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COUPLED NONLOCAL BOUNDARY VALUE PROBLEMS FOR
FRACTIONAL INTEGRO-DIFFERENTIAL LANGEVIN SYSTEM
VIA VARIABLE COEFFICIENT

LAHCEN IBNELAZYZ!, KAMAL AIT TOUCHENT?, AND KARIM GUIDA3

ABSTRACT. In this paper, we aim to study a new coupled system of nonlinear
fractional integro-differential Langevin equations with coupled multipoint boundary
conditions. The existence and uniqueness of solution are investigated by using the
Banach’s and Krasnoselskii’s fixed point theorems. The Ulam-Hyers stability of the
mentioned equation is provided by applying the classical technique of functional
analysis. Two examples are presented to verify our analysis.

1. INTRODUCTION

Fractional calculus has attained considerable interest due to their various applica-
tions in many scientific fields and the ability to describe the phenomena that have
memory effects. In particular, fractional differential equations can be used to model
a number of problems in physics, chemistry, biology and economy. As a result, many
several authors have interested in it. For more details, one can go through in the
books [1-4] and and the papers [5-16].

Langevin equations (introduced by Langevin in 1908) are used to model the evo-
lution of physical phenomena in fluctuating environments (see [17]). Recently, the
generalisation of the Langevin equations (fractional Langevin equations) has been
considered by authors and researchers, for more details we give the following references
[18-25].
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On the other hand, coupled systems of fractional differential equations, including
coupled nonlocal boundary conditions have been one of the important subjects in the
field of fractional differential equations for their rich history, for more information see,
[26-30].

In the last years, Ulam-Hyers stability has become of great importance to many
researchers. It was introduced in 1940 by Ulam and then developed by Hyers. Many
authors generalized the results obtained by Hyers for integer order differential equa-
tions. The mentioned stability for fractional differential equations are very important
in many domains such as realistic problems, biology and economics. Recently, only a
few authors have investigated in their work this type of Ulam Stabilities for coupled
system of nonlinear fractional differential equations, see [31-35].

To our knowledge, coupled fractional integro-differential Langevin equations via
variable coefficient involving coupled multipoint boundary conditions have not been
extensively investigated yet. That’s why, in the present article, we investigate a
coupled system of fractional Langevin equations as follows:

(11) D (DY + My (1)x(t) = f(t,2(t),y(t), Py(t), t€[0,1],
' D% (°D2 + Xo(1))y(t) = g(t, (1), y(t), Yx(t)), t€[0,1],

subject to coupled multipoint boundary conditions

12 Sy =0, yb) =0, y(1) =3 saluy)

0<a; <b <51 <89< <8, <U <Up <o+ < Uy <1,

where 0 < ap < 1,1 < B, <2, for k = 1,2, 7,,6; € R* fori = 1,...,n, j =
1,2,...,m, ¢DP* ¢D% are the Caputo’s fractional derivatives, and f,g : [0,1] x
R xR — R, Aj,\ : [0,1] — R are a given continuous functions and Wx(t) =
Js(t, 8)y(s)ds, ®y(t) = [y (t, s)y(s)ds, where ¢,v : [0,1] x [0,1] — [0, +00), with
Xo = supyeqo | Jo @(t, s)ds| < +00, 8o = sup,cpo ] Jo ¥ (t, s)ds| < +o0.

This paper is arranged as follows: in the second section, we give some preliminaries
and notations that will be useful throughout the work. In the third section, we
establish the main results by using the fixed point theory. In the fourth section, we
investigated that Problem (1.1)—(1.2) is Ulam-Hyers stability. The last section, we
give some examples to illustrate the results.

2. PRELIMINARIES AND NOTATIONS

In this section, we introduce some notation, definitions and lemma that we use in
our proofs later.
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Definition 2.1 ([3]). The fractional integral of order o > 0 with the lower limit zero
for a function f can be defined as

1

1) = poos [ (0= (s

Definition 2.2 ([3]). The Caputo derivative of order o > 0 with the lower limit zero
for a function f can be defined as
1

IOty

wheren e N, 0<n—1<a<mn,t>0.

