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A STUDY ON SOME CONFORMABLE FRACTIONAL IMPLICIT
HYBRID DIFFERENTIAL EQUATIONS WITH DELAY

ABDELKRIM SALIM? SALIM KRIM?*? JAMAL EDDINE LAZREG!,
AND MOUFFAK BENCHOHRA'!

ABSTRACT. This paper deals with some existence results for a class of conformable
implicit fractional differential Hybrid equations with delay. The results are based
on some suitable fixed point theorems. In the last section, we provide different
examples to illustrate our obtained results.

1. INTRODUCTION

Fractional calculus is a generalization of ordinary differentiation and integration to
arbitrary order (non-integer). Its versatility has made it a crucial tool in the field.
In the previous decades more and more researchers have paid their attentions to
fractional calculus, since they found that the fractional order integrals and derivatives
were more suitable for the description of the phenomena in the real world, such as
viscoelastic systems, dielectric polarization, electromagnetic waves, heat conduction,
robotics, biological systems, finance and so on. For some details and recent publication
on the subject, see the monographs [1,5-8,21,32,34-36] and the papers [2-4]. The
study of implicit differential equations has received great attention in the last years;
see [1,13,26-28].

As models of equations, functional differential equations with delay are commonly
used. Several authors studied differential equations with delay [14,15,17,19]. For
more details, see the papers which are concerned with finite delay [29,30], infinite
delay [1,10, 14, 18], and state-dependent delay [1,17].
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The fractional derivative of an unknown function hybrid with nonlinearity is used
in hybrid differential equations. This class of equations derives from several fields
of practical mathematics and physics, such as the deflection of a curved beam with
a constant or variable cross-section, a three-layer beam, electromagnetic waves, or
gravity-driven flows, and so forth. For more details on the subject, we recommend
readers to the publications [13,25,27,31].

The authors of [33] studied the nonlinear fractional differential hybrid system with
periodic boundary conditions, given by:

{ DY (v(9)g1 (9, v(1))) = g2(9,0(¥)), 0 € [a,b],
v(a) = v(b),

where ¥ € [a,b], “D% is the U-Caputo fractional derivative, g; : [a,b] x R — R\ {0}
and gs : [a,b] X R — R are continuous. Their arguments are based on Dhage’s fixed
point theorem.

In [20], Khalil et al. provided a unique concept of fractional derivative, which is
a natural extension of the traditional first derivative. The conformable fractional
derivative is natural, and it contains most of the features of the classical integral
derivative, such as product rule, quotient rule, linearity, chain rule, and power rule, and
it is very useful for modelling different physical problems. Indeed, several publications
have been produced since that time, and various equations have been solved using
that notion [9,12,24].

In [22], the authors considered the following conformable impulsive problem:

T(Q) = f(Gae Ta(), C€Q, y=0,1,....5
Ax|C:C.7 :T](x(;)7 ]: 172a"'767
2(Q) = p(Q), ¢ € (=00, 4],

where 0 < e = (o < (1 < -+ < (g < (g1 = 2 < 00, ‘J'Zx(C) is the conformable
fractional derivative of order 0 < v < 1, f: Q2 x Q@ x R — R is a given continuous
function, Q := [s, |, Qo 1= [0, (1], Q, = ((, G, 7=1,2,..., 5, p: (=00, = R
and T, : Q — R are given continuous functions, and Q is called a phase space.

In this paper, first we investigate the following class of conformable fractional
differential Hybrid equation with finite delay:

(1.1) Te(@O)z@) = [ (t,2, T2 (2()2(1)), t €O =0,

(1.2) z(t) =((t), te(e—k,el,

where Tex(t) is the conformable fractional derivative starting from the initial time
e of the function f of order ¢ € (0,1), f : © x C([e — k,¢],R) x R is a continuous

function, ¢ € C((e — &, 5], R), ® € C(O,R\{0}), ¢ < f < +o0 and k > 0 is the time
delay. For any t € ©, we give x; by

(V) = x(t +9), ford € [e— kel
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Next, we consider the following infinite delay problem:

(1.3) T2 (@()z(t) = f(t, 2, T2 (B(H)(2))), t €O,

(1.4) xz(t) =¢(t), te (—o0,el,

where f: OxGxR - R, & € C(O,R\{0}), ¢ : (—00,¢] = R, e < 8 < +00 are given
continuous functions, and G is called a phase space that will be determined later.

