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On Fuzzy Differential Subordination

A. HAYDAR Egs

ABSTRACT. The theory of differential subordination was introduced by
S.S.Miller and P.T.Mocanu in [2], then developed in many papers. In [1]
the authors investigate various subordination results for some subclasses
of analytic functions in the unit disc. G.I.Oros and G.Oros define the
notion of fuzzy subordination and in [3, 4, 5] they define the notion of
fuzzy differential subordination. In this paper, we determine sufficient
conditions for a multivalent function to be a dominant of the fuzzy
differential subordination.

1. INTRODUCTION

We introduce some basic notions and results that are used in the sequel.

Definition 1.1 (|6]). Let X be a non-empty set. An application F : X —
[0,1] is called fuzzy subset. An alternate definition, more precise, would be
the following: A pair (A, F), where F4 : X — [0, 1] and

A={r € X :0< Fy(x) <1} = supp(A, Fa),
is called fuzzy subset.

Proposition 1.1 (|3]). If (M, Fax) = (N, Fy), then we have M = N,
where M = supp(M, Fyr), N = supp(N, Fy).

Proposition 1.2 ([3]). If (M, Fa) C (N, Fy), then we have M C N,
where M = supp(M, Fyr), N = supp(N, Fy).

We also need the following notations and results from the classical complex
analysis [5].

For D C C, we denote by H(D) the class of holomorphic functions on D,
and by H, (D) the class of holomorphic and univalent functions on D.
In this paper, we denote by H(U) the set of holomorphic functions in the
unit disc U = {z € C: |z| < 1} with OU = {z € C : |z| = 1} the boundary
of the unit disc.

For a € C and n € N we denote
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Hla,n] ={f € H(U) : f(2) = a+ anz" + an12" ™+ ..., 2 € U},
Ay ={feHU): f(2) =2+ an12" T + ..., 2 € U} with A} = A,
and S = {f € A: f a univalent function in U}.
Let B={¢p € H(U) : ¢(0) = 0,|p(2)] < 1,2z € U} denote the class of
Schwarz functions.

Definition 1.2 ([4]). Let f,g € H(U). We say that the function f is
subordinated to g, written f < g or f(z) < g(z) if there exists a function
w € H(U) with w(0) = 0 and |w(z)| < 1,z € U, (which means w € B) such
that f(z) = g(w(2)),z € U.

Let D C C and f,g € H(D) holomorphic functions. We denote by

f(D) ={f(2)|0 < Fypyf(2) < 1,2 € D} = supp(f(D), Fyp))
and

9(D) ={9(2)|0 < Fypyg(z) < 1,z € D} = supp(9(D), Fy(p))-

Definition 1.3 (|5]). Let D C C, zp € D be a fixed point, and let the
functions f,g € H(D). The function f is said to be fuzzy subordinate to g
and write
f<rFgor f(z) <rFg(z),if

L. f(20) = g(20),

2. Frpyf(2) < Fypyg(2),z € D.
Proposition 1.3 (|5]). Let Let D C C, 2y € D be a fized point, and let the
functions f,g € H(D). If f(z) < rg(2),z € D, then

1. f(20) = g(20),

2. f(D) C g(D), where f(D) = supp(f(D), Fypy), 9(D) = supp(g(D), F,
The equality occurs if and only if Fp)f(2) = Fyp)g(z). Denoted by

S*:{feA:ReZJJf(S) >0,z U}

the class of normalized starlike functions in U,

K={feA: R +1>0,2€U}

the class of normalized convex functions in U and by

C:{feAzﬂcpeK,Ref(z)>0,zeU}

¢'(2)
the class of normalized close-to-convex functjons in U [5].

Let J(a, f;2) = (1 — a)z}cgg) + ol + Z]{,(S)),z € U, for a real number
and f € A, [2].

Let Q = supp(Q, Fo) ={z € C: 0 < Fq(z) <1},
A = supp(A,Fa) = {z € C: 0 < Fa(z) < 1},p(U) = supp(p(U), Fpw))
— {/():0 < Fpn(f(2)) < 1},2 € U} and
1/}(@3 xU) = supp(v,/;((CS X U)sz,b((C3><U))
[:] {(p(2), 2p™p" (2);2) : 0 < Fycoxen(W(p(2), 2p™p" (2),2)) < 1,2 € U}
4].
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Definition 1.4 ([4]). Let ¢ : C3xU — C and let h be univalent in U. If p is
analytic in U and satisfies the (second-order) fuzzy differential subordination

Fw(@xU)(@/)(P(Z)aZP’(Z)azzp”(Z);Z) < Franh(z) (1)
ie. (p(z),2p'(2),2%p" (2);2) <p h(z), z € U, then p is called a fuzzy
solution of the fuzzy differential subordination. The univalent function ¢
is called a fuzzy dominant of the fuzzy solutions of the fuzzy differential
subordination, or more simple a fuzzy dominant, if p(z) <g g(z),z € U, for
all p satisfying (1). A fuzzy dominant ¢ that satisfies (z) < q(2),z € U,
for all fuzzy dominant g of (1) is said to be the fuzzy best dominant of (1).