[ = syt sy,

Theorem 2.1 ([36]). Let M be a bounded, closed, convex and nonempty subset of a
Banach space X. Let A and B be operators such that:

(i) Az + By € M whenever x,y € M;
(ii) A is compact and continuous;
(iii) B is a contraction mapping.
Then there exists z € M such that z = Az + Bz.

Lemma 2.1 ([3]). Let o, 8 > 0, then the following relation hold:

o _ LTBHD) ars
et _F(oz—l—ﬁ—l—l)t )

Lemma 2.2 ([3]). Letn € Nandn—1 < a <n. If f is a continuous function, then
we have

I°°D*f(t) = f(t) + ap + art + ast® + -+ + ap,_1t" .
Lemma 2.3. Let z,y € C([0,1],R) and A # 0. Then the coupled system

cDA(EDM 4\ (8)z(t) = I (t), te[0,1],
‘DP(CD2 + Xo(1))y(t) = hao(t), t€[0,1],

subject to the boundary conditions (1.2), has a solution given by

A%—QM*M@ag@

awzmmiﬁﬁfa—@w%*m@my- v
01(1 — 5)M 7\ (s)x(s)ds ;% /OSi(Si — 5)" 7 ha(s)y(s)ds
e o) - o)

_'_zzl _J0

Zn:%' /OSi(Si — 5)2 2 hy(s)ds /1(1 — s) 1t (s)ds
I'(az + 52) ['(oq + 1) ]
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[ =0 xalopis)s 2‘5/ (= ) N (s)a(s)ds
HRO I'(as) - ['(ay)
_]'Z::l(sj /0“7' (uj — 5)a1+6171h1(5)d5 /01(1 _ S)a2+62_1h2(3)d3
" D1+ Br) N [(as + fB2) ]
_/Oal (a1 — S)alil)\l(s)x(s)ds /0‘11 (al _ S)a1+ﬂ171h1(8)d8
+ Bs(t) _ (o) N T(a; + A1)
| /Obl(bl — )% g (s)y(s)ds /0 bl(bl — 5)2tR 1, (5)ds
+ By (t) _ T(o) - T(as + ) ]
1 ! az+fB2—1 /ot(t - S)OQ_I)\Q(S)y(S>dS
M/O (t — s)2 P21y (s)ds — (o)
[ =9 xalopis)s 25/ (= )™ ha(s)a(s)ds
+ Ci(t) ['(az) - (o)
jé(sj /0“]' (u]' - 3)041+/3171h1 (S)ds /01(1 B S)a2+ﬁz—1h2(s)d8
+ [(ay + p1) B [(ag + 32) ]
[a= s n@ets 2 [ =9 Dalous)ds
e () - [aa)

i%’ /051'(& — 8)a2+62_1h2(8)d8 /1(1 _ s)al"'ﬁllhl(s)dsl

o [(ag + B2) - ['(an + 1)
[ s [ = ) (s
+Gl) I'(az) - I'(az + £2) ]

(o) [(ar + 1)

'/al(al —5) I\ (s)x(s)ds /al(al - 3)“1+611h1(s)ds]
+ Cy(t) | 22 — 20 :



COUPLED FRACTIONAL INTEGRO-DIFFERENTIAL LANGEVIN SYSTEM 361

where

Z’% bl _Sz

(1 - al) (1 - bl)
Ti=or—2 Ty= , Ti= o
YT 42 P (s + 2) YT Doy +2)
Z(Sju;” (a1 — Uj) T
T, ==t . A=T.T,— T3y, UJ—___ 4
1o T3 T,
V= >  R=—- % _ T=—__ 1
AF(Q + Oél) AF(Q + Ozg)’ AF(2 + O{g) ’

Bl(t> —Utal (a1 - t), Bg(t) == Vtal (a1 — t),

o
1+ (a1 — 1) (VZé ug! —U)

ar
aq =)

Bs(t) =

)

Qg

B(t) = 2@ (a2 — 1) (Ui%sgw - v),
=1

Cl (t) : ta2 (bl - t), Cg(t) - RtaQ (bl - t),

te2
C3<t> bozg 1+(b1_t (RZ’YZ az_T) )
=1
ta2 m
C4(t> al (bl — t) (TZ (SjU?q — R) .
j=1