For any t € ©, we define 2, € § by z,(9) = z(t + ¥) for ¥ € (—o0,]. In the next
segment, we look into the following state-dependent finite delay problem:

(1.5) T(R®)x(t) = f (£, Tp00), T2 (D(B)2(1))), tEO,
(1.6) z(t) =((t), te(e—r,el,
where f € C((e,5],R), ® € C(O,R\{0}), ¢ € C((¢ — k,5],R), e < B < +o0 are

given continuous functions.
Finally, we study the following problem with state dependent infinite delay:

(1.7) T2 (@(0)2(1)) = £ (25000, T2 (B(D)2(1)) . tEO,
(1.8) z(t) =((t), te(—o0,¢l,
where f : © x G xR = R, & € C(0,R\{0}), (: (—o0,e] > R, ¢ < § < 400 are

given continuous functions.

2. PRELIMINARIES
Let C'(©) be the Banach space of all real continuous functions on © with the norm
[2]loc = sup |2(2)].
t€®
Let € := C([e — K, 5]) be a Banach space with the norm

[zllc == sup |z(t)].
tele—r,B]

By L'(©) we denote the Banach space of measurable functions = : © — R which are
Lebesgue integrable, equipped with the norm

B
Izl = [l

Definition 2.1 (The conformable fractional derivative [9]). Let f : [0, +00) — R be
a given function, the conformable fractional derivative of f of order ¢ is defined by

)t L0 1)

a—0 o

for t > 0 and ¢ € (0,1]. If f is ¢-differentiable in some (0,¢), € > 0, and tlir& T(f)(¢)
—
exists, then define T°(f)(0) = tlir(])%r T(f)(t). If the conformable fractional derivative
—

of f of order ¢ exists, then we simply say that f is ¢-differentiable. It is easy to see
that if f is differentiable, then T¢(f)(t) = t' < f'(¢).
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Definition 2.2 (The conformable fractional integral [9]). The conformable fractional
integral starting from ¢ of the function f : [¢, +00) — R of order ¢ € (0, 1] is defined
as

() = [0 2= ()

3

Lemma 2.1 ([9]). Let< € (0,1] and f : [e,+00) — R be a continuous function. Then,
forallt > ¢,

TLLf(t) = f(2).
Further, if f is differentiable on (g, +00), then, for allt > ¢,

LZTf() = f(t) = f(e).

By following the same approach as in the paper [9], we may obtain the following
result.

Lemma 2.2 ([9]). A function z is a solution of problem (1.1)~(1.2), if and only if x
satisfies the following integral equation

1

(1)  a(t) = w{q’@“e” [@=eyfwas], telep)

¢(t), t € e — kel
where f € C(©), with f(t) = f(t, z, f(t))

For our purpose we will need the following fixed point theorems.

3. EXISTENCE OF SOLUTIONS WITH FINITE DELAY

In this section, we are concerned with the existence results of the problem (1.1)—
(1.2).

Let us introduce the following hypothesis.

(H1) There exist constants wy, M > 0, 0 < wy < 1 such that:

|f(t>l‘17 %1) - f(t7x27%2)| < w1||961 - x2”[5—n,e] + W2|%1 — By,
and
[®(1)] = M,

for any x1,25 € C, $1,82 € R, and each ¢ € ©.