Theorem 1.1 ([5]). Let h be analytic in U, let ¢ be analytic in domain D
containing h(U) and suppose

a) Reg[h(z)] >0,z € U and

b) h(z) is convex.

If p is analytic in U , with p(0) = h(0),p(U) C D and
Y(C?2xU) — C,9y(p(z ) P (2)) = p(z)+2zp (z) op(2)] is analytic in U, then
Fyc2xuny¥(p(2), 20'(2)) < Fpanh(2),
implies
Fyanp(2) < Fpayh(z),z € U,
where
$(C? x U) = supp(C? x U, Fy(c2 ¥ (p(2), 20/ (2))

={2€C:0 < Fy2xv)¥(p(2), 2p'(2)) < 1},

h(U) = supp(U, Fryh(2)) = {z € C: 0 < Fnh(z) < 1}.
Theorem 1.2 (|5]). Let h be convex in U and let P : U — C, with ReP(z) >
0. If p is analytic in U and 1) : C2 x U — C,
U(p(2), 20/ (2)) = p(z) + P(2)2p'(2)
1s analytic in U, then
Fyc2xuy[p(2) + P(2)2p'(2)] < Frayh(z),
implies
Fp(U)P(Z) < Fh(U)h(Z),Z eU.
Theorem 1.3 ([5]). (Hallenbeck and Ruscheweyh) Let h be a convex func-
tion with h(0) = a, and let v € C* be a complex number with Rey > 0. Ifp €
H[a,n] with p(0) = a and ¢ : C2 x U — C,¥(p(2) +2p'(2)) = p(z) + %zp’(z)
s analytic in U, then
Fyc2xnlp(z) + %ZP'(Z)] < Franh(2),
implies

Fyuyp(z) < Fyanya(z) < Fryanh(z),z € U,
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where

J_
a() = 2 ()t dt.
The function q is convex and is the fuzzy best (a,n)-dominant.

2. MAIN RESULTS

Proposition 2.1. Let g be univalent in U and let 0 and ¢ be analytic in
a domain D containing q(U), with ¢p(w) # 0, when w € q(U). Set Q(z) =
2q'(2).¢[q(2)] and h(z) = 0q(2)] + Q(z) and suppose that either

(i) Q is starlike, or

(ii) h is conver.
In addition, assume that

fii) Re(Z22) = Re( gl + 228y >0
If p is analytic in U, with p(0) = ¢(0),p(U ) CDandv:C2xU — C,

P(p(2),20'(2)) = p(2) + 2 (2)-¢
+

p(2)) is analytic in U, then
Fyczxuvy[p(2) !

2)
21/ (2)-60(2)] < Fuunh(2),
implies
Fyanp(z) < Fyana(z),z € U, e
p(2) <r q(2), and q is the best dominant, where
¢((C2 X U) = supp((C2 x U, Fw(@QXU)@Z)(p(Z),Zp/(Z)))

={2€C:0 < Fy2xtn)¥(p(2), 20'(2)) < 1}, and
h(U) = supp(U, Fh(U)h(z)) ={zeC:0< Fh(U)h(z) <1}.

Proof. The proof of Proposition is similar to Theorem 1.1[5]. O

Proposition 2.2. Let g € H[p,p| be univalent, q(z) # 0 and satisfies the
following conditions.

(i) Z;]ES) is starlike,

(i1) Re(@ +1+ %S) — ZgéS)) > 0 for all a # 0 and for all z € U.
For p € Hp,p] with p(z) # 0 in U and

¥ :C* x U = C,¢p(2), 2p'(2)) = p(2) + a%

p

s analytic in U, then

Fycoxunlp(z) + 022 < Fycapnla(z) + o248 = Fynh(2),

implies

Fyanp(z) < Fyang(z) ie. p(z) <wq(2),z €U,
and q is the best dominant.