Proof. Using Lemma 2.2, we obtain x(t) = [P hy (£)+ 1 agy+1 ay t—T N\ ()2 (t)+
asy, and y(t) = ]a2+52 hg (t)—f—IaQCLOQ—f—IOQCLth—IOQ )\Q(t)x(t)+a22, where aop1, a1, 21, o2,
aj2,as € R. According to the condition z(0) = 0, y(0) = 0, we get as = as = 0.
Using the facts that z(a;) = y(by) = 0, we obtain

(2.1) o1 i m + O1a11,
age = 12 + baaia,
where
T +1) /0 (a1 = 8) 7 A (s)z(s)ds - /0 (ay — 5)*A1h, (5)ds
?71 a?l F(O{l) F(Oél +/61> I
b1 by
T+ 1) /0 (b1 — )% Xa(s)y(s)ds - /0 (by — 5)*2 2" hy(s)ds
T2 b} F(QQ) F(a2 ‘|’52) )
—
b 2 + Oél7
6, — 1
T 2 + 042.
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By applying the conditions x(1) = i, viy(si), y(1) = XL, d;2(uy) and (2.1), we
have

(2.2) Tiai + Toar2 = Ay,
. Tsai + Taa12 = Ag,
where
A = — 1 /0 1(611 — 5)7 1\ (s)x(s)ds B /0 1(al — )l (s)ds
ay” I'(ar) [ + B1)
;%55 : / " by — 5% g(s)y(s)ds / " by — 8) Uy (5)ds
+ 1= 0 _J0
by ( ['(az) [(ag + B2) )
/1(1 — s I (s)a(s)ds 2 /(]Si<3i — 5)™ 7 o (s)y(s)ds
0 =l
- (o) I(a)
;%’ /081(81' — 5)°2tP2=1p,(s)ds /01(1 _ 8)0‘1+’81_1h1($)d3
" Moz + Ba) TR A R
b1
1 / (bl — 3)a2—1/\2(5)y(8)d8 1 by vt
fo=- ( 0 I'(cw) " T(az + 5) Jy oo 1h2(8)d8)

ai

iZ:;@”? (/Oal(al — 5)M 7\ (s)x(s)ds /0 (a; — s)m*ﬁllhl(s)ds)

[(aq) (a1 + f1)

/01(1 . s)“l_l)\g(s)y(s)ds Z (Sj /Ouj (uj — s)al_l/\1<8)l‘(8)d8

j=1
) Fe) i (o)
iéj /Ouj (u S)a1+51—1h1(8)d3 X 1
= - — az+PB2—1
e g L= aion

By solving the system (2.2), we get

1
A
1
12 = —
12 =%

(A1Ty = A9,

ail =

(A2T1 _ A1T3).
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Substituting the values of a1 and aqz in (2.1), we get

ol = 1 + QA (A1T4 - A2T2)
Qo2 = 12 + QA(A2T1 A1T3)-

Substituting the value of agi, ag2, a;1 and a1, we can deduce that

/t(t — )71\ (s)x(s)ds

=) = (oz11+ B1) /t(t =) (s)ds — C(ay)
0= e Z% s = 51 Na)y(s)ds
+Bilt) Tan) ()
21: /S. —s) O‘24—52_1]12(8)&5‘ /01(1 _ 8)0‘1+61_1h1(8)d8
- [(ag + B2) - ['(a1 + 1) ]
/01(1 — 5)*  Xa(s)y(s)ds 12::1 0 /Ouj (uj — ) A ()2 (s)ds
+ Ba(t) Ta) - T(an)
;53' /Ouj (u; — 5)a1+ﬁ1_1h1(3)d5 /1(1 _ 8)a2+6271h2(8)d5
" (o + /1) - ['(ao + 52) ]
Bt _/oal(al — )M A (s)z(s)ds /Oal(al — 5) Ry (s)ds
+ Balt) i ['(a) N ['(ay + 1) ]
b1 b1
b _/0 (b1 — 5)*2 " Xy (8)y(s)ds /0 (by — 5)*2 271, (s)ds
B() I [(ag) N ['(ao + f52) ]
and
t (= )22 g (s)y(s)ds