Remark 3.1. We note that by taking: w; = wy, ws = ws and ws = f*, where

f*= sup f(t,0,0), hypothesis (H;) implies that
tele,B]

[f(t,2,9)| < @[]l e—ne + 2| + s

Now, we will give our first existence and uniqueness result that is based on Banach’s
fixed point theorem.
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Theorem 3.1. Assume that hypothesis (Hy) holds. If

(B —e)w
M (1 — wo)

then the problem (1.1)—(1.2) has a unique solution on [e — Kk, [3].
Proof. Consider the operator H : C(0©) — C(0) such that,
1 ¢ 17
62) ()0 = { o [ece) + [(0- 9 o] el
C(t)a te [5_'%75]7

where f € C(0), with f(t) = f(t,z, f(t)).
Let 2,3 € C(O). Then, for each t € [e — K, £, we get

|(Hz)(t) — (HI)(¢)| =0,
and for each t € ©, we obtain
(32)(8) — (G)D] < g | [0 =1 1Fw) ~ 1(0)1a]
where f,T € C(0) such that
F(t) = f(ta, f(1)) and Y() = f(t, 30 T(2)).
From (H;), we have
F(t) = Y(O) = £t 20, F(£) — £, S0, Y(2))]
t) =Tt
) —

t

(3.1) 0= <1,

<w1||xt_\5t||[€ K,€] +CU2| (
<W1||xt_\$t||[6 K,€] +(,<J2| (

Thus,

~ w1
Hf - THOO S 1—
Then, for each t € O, we get

-z = 9l

oS (B —¢)w ok oS
|[(Hz)(t) — (HI) (@) < mﬂw = Slle <z = Sle-

Hence, we get

[H(z) = H(S) e < ]z = Sc-
Consequently, by Banach’s fixed point theorem, the operator H has a unique fixed
point, which is the unique solution of our problem (1.1)-(1.2) on [¢ — &, ]. O

Theorem 3.2. If (H;) holds, and

(B—e)w
Mq(1 — )

then problem (1.1)—(1.2) has at least one solution on [ — K, [3].

<1,
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Proof. Consider H : C(©) — C(©) defined in (3.2). Let § > 0 such that

[2(e)¢(E)] 4 (B—e)'w
M + M((lfw;)
1

(B—€)Sm
Ms(1—wo2)

(3.3) § > max {HCHC([E—HW

Define the ball Q5 = {£ € C(O) : ||£]|c < d}.
Step 1. X is continuous.
Let {x,}, be a sequence such that z,, — x on Q. For each t € [¢ — &, ¢], we have
|(Han)(1) — (Ha)(8)] = 0,

and for each t € ©, we have

~

X 1 ! =11 F
34) 100 = OO < g | @7 10) T
where f,, f € C(©) such that
Fult) = £t 2, fult) and f(0) = f(t,ar, F(2).

Since
|z, — z||c = 0, asn— +oo,
and f, f and fn are continuous, then by Lebesgue dominated convergence theorem,
we deduce that
|H (x,) — H(z)||c = 0 as n — +o0.

Hence, JH is continuous.

Step 2. H(Qs) C Q5.

Let z € Q5. If t € [e — K, €], then |(Hx)(t)| < ||¢|le¢ < 0. From Remark 3.1, for each
t € O, we have

|f@)] < [f(t e, f(1)] < @illo|lje—r,p + 2| f(E)] 4 3
< @i ||7]lc + @ flloo + @3 < @10 + 2| floo + .

Then, 5
Il < 22
Thus,
1 t 17
06)(0)] < 57 [2ECE) + [0 =27 Fwav)
1

(B —e) (0w + w3)]
¢(1 — )

Hence, ||H(z)||c < 0. Consequently, H(s) C Q5.
Step 3. H(2s) is equicontinuous.
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For e <t; <ty <, and = € ()5, we get

()t - ) 2)] < | [0 = 3 F a0~ [0 - 9 Feojas
6w1 + w3 < <
< m’%—@ —(ti—¢)|.

As ty — t1 then |H(x)(t1) — H(z)(t2)| — 0. We deduce that H(Qs) is equicontinuous.

