T', we get

Y < ety [/ Imllé(s,2(s) o))l
P> |I<ts,x<ts>,p(ts>x'<ts>>|‘
E<ts<t

[ e (o (S ms)lle(s, 2(s), p(s)a'(s))lds)

+ > [J(ts, z(ts), p(ts)x'(ts))|‘

n<ts<u

w)|f(w, 2(w), p(w)a’(w)|dw] ) du||

< [jml[x

1+ 3 o

S§=—00

aig + Z alj
=1

2~ (r(w)
i t ri(f)u du‘ (I)—l ”nH1 aso + Z asj rkj-&-l
1+\fg 2_(r(w) p((;)("))du] =1

+o <b20 + > bgjrkﬁlj) Z s +P <A0 + Z Ajrkitl ))

J=1 §=—00

bio + Z blj ]

One knows that

1,1<1<2,

O Hu+v) < @ (u) + @7 (v)],u,v > 0 with ¢ = { -1 ]9

It follows that

+Z¢s

S=—00

m
aijp + Z a1j
Jj=1

+a (th (CL20+ Z ag;rkith ))

c <b20 + Z bgj?"kj+lj> ( Z 1/15) + ¢ (AQ + Z A rkit+l )
7j=1 S=—00 j=

o

b10 + Z bl’ﬂ“ ]

sup 0L < ||,
telR
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+00 too
= |Imlia10+ Y. ¢sbio+ cl|n|l1az + @t ( > ¢s> bao + iAo

S=—00 S=—00

m +o00
3 (Hm\haw 5 b,
j=1

S§=—00

—+00
—|—Cl||’I’LH1a2j + Clq)_l ( E Q,Z)s> bQ’J + ClA > kj+l;
s=—00
Then

3) f;‘n% |(7;x()t§ N <A, + 2 By jrkith

On the other hand, we have

m
o1 (‘I) <Hn|]1 <a10 + Z aljrkj+lj>>
Jj=1

“+00 m
+ > Y@ <bzo + > szTijj)

§=—00 7=1

’fp dw’CI‘(Ao—i—ZArkH))‘

<o (o (1 (s § it

+o0 m
+ 2 Y@ <bzo+ szkajHj) <A0+ ZATJH >>
S§=—00 7=1

m
<a (HnHl (alo + > alj"”kj+lj>>
=1

+a® < Z ¢s> <l720 + Z bgjrkj+lj> + ¢ <A0 + Z Ajrkj+lj> ]
j=1

§=—00 7j=1

p(®)|(Tx)' (1) 1
@) = )

It follows that

p(OI(T) (8)
) S e 1(r(0)

It follows from (3) and (4) that
ITz|| < A+ Bmax{l|(z,y)||, 1} < A+ B+ Bl|z||”.

m
<Ay + ) Ba el
=1
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(i) o€ (0,1).

Since o € (0,1), change ro > 0 such that A + B + Br§ < rp. Let
Qo ={z € X :||z|| < ro}. Then we get ||Tz|| < A+ B+ Br§ < ry. So
TQy C Qo. Then ||Tz|| < ||z|| for all z € 9Q. Thus Lemma 2.4 implies that
the operator T has at least one fixed point in Q. So BVP(1) has at least
one solution.

(ii) o =1.

Let rg = 48 such that A+ B+ Bro=rg. Let Q= {z € X : ||z]| < ro}.
Then we get HT{EH < A+ B+ Br§ <rg. So TQy C Qo. Then ||Tz|| < ||z
for all z € 9. Thus Lemma 2.4 implies that the operator 1" has at least
one fixed point in y. So BVP(1) has at least one solution.

(iii) o> 1.
1

ra o—1_0
Let rg = (B(:BU) . It is easy to show from % < 1 that

A+ B+ Br§ <rg. Let Qo = {z € X : ||z|| < ro}. Then we get ||Tz|| <
A+ B+ Br§ <rg. So TQy C Qp. Then ||Txz|| < ||z|| for all x € Q. Thus
Lemma 2.4 implies that the operator T has at least one fixed point in Q.
So BVP(1) has at least one solution.

The proof of Theorem 3.1 is completed. m

4. AN EXAMPLE

In this section, we present an example to illustrate the main result.

Example 4.1. We consider the following BVP
Wﬂ@@%ﬁ+f@gﬂy Mf@)z&aﬁteﬁ,

2(0) = /7, 2'(0) = 2/,

Azx(s) = lim z(t) —z(s) =271l s e Z,

t—st

A(V/]sl2'(s))3 = hm <\/>:c ) —< |s|x’(s))3:2_|sl,562,
1+\/t2+|t|—1n1(L\/1+\t|—\/m)

l]->2
Aj > O,k‘j,lj > O(j :0,1,2,--- ,m).
Corresponding to BVP(1), we have ®(z) = |s|s and ®~!(z) = |s|_%s,
p(t) = VIt p(t) =1, £ =n =0,t; = s,s € Z, ¢(t,u,v) = 1 and

\
where

kj

flt,u,v) = 1+|t| <A0+ YA

=1

v
VI



46 SorvaBILITY OoF BVPs ror IFDESs

Wit u,v) = 2, m(t) = n(t) = e, I(s,u,v) = J(s,u,v) = 271%(s € 2).
One sees that

(i) ®(x) = |2|*~22 with & = 3 > 1, the inverse of ® is denoted by ®~*
and ®71(z) = |2|'"%z with | = 3,

(ii) p: R — [0,00) with p € L} (R) and f t)dt = +O° p(s)ds =
+oo, we find that 7(t) = 1+ |t| + %,

(iii) one sees that p: R — [0,00) and

7(t) _1+‘j0 ds)_1+|t\

(7 (u
o(t) =1+ ’fot L ))du’

=1+

s V\l/%'uldu‘ =14 /21t - In(/T+ 1] — VIH).

@) g, [+ 27w

. &1 (+(-
with % € L} (R) and f p(u) u = [ T))du = +o00,

and f, ¢, 1 are weak Caratheodory functions and I, J are discrete Carathéodory
functions and for each r > 0,

2
f (t,a(t)u,i)*l(r(t))v) = 1+|t\ <A0 + Z A; ]u| 3 |U| ) —0

uniformly as ¢t — £oo on [—r, 7] X [—r,7].
(iv) f,#,v : IR? = IR are strong Carathéodory functions, m,n € L'(IR),
(v) {ts : s € Z} is a increasing sequence with lim ¢, = —oo and
S§——00
lim ¢5 = o0,
s§—+00

(vi) I,J:{ts:s€Z } x IR? — IR are discrete Carathéodory functions.
Choose Aj(7=0,1,2,--- ,m) and

bio=bo=1, b1j=02;,=0,7=12,---,m

arp=1,a20=2, a1 j=az; =0, j=1,2,--- ,m.

+oo “+o00o
Then (A) holds and > ¢s= > s =3. Denote 0 = max{k;+1;: j =
§=—00 s$=—00
1,2,--- ,m} and by direct computation, we get

A1 =3+V3+3ym+ Ay, Bij=A4;,

=V3+ T+ Ay, Baj=4;,
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A =max{A;, Ay} =3+ 3+ 37+ Ay,

m o mo o m
B = max Bl,j, Z BQJ = Z Aj.

J
By Theorem 3.1, BVP(5) has at least one solution if
(i) o0 €(0,1)or

(ii) o =1and 'Z1Aj <1or
]:

o—1
)0‘—1

(ili) o > 1and > A; [3+V3+3y/m+ Ao+ X 4 < (e=1)77t
J=1 j=1

— o
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