/1(1 — 5)%27 X\ (s)y(s)ds Zéj /ouj (uj — ) " Ni(s)z(s)ds
+Cy(t) | L0 =

INCD) B T(ay)

363
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jgléj /Ouj (uj - S)alJrﬁlilhl(S)dS /01(1 _ S)a2+ﬁ2_1h2(s)d8
' Flow + 51 T T &) ]
/0 - S)M*ul(s)x(s)ds Z% / si — 5)™ 7 ha(s)y(s)ds
He (o) (o)
Z%‘ /OSi(Sz‘ - S)a2+ﬁ2_1h2(8)d8 /1(1 _ S)a1+[31—1h1(8)d8
i=1 _Jo
" [(ag + 32) [(ay + 1) ]
i / " (b — 8 g (s)y(s)ds / " by = 8) Uy (5)ds
+ Cs(t) | =2 —
i I'(as) ['(az + o) ]
'/al(al —5) I\ (s)x(s)ds /al(al — ) tPlp (s)ds
+ Cy(t) | 2° — 20 .
I I'(ar) [(an + 1)
By direct computation, it can easily be verified the converse of the lemma. O

3. MAIN RESULTS

Let X be a Banach space of all continuous functions from [0, 1] — R endowed with
norm ||x|| = sup{|z(¢)| : t € [0,1]}. Then, the product space (X x X, ||(z;y)||) is also
a Banach space equipped with the norm ||(x;y)|| = ||z]| + ||y]|. In view of Lemma 2.3,
we define the operator U : X x X — X x X by U(z,y) = (Uy(z,y),Usz(z,y)). Here

Ul (CL’, y) (t)
|t =9 (s a(s). (o), @y())ds [ (= 5" I h(s)a(s)ds

—J0

Doy + 51) (o)
/0 1(1 =) h()r(s)ds Z% / si— )" Ao (s)y(s)ds
['(aq) ['(ay)

2 = 9 g, (). (), W)

+ By(t)

@2+52

1 ! a1+61—1
e b O f<s,x<5>,y(s>,@y(s>>dsl

+ Bs(t)

Yy(s
e 6/ 5 — )27 N (s)2(s)ds
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S [y = ) (s, (s) ). D))

+_ (a1 + Br)
=5 (s, a(s). y(s), Wa(s))ds (@ = 9 Au(s)a(s)ds
- (g + Bs) + Bs(t) T(ay)
1 “ a1+p1—1
T g b @9 (), (), Bys))ds | + Balt)
b1 b1
[ =9 asp()ds [ (b= 9 g s, (), (), W)
. ['(a) N ['(ay + B2)
and
Uz(z,y)(t)
:F(O@l-i-ﬁz)/o (t — 5)°2 ™27 g(s 2 (s),y(s), Va(s))ds — F((;)

[t

« /0 (= $) g (8)y(s)ds + Oy ()

F(Oéz) I'(ay)
X (f:l(sj /Osi(uj—3)01—1/\1(S)x(8)d8) Oél—l—ﬂl f:l(;] /Ou _ )0414-51—1
[ 0= (s (), (), () s
x f(s,2(s), y(s), Py(s))ds — = ot Bo)
/01(1—3)0‘1_1)\1(s)x(s)d3 Z%/ si— )" g (s)y(s)ds
+ (1) o _ v
1 L 1

> i /OSi(sz- — 5) 02t g (s, 2(s), y(s), Va(s))ds — T(on + fr)

" Doz + B2) =

[ =0 aly(s)as

+ Cs5(t) D)

X [ (s, 1(s), (5), By(s)ds

+ Cy(t) Tay)

1 h ag+fB2—1
_ F(O@—i—ﬁg)/o (by — s) B g(s,z(s),y(s), Va(s))ds
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X /Oal(al —5)* A\ (s)z(s)ds —

/0a1 (al o S>a1+,31—1f(8, :L‘(S)7 y(s)7 @y(s))ds
a1 + 1) ] '

For computational convenience, we set
(1 + B+ By S 6l 4 B§a$1+ﬁl>a;
j=1
711 =1max
8 { Doy + B + 1)