Consequently, Arzela-Ascoli theorem implies that H is continuous and compact.
Thus, by Schauder’s fixed point theorem [37], we deduce that 3 has at least a fixed
point which is a solution of (1.1)—(1.2). O

4. EXISTENCE OF SOLUTIONS WITH INFINITE DELAY

In this section, we are concerned with the existence results of (1.3)—(1.4). Let the
space (G, || - ||g) is a seminormed linear space of functions mapping (—oo, ¢] into R,
and verifying the following axioms which were derived from Hale and Kato’s originals
[14].

(Azq) If  : (=00, ] — R, and zy € G, then there exist constants &;,&s, & > 0,
such that for each t € ©; we have:

(i) x; is in G;

(@) [lzills < &ullzalls + 2 supyere g [2(D)];

(#i1) [lz(@)] < &llils-

(Azy) For the function z(-) in (Azy), y; is a G-valued continuous function on ©.

(Az3) The space G is complete.

Consider the space 2 = {z : (=00, 5] = R, #|(_aog € G, z|o € C(le — K, B],R)}.

Definition 4.1. By a solution of problem (1.3)—(1.4), we mean a function z € {2 such

that
1

=1 a0 ()0 + (=) f@)ad], te e8]
¢(t), t € (—o0,¢],
where f € C(0), with f(¢) = f(¢,z, f(1)).

The following hypothesis will be used in the sequel.
(H3) The functions f and & verify:

|f(t>$1,%1) - f(t7$27%2>’ < b1||SU1 - 962”9 + b2’%1 — T2

and
[(t)] > M,
for any x1,371 € G, 29,35 € R, and each t € ©, where by, M > 0 and 0 < by < 1.

Remark 4.1. We note that by taking: By = by, By = by and B3z = f*, where f* =
sup f(¢,0,0), hypothesis (Hs) implies that
t€le,f]

[f(t,2,3) < Billzllg + Baf 3| + Bs,
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forany z € §, § € R, and each t € O.
Theorem 4.1. Assume that the hypothesis (Hy) holds. If

_ (B=e)rh
' M§(1 — b2)
then the problem (1.3)—(1.4) has a unique solution on (—oo, f3].

(4.1) <1,

Proof. Consider the operator Ny : €2 — () such that,

(N1z)(1) { @125) [<1><6><(6>+ / W= )|, te e, Bl
C(t)’ te (—OO, 8],

where f € C(0), with f(t) = f(t,x, f(t)).
Let 11 : (—o0, 8] — R be a function given by

C(f)? S (_0075]>
s (t) = g [2EXE), teo

For each sz, € C(©), with »(0) = 0, we denote by 77 the function defined by

|} 0, t € (—o0,g],
27 m(t), teo.

If x(+) satisfies the integral equation

#(t) = qjt) (e)c(e) + [0 - ey Fwyas]

we can decompose z(-) as z(t) = 35(t) + . (¢), for t € ©, which implies that z; =
75, + 1, for every t € ©, and the function s(-) satisfies

() = @@) [0 - Fya],

Where f(t) = f(t772t + A1ty f(t>>a le @ Set
Cy= {%2 S C(@) DAy = O},
and let || - ||z be the norm in Cy defined by

|52l = [|5%2:|lg + sup |s6(t)| = sup |s6(t)|, 20 € Cy,
tcO tcO®

where Cj is a Banach space with norm || - [|7. Define the operator X : Cy — Cy by

(4.2) (Is0) (1) = q)it) { / "9 — ey w)dﬁ} ,

where f(t) = f(t,78; + s, f(t)), t € O. We shall show that X : Cp — Cj is a

contraction map. Let sz, 365" € Cy, then we have for each t € ©

/ 1 t s—1|F
(48)  IKGa)) = KOOI < gy [0 =) = T@)lao].
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where f,T € C(0) such that
F(t) = f(t, 57, + s, [(1)) and Y(t) = f(t, 30, + 0, V(1))
Since, for each t € O, we have
7o)~ 100 < <

Then, for each t € O, we get

b
— b2

132 — 522/4|s-

(B—¢e)b

Mg(l — bg)
= A7 — 5/ 5.