Proof. Define the function 6 and ¢ by 6(w) = w, p(w) = &, D = {w : w # 0}
in Proposition 2.1. Then the functions

Q(2) = 2¢(2)9lg(2)] = a4,
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h(z) = 0lg(2)] + Q(2) = q(2) + ML)
Since ZZES) is starlike, we obtain that @ is starlike in U and Re(zg((;;)) >0
for all z € U. It follows Proposition 2.1 and

Fycoxulp(z) + o] < Fyh(2),

Fyanp(z) < Fyanq(z) ie p(z) <rq(2),z €U,
and ¢ is the best dominant. O

Proposition 2.3. Let ¢ € Hp,p| be univalent, q(z) # 0 and satisties the
conditions:

(i) 2 ('j) is starlike,

(ii) Re(£ (2) 414 7 (S) — Zq(i))) >0
fora#0 andfor all z € U. For f € A, with

J(o, f;2) = (1- )& v+ 258 s ev
and ) : C?> x U — C,
¥(q(2), 2¢'(2)) = q(z) + aZLE then

F¢(<c2xU)(ZJ{(g)) Fymya(z)
and q is the best dominant.

Proof. Let us put p(z) = Zf(i)),z € U, where p(0)=0.
Then we obtain that

p(z) + a8 = J(a, f;2).
Using Proposition 2.1, we have

Fyuyp(z) < Fyung(z),z € U,
and ¢ is the best dominant. U

Proposition 2.4. Let ¢ € H[1,1] be univalent and satisfies the following
conditions:

(i) q(z) is convex,

(ii) Re[(: +p) + 23] > 0 pe N={1,2,3,.})
for a # 0 and for allz eU. Forpe H[1,1] in U and

Y :C?x U — C,
Y(p(2),20'(2)) = (1 — a+ ap)p(z) + azp'(2) is analytic in U, then
Fyczxnl(1 — o+ ap)(p(z) + azp/(2)] <
Fycexu)l(1 = a+ap)q(z) + azq'(2)] = Fywyh(z),
implies Fynp(2) < Fyuyq(2), and q is the best dominant.
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Proof. For a # 0 real number, we define the functions 6 and ¢ by
O(w) =(1—a+ap)w, p(w) =a, D = {w:w # 0} in Proposition 2.1.
Then we have
(i) Q(z) = 2¢/(2)¢lq(2)] =
(i) h(z) = Ola(2) + Q(2)] =

By the (i)and (ii), we obtained that @ is starlike in U and Re(zg((;))) > 0
for all z € U. Since it satisfies preconditions of Proposition 2.1, it follows

Proposition 2.1,

2q'(2),
(I —a+pp)q(z) + azq'(2).

Fyanp(z) < Fyanq(z),z € U,
and ¢ is the best dominant. U

Theorem 2.1. Let g € H|[1,1] be univalent and satisfies the following con-
ditions:
(i) q(z) is convex,

(it) Rel(3 + p) + 551 > 0 (0 eN={1,2,3,.})
for a £ 0 and for allz eU. For f € A, with
J(a, fi2)=(1- a)zjfzg) +o(l+ Z}c,(g)),z eU
and if ¥ : C> x U — C,
¥(q(2), 24/ (2)) = (

Fye2xv(
and q is the best dominant.

a+ ap)q(z) + pzq (z), then

())<F( ya(2),2 €U

Proof. Let us put p(z) = 1) where p(0) = 1. Then we have

zP
(1 —a+ap)p(z) + azp/ (z) = Jp(a, f;2).
From the Proposition 2.4, we have
Fyuyp(z) < Fyung(z),z € U
and ¢ is the best dominant. O

Corollary 2.1. Let q € H[1,1] be univalent and satisfies the following con-
ditions:
(i) q(2) is convex,

(ii) Re[(3 + 1)+ 255 >0 (pe N ={1,2,3,..})

for ae# 0 and for all z € U. For p € H[1,1] in U,

ifp: C?xU —C
¥(p(2), 2p'(2)) = p(2) + azp'(2),
then Fyc2xu)p(2) < Fyuya(2), 2 € U, and q is the best dominant.
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Corollary 2.2. Let g € HI[1,1] be univalent, q(z) is convex for all z € U.
Forp e H[1,1] in U if
P :C*x U — C, ¢(p(2), 20/ (2)) = p(2) + 29/ (2), then
Fy2xnp(2) < Fyeexry(2),z € U,
and q is the best dominant.

Corollary 2.3. Let g € H[1,1] be univalent, q(z) is convex for all z € U.
For pe H[1,1] in U if
¥ :C?*x U = C, ¢(p(z), 20/ (2)) = pp(2) + 20/ (2), (p € N ={1,2,3,..}),
then
Fy2xnp(2) < Fyeexvy(2),z € U,
and q is the best dominant.
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