(14 do)o3 ( - az+f az+p
By + By Y s 4 bt )
T(cs + B + 1)\ 2 12‘:178 401
Al -
+ M (B 14+ B u + Blad ),
F(Ozl—l—l) 1 2]‘:1 2% 31

14+ BT + Bék Zéju?l—i_ﬁl + Bé‘a‘f1+51
j:l *
1+ A
Ilon + p1 +1) (L AJor +

n A n
(Bt B ) P (4B Y 4 B
i=1 (a2 +1) i=1

05
['ag + f2+1)

m
Cik Z 5ju§¥1+51 + C* C* a1+p1

719 = max =1 oF + (14 do)o3
(o + P51 +1) ! (g + B2+ 1)

* * - @ *7 O ‘)\1 * « * *x o
@+Q+@;%w%+%W”ﬂIMHJ CZ&W+%+Q%%
Cf Z 5ju?1+51 + C* Cza?l‘i’ﬁl

j=1

1+ M
F(a1+/81+1) 01( + 0)
14 Cr 4+ 05> st ™ 4 bt

i=1
['(ag+ B2 +1)

)\ n
T (1 + O+ 05> st + 0;bf2> }

F(@Q + 1) i—1

*
+ 0,

where B = sup{B,(t), t € [0,1]}, C; = sup{C;(¢), t € [0,1]}, A\; = sup{\;(¢),t €
[0,1]}, o = sup{o(t),t € [0,1]}, fori =1,2,3,4 and j = 1,2.
Before introducing the main results, we impose some assumptions.

(Hy) f,g:]0,1] x R* — R are continuous functions.
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(Hs) There exist non negative functions oy, 09 € C([O, 1], [0, +oo)> such that for all
t € [0,1] and z1, 9, Y1, Yo, 21, 22 € R, we have

|f(t, 21,91, 21) — f(t, 22,92, 22)| §01(t)<|$1 — T 4 |y — yo| + |21 — 22|),
l9(t, 21,91, 21) — g(t, 22, Y2, 22)| §U2(t)(’$1 — Zo| 4+ |th — Yo + |21 — 22‘)7

(H3> |f<taxaya Z)| < ml(t)7 |g(t,$,y,2’)| < m2(t)7 for all (t,l’,y,Z) € [07 1] XRga with
mi, Mo € C([O,l],R+)

Theorem 3.1. Let A # 0. Suppose that (Hy)-(Hs) are satisfied. Then there exists a
unique solution for System (1.1)—(1.2) provided that r11 + 112 < 1.

Proof. Define sup |f(¢,0,0,0)| = Ay, sup |g(¢,0,0,0)| = As.
0<t<1 0<t<1
Let B, = {(z,y) € X x X : ||(z,y)|| < r}, with r > 23722 where

(r11+7r12)
Bi+ By Y b Bt By B Y st Bt
= jF:(lal B+ 1) At F:(i)éQ + B+ 1) Az,
@i@ﬁ%+@+ﬁaﬁl L4 G+ O3 3 s o b
e = (o + B+ 1) At F(Z;‘F By +1) Ao

We prove that T'B, C B,.
For (z,y) € B,, t € [0,1], we have:

£t 2(t), y(1), Ry(1)] <IF(t, 2 (1), y(t), ®y(t)) — £(£,0,0,0)| + | £(£,0,0,0)|
<or(t)(lz] + lyl + [Py(t)]) + Ay
<i (Ilzll + (1 + Xo)llyll) + As,
gt 2(t), y(t), By (1))] <|g(t, z(t), y(t), Ty(t)) — g(t,0,0,0)| +|g(t,0,0,0)]
<aa(t) (|| + [yl + [y (®)]) + Ao
<a3(llyll + (1 + o) l|=]) + As.