Thus, we get [|K(50)(t) — K(3')(t)||r < A3 — 5||s. Hence, from the Banach

contraction principle, X admit a unique fixed point which is the unique solution of
(1.3)—(1.4). O

Now, we demonstrate an existence result for problem (1.3)—(1.4) by using Scheafer’s
fixed point theorem [16].

(B—¢e)b

K (se0)(t) — K(52) ()] < M~ by

132 — 2024l < 132 — 5|5

Theorem 4.2. Suppose that (Hy) holds. Then, (1.3)~(1.4) admit at least one solution

on (—oo, .

Proof. Let X : Cy — Cp defined as in (4.2), For each given 6 > 0, we define the ball
Qd = {%1 € OO . ||%1||/3 S 5}

Step 1. X is continuous.
Let 3¢5, be a sequence where 3¢5, — 25 in Cy. For each t € ©, we have

(44 18m,) 0 — (K)0)] < o [ [0 = IR0 - F)a).
where f,, f € C(©) such that

fn<t> = f(t772nt + 1y, ﬁ(t)) and fA(t) = f<t772t + 1, f<t>>
Since ||s¢2,, — 52||pg — 0, as n — oo and f, f and f, are continuous, then

| K(x,) — K(x)||[g = 0, asn— +oo.

Hence, X is continuous.
Step 2. K(Qs) is bounded.
Let sz € Qs, for t € ©, we have
< Bill72: + sl + Bl ()| + Bs
< Bi[I7adls + 5lls] + Ball flloo + Bs

< Bi&6 + Bi&i||¢lls + Bal| flleo + Bs.
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Then,

n B0 + Bi&i|l¢lls + Bs

[ flloo < — :
1— By

Thus,

1 7 L

02) 1)) < gy L @ =271 F0)1a

(8 =€) (Bi&20 + Bi&i||#lls + Bs)
M§(1 — BQ)

Hence, || K ()| s < £. Consequently, K maps bounded sets into bounded sets in Cj.

Step 3. K(£s) is equicontinuous.
For e <t; <ty <, and s, € ()5, we have

= 0.

IN

1 t1 17 to 17
() (t) = (@) t2)| < | [0 <) Fohai — [0 = )7 Foyan

3152(5 + BlleWHS + Bs
< to —e)* — (t; — €)°|.
M§(1 —Bz) |( 2 5) ( ! 6) |

As ty — t1 we have that |H(z)(t1) — H(z)(t2)| — 0. We deduce that K maps bounded
sets into equicontinuous sets in Cy. Thus, K : Cy — Cj is completely continuous.
Step 4. The priori bounds.
We prove that the set
E={reCy:3¥=AK(z), for some X € (0,1)}

is bounded. Let 55, u € Cj such that s = AK(5¢), for some A € (0,1). Then, for
each t € ©, we have

salt) = MK (1) = qut) [0 = Foya].

By Remark 4.1, we have

~ ~

|F@O] < Vf(t, 52 + 210, £(1))]
< Bil[7 + syl + B2|J?(t)| + Bs
< Bi[I5@lls + lI541¢lls] + Bl flloo + Bs
< Bi&|lsallr + Biéallells + Bl flleo + Bs.

This gives
1F s < B1fz||%2||T1+_B§1HSD||9 + Bs —n
2
Thus, for each t € ©, we obtain
1 ! 17 n(B—e)
t <[/ 9 — &) f(9)|dy| < BE—1 =,

Hence, |[s22||3 < n'. This shows that the set € is bounded. Thus, by Scheafer’s fixed
point theorem [16], K has a fixed point which is a solution of problem (1.3)-(1.4). O
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5. EXISTENCE RESULTS WITH STATE-DEPENDENT DELAY

5.1. The Finite Delay Case. We now consider the problem (1.5)-(1.6).

Definition 5.1. By a solution of problem (1.5)-(1.6), we mean a function z €
C(le — K, B],R) such that

- { 515 (206 + [0 =) Fo)aa] . vele.s)
¢(t), t € le— kel

where f € C(©), with f(t) = J(t T2 F).

For the next result we will make use of the following hypothesis.
(H3) The functions f and & verify:

|f(t 21, 30) = f(t, 22, [2)| < wsl|wr — @a|eminqg + wa|S1 — o

and
[®(t)] > M,

for any 1,3y € C([e — k,€],R), 22,39 € R, and each t € ©, where w3, M > 0 and
0<wy <1.

Remark 5.1. We note that by taking:
A1 = Ws, AQ = W4 and A3 = f*,

where f* = sup f(¢,0,0). Then, hypothesis (H3) implies that
t€le,f]

|f(t 2, )| < Aif|afle—rg + A2S] + As,
for any z € C([e — k,¢],R), v € G, and each t € ©.
As in Theorems 3.1 and 3.2, we have the following results.
Theorem 5.1. Assume that the hypothesis (Hs) holds. If

_ S
(8 —¢e)ws <1,
Mc(1 — wy)
then problem (1.5)—(1.6) has a unique solution on [e — K, 3].
Theorem 5.2. Suppose that (Hs) holds. If

(B—e)A

<1,

then problem (1.5)—(1.6) has at least one solution on [¢ — K, f].
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5.2. The Infinite Delay Case. In this part, we present the results concerning the
last problem (1.7)—(1.8).

Definition 5.2. By a solution of (1.7)-(1.8), we mean a function x € Q such that

1 ! s—17
o)~ { ot [p0@ + [0 a7 7], re
(1), t € (—o0,¢l,
where f € C(8), with f(t) = f(t, 2.z, (1)),

Set ¢’ := 0/ = {p(t,r) :t € ©, x € G p(t,xr) < 0}. We suppose that p: © x§ — R
is continuous and ¢t — z; is continuous from ¢ into G.
(H,) There exists a continuous bounded function @ : 4/~ — (0, +-00) where

Inells < @(®)lInllg, for any t € §".
Lemma 5.1. If x € €, then

|zells = (& +a@)lnlls +& sup (7],
7€[0,max{0,t}]

where w' = sup,cy w(t).

The following hypothesis will be used in the sequel.
(H,) The functions f and ® verify:

|f(t, 21, 81) — f(t, 22, D2)] < bsl|zy — 22| + 041 — 3o

and |®(t)] > M, for any 21,31 € G, 22,39 € R, and each ¢t € O, where b3, M > 0 and
0< b4 < 1.

Remark 5.2. We note that by taking: By, = b3, Bs = by and Bg = f*, where f* =

sup f(¢,0,0). Then, hypothesis (H4) implies that
t€le,f]

[f (&, 2, 3)| < Ballzlls + Bs|S] + Bs,
forany r € G, S € R, and t € O.
As in Theorems 4.1 and 4.2, we have the following results.
Theorem 5.3. Suppose that (Hy) holds. If

(B —¢)bs
Mg(l — b4)

then the problem (1.7)—~(1.8) has a unique solution on (—oo, [].

<1,

Theorem 5.4. Suppose that (H¢) and (Hy) hold. Then, (1.7)-(1.8) admit at least
one solution on (—oo, f3].
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6. EXAMPLES

We give now some examples that illustrate our obtained results throughout the
paper.

FEzxample 6.1. Consider the following problem
1 1

1260 (1) —
(6.1) (To)(1) 90 (1 + ||x¢||) + 30 (1 + |(Té/2q)x)(t)|>’ t €[0,1],
2(t) =1+t te[-1,0].
Set 1 1
T658) = 5o T 300+ 1))
and
o(t) = ? (t2 + 3] sin(t)] + 1) ,

where t € [0,1], z € €, & € R. Thus, f is continuous. For z,7 € €, 2,7 € R, and
t € [0, 1], we have

o~ 1 ~ 1 ~

30
Hence, hypothesis (H;) is satisfied with wy = %, M = % and wy = %. Next, the
condition (3.1) is verified with 5 =1 and ¢ = 3. Indeed,
1
(B —¢e)w - 30

= ~ 0.0487659849094171 < 1.
_ V2
M=)~ R )
Some calculations indicate that all of the requirements of Theorem 3.1 are verified.