Then,
|Ur((t), y(t))]
B; Zéju?1+51+l
< 1 N B; =1
Tl +p+1) Tl +Bi+1) (o + 51+ 1)

B ar1+B1

wmf%44JPNWW+O+me+AJ+[

By
[(az + B2+ 1)
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n
az+P2
BI Z ViSi B*ba2+,32
=1 4Y1

(oo + B2+ 1) i (oo + B2+ 1)

B Y s
+ ’Al,BI + |)‘1| j=1 ’ ’Al,Bga?l ||I'||
F(Oél —|— 1) F(al —|— 1) F(Ozl + 1) F(Oél —|— 1)

|3+ 1+ 81t + 44

|/\2|BTZ%‘S?2

’)‘2135 i=1 |)\2|Bffb?é2
T T T
(r(a2 Y T(as + 1) T(as + 1) Iyl

1+ By + By Y 0;ul*™™ + Byaf ™
< i=1
- F(Oél + 61 + 1)
B; + BTZ%S?2+/B2 + BZb?z-&-Bz
+ Ton AT x (o5 (Iyll + (1 + o)ll=]) + Aq]

A1 <B; + 1+ B3 dul’ + B;;ai“)

o1 (2l + (14 2o llyll) + Ad]

| Azl (BS +Bi Y visi? + Bﬁ?)

i=1 i=1
n J
T o] + oy Iyl
1+ B + By > dul*™™ + Bjag ™™ By + By Y st 4 Bybr
< Jj=1 oF + i=1
N I'(a; 4+ 61 +1) ! ['(ag+ B2+ 1)
‘)\1‘ * * = *x
X (1+50)+m Bl+1+32j§15ju?1 +B3a11 ||£L‘||
1+ By + B3 > 6ul™ + Byaftth
j=1 95
1+ A\
+ Ty + B+ 1) (42 + =577
n | Az <B§ + By Y visi? + Bj[bf”)
% (B + B* . az+f2 B*baz+52 i=1
( 2 1;752 + 4Y1 )+ F(Ckg—'—l) ||y||
1+ BT + B; Z‘sju?l—’—ﬁl + B;;a?ﬁ_ﬁl B; + BTZ,YiS?Q‘FﬁQ + BZb?2+,82
+ = A+ =1 As.

['(og + p1+1) [(ag+ o+ 1)

Consequently, ||[U;(z(t),y(t))|| < rir =+ ro.
In the same way, we obtain that ||Us(x(t), y(t))|| < ri27 + 722. Therefore, we have
1U (@), y@O)I = [[U (2, )| + [|U2(2, )| < (r1a 4 712)7 + 721 + 722 < 7
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Now, for (x1,y1), (x2,y2) € X x X and for t € [0, 1], we get
’U1<551,y1)<t) - Ul(x27y2)<t)’
1+ B + By > 0;ul*™™ 4 Bjajt ™™

: Mo 7 D) 3 (1 — all + (14 20} — el

B; + Bikz,.)/is?QJrﬁz 4 BZb?QJFﬁQ

i (I = el + () — )

ol (B; FBIY s 4 B:bam) I—
=1

F(Oég + 1)
LB+ By S P Bt By By Y st Bt

O'* + =1
! [(ag+ B2+ 1)

+

j=1

<

(o + P51+ 1)

(B; 1By Y s + Bga‘f‘l)
j=1

(14 Ao)
I'(og + 61 +1)

X (14 dg) + | M|

F(cn + 1)

B; + BTZ%SZ‘OQ—F@ + sz?2+ﬂ2

(1 By 4 By S 0 4 Biap ) Y o

j=1

ol (B3 + B 3 st + Bit?)
F(;221+ 1) ] Hyl - yZH

<ru(ljzy — 22 + |lyr — v2l)-

Analogously, we can also have |Us(z1,y1)(t) —Ua(x2, y2) (¢)| < ria(||z1 —x2||+[|y1 —2|]),
which leads to

|U (21, 91) — U@z, yo)|| < (run+712) (|2 — 22| + [lyn — v2l])-

As 1 + 712 < 1, therefore the operator U is a contraction mapping. Then, we deduce
that System (1.1)—(1.2) has a unique solution. O

Theorem 3.2. Let A # 0. Assume that (Hy),(Hs) hold. Then, System (1.1)—(1.2)

has at least one solution on [0,1] if R < 1, where

Oél‘|—

)\ m m
R =max {I‘(|1|1) <1 + B + Y 6;uf' By + Biaft + Y 0;u'Cy + C5 + Cj:a?l>,
=1

Jj=1
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|>\2| * . o % * 7009 * & Qo vk *7.000
Tlan + 1) Bz+;%9¢231 + Byby® + 140y +;%8¢202 + 3077 ) ¢
Proof. We define a bounded closed and convex ball B,y = {(z,y) € X x X : ||(z,y)|| <

/ . / )
r'} with ' > 7725, where

o lml

- 1+ By + Bya? ™ + B3 Y du P O0F Y u
F(Oq—l—&—i-l)( 1 3a1 22]3 123]

J=1

* * o mQH * *n a3 x7 0243
+C —i—CCLH_”Bl + || B+ B isi2 2 Brpoethe
2 41 T(as + Bo + 1) 2 1;7 491

+14+ Cf + C; 2%8?24—,32 + C;b?2+62>.

=1

Let us introduce the decomposition U(z,y)(t) = Wi(z,y)(t) + Wa(z,y)(t), where
Wiz, y)(t) = (Tu(z, y), Ba(, y))(t), Wa(z, y)(t) = (Ta(2,y), Ra(x, y))(t), with

Ta)(0) =g Jy = 97 (). u(s). y(s))ds

w5 = 8 g (s, a(s), y(s), War(s))ds
+ Bi(t) 2%/0 (o + B)
1 ! a1+p1—1
el BT ORTOR O d{
S0 [y = ) (s, (s) ). D)) s
+ Bs(t) = T(ar + B)
[ (= 9y s (), ), () ds
B F(az + o) ]
Bs(t) o1 ar1+p1—1
Ly (@ ST (), y(6), By(s))ds
= ) g5, (9), y(s), War(s)ds
B I + f52) 7
[ =9 A s)(s)ds / (1= )M (s)2(s)ds
To(a,y)(t) = — = N + Bi(t) | (o))




COUPLED FRACTIONAL INTEGRO-DIFFERENTIAL LANGEVIN SYSTEM 371

Z” i = 5 dale)y(s)ds
- T(a)

] + Bs(t)

i@' /Ouj<uj = 8)M 7N (s)a(s)ds
) [(a) ]

/al(al — 8)M I\ (8)x(s)ds
()= )
b1
B4<t)/0 (b, — S)aQ_l)\g(s)y(s)ds
I'(az)
1

Bale 1) =gy ) (= 7 0l 2(),0(0), W) s

>ty [y = )7 s 0(0), (), By}

- L1 + 1)

+ Bs

+

+ Ci(t)

1 ! as+B2—1
_ M/(J (1 —s)2th g(s,x(s),y(s),\ym(s))dsl

> s = )" g (). (). ()

+Cy(t) | = os 7 50

1

_ m /01<1 — 3)a1+/31—1f(s, I’(S),y(s), @y(g))dS]

Cs(t) by ottt
" T(as + Bs) /0 (by — 5)2 P21 g(s 2(s), y(s), Va(s))ds

Cy(t)
[(a1 + 1)
/0 (t — 5)*2 7 Xa(s)y(s)ds

Ra(z,y)(t) = — o) + Cy (1)

/Oal (Cll — 5)‘11%31*1]0(5, $(3), y(s)’ (I)y<8))d8,
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F(iél) /01(1 — $)* 7\ (s)z(s)ds

+ Cs(t)

+ Cy(t) Fon
Cy(t) /Oal(al J1= U0 ()2 (s)ds
" (o)

For (z,y) € B,s, we have

T (2, y)(t) + Ta(x, y)(1)]
Bylma|| Y yisi2 i
[ || = By|[m ||
I'(ay 4+ 61 +1) [(ag+ B2+ 1) I'(ay 4+ 61 +1)
B* ’mlu Zéjua1+51
=1 B3||ma|| Bia$ Pt my |

F(Ofl + 51 + 1) F(Oég + 62 + 1) (Ozl + Bl )

- ] | z|Z% P llyll B
Bib* *|mol| M-l Bilhal -l
Flag+B2+1)  T(aw+1)  T(ag+1) F(ag +1)

Aal 3 dju 1z B o o
B3 |Xa| - [lyll j=1 Bi|Milai|l=]] | BilAafb[lyll

[as + 1) [(og + 1) [y + 1) [(ag + 1)

[Ad] <1+B* Z5U?135+B§G?I>H$H Mz\(BSﬂLZ%S?QBIﬂLBib?2>|!y|\

F(Oél + 1) F(ag + 1)

- (1 + Bf + B;a?"™ + B; Z(Sju?lWl)
=1

+
(o + 651+ 1)
HmQH <Bék + Bf nyisz?‘2+f32 + BZb?erﬁQ)
i=1
+

[(og + G2 +1)
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In a similar manner, we have

|)\1

e, ) 1)+ Rt )0 < s (Z@mm+@+wMMm

rw@+@+2%¢@+qwﬂw

+ =1
Hml H (C]).k Z 5ju?1+/31 4 C«* Czatlll-i-ﬁl)
+ =
I'(ay+ 61 +1)
||m2|| (1 + OT + C; 27i3?2+’82 + Oékb?2+ﬁ2>
+ i=1

[(ag + B2+ 1)
Further, we obtain
Wi (21, x0)(t) + Walzy, z2)|| < Rr' + 1y < 1.
Hence, Wi (xy, 22)(t) + Wa(zy, 22)(t) € Bp.
For (z1,v1), (z2,y2) € By and t € [0, 1], we have
|1 (1 + B} + i ;us By + Bga?) |21 — o]
T (21, y1) — To(xa, y2)| < =1

F(Oél + 1)
w(%+zw$m+mW)M—m
=1
F(OQ + 1) ’

|A1] (ZQU?CT +C5+Cy al) |x1 — 22|
|Ro(z1,11) — Ra(22,y2)| < =1

_|_

F(ag +1)

|MQ+@+Z%¢®+@W)M—M
=1

+
F(O&Q + 1)

Therefore,
||W2($1,y1) - W2(332>y2)|| SRHIEl - 352|| + R||y1 - y2||
<R|(w1 — 2,51 — ya)||-

As R < 1, then W, is a contraction.
Next, we prove that Wj is compact and continuous. The continuity of f, g implies
that the operator W is continuous. Moreover, W is uniformly bounded on B,..
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Suppose that 0 < t; <ty < 1. We have

[t = s s (), (), @)
M+ 51)

= [ = ) s (). (), D)) ds

+|By(t) — By(ty)

Z%/ si — 8)2 g (s 1 (s), y(s), Va(s))ds

['(og + 32)

T (z,y)(t2) — Th(z,y)(t)] <

X

/01(1 — 5) Pl £ (s 2(s), y(s), Py(s))ds

[(ay + B1)
+ | Ba(t2) — Ba(t)] 25
/Ouj (Uj — 8)0414-51 f(S, 11(3)7 y(3)7 q)y(s))ds
* T(oy + fr)
/0 (1 —s)*2 ™21 g(s, 2(s),y(s), Vx(s))ds
B [(ag + 32)

|Bs(t2) — Bs(t1)]
(o + 1)

o a1+p1—1
ap — s)“ AT
| @=s)

| Ba(tz) — Ba(th)]

x f(s,2(s),y(s), Py(s))ds Doy + B2)

+

/Obl (bl — 5)a2+52719(8, :L‘(s), y(3)7 \Ifx(s))ds

||m1 H (tg1+ﬂ1 . t<1>c1+,31)

- F(Ozl + 61 + 1)
llmzl > s

X

+ | Bi(ta) — Ba(ty)|

i=1 4 |||
F(OéQ + Gy + 1) F(Ozl + 31 + 1)
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lrma | - 8u5 ™
+|Bs(ta) — Bz<t1>|{

F(O{l + 61 + 1)

[[ma]| | Bs(tz) — Bs(t1)] - [lmalas" "™
I(as+f2+1) Ilar+ 51 +1)
n | Bi(tz) — Ba(ty)| - [[ma b5
[og+ P2+ 1)

Similarly, we obtain that

+5 +5
Q2 2_tfl>é2 2)

[[ma| (£3
|Ry(2,y)(t2) — Ri(x,y)(t1)] < T(as+ fBo+ 1)

[l || djugt
" =1 N |||
P(Oél + 51 + 1) F(ag + 