Thus, the problem (6.1) has a unique solution defined on [—1, 1].

FExample 6.2. Consider now the following problem

g, B ze
(To""®z)(t) 180 (ef — e—t)((tl) + |Lf§||)
(62) wit)e 5 13 O’ 1 ’
Jr60 (et — ™) (1 + |(7c1)/2q)x)(t)|> -
)=+ 1, et

where ® is the function defined in the first example. Let v be a positive real constant
and

(6.3) B, = {a: € C((—o0,1],R,) : lim e z(7) exists in R} .

T——00

The norm of B, is given by

z]ly = sup €"|z(7)].
TE(—00,1]
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Let x : (—o00,0] — R be such that 2y € B,. Then

lim e xy(7) = lim " a(t+7—1)= lim "+ Dy(r)
T——00 T——00 T——00
= (-t lim "Dz (1) < +o0.

Hence, z; € B,,. Finally, we prove that
[ zelly < &llzally + & sup [z(d)],
¥€]0,t]

where §; = & =1 and & = 1. We have ||z¢(7)|| = |z(t +7)|. If t + 7 < 1, we get
lz(©l < sup |z(D)].

€(—00,0

For t + 7 > 0, then we have

[zl < sup [z(I)].
¥€(0,t]

Thus, for all t + 7 € O, we get
[z (O < sup |z(d)]| + sup [z(I)].

¥e€(—00,0] 9€[0,t]
Then,
[elly < flzolly + sup |z(J)].
9€[0,1]
It is clear that (B,,| - ||) is a Banach space. We can conclude that B, is a phase
space.
Set

et R ax

+ )
180 (¢! — e=) (1 + ||z]|5,)  60(e" =€) (1+[S])
where t € [0,1], z € B,, S €R.
For any z,7 € B,, 3,3 € R and t € [0, 1], we have

£(t2.9) = £(62.9)| < 35 =

Hence, hypothesis (Hy) is satisfied with b; = 180, M = ‘[ and by = =. All require-
ments of Theorem 4.2 are met. Then, the problem (6. 2) has at least one solution
defined on (—oo, 1].

flt,z,S) =

1

—allz = lls, + =[S §|-

FExample 6.3. We consider the following problem
(6.4)

(T2%0x)(t) = ! !

9001+ [o(t = o@O)) 30 (1+ (73 ®a) 1))
z(t) =1+ 12, t € [-1,0],

where ® is the function defined in the first example and o € C(R, [0, 1]). Set
p(t,0) =t — 7(C(0)),  (:0) € [0,¢] x C(I=1,0,R),
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1 1
) =00+ et — o)) 3001+ SN

Obviously, f is jointly continuous. For any z,7 € C, S, SeRandte [0, 1], we have

[tz S

tel0,1, ze€C S eR.

~ 1 1 -
Hence, hypothesis (H3) is satisfied with ws = 9—10, M = % and wy = %. All require-
ments of Theorem 5.1 are verified. Thus, the problem (6.4) has a unique solution

defined on [—1,1].

FExample 6.4. Consider now the problem
z(t — Nz (t)))e 7t

1/2 _
(To™P2)(t) = 180 (et — e‘t)((l) + |t — a(z(1))])
(6.5) cli)e T . te0?],
e ()
x(t) =t, re ot

where @ is the function defined in the first example.
Let v > 0 and B, be given in Example 2.
Let p(t,¢) =t — X(¢(0)), (t,¢) €[0,2] x B,, and set

ettt eVttt
= -+ ,
180 (¢* — e) (1+ [|z]|5,) ~ 60(e" —e™) (1 +[S])

where t € [0,2], z € B,, S €R.
We can demonstrate that all conditions of Theorem 4.2 are verified. Then, the
problem (6.5) has at least one solution defined on (—o0, 2.

ft,2,9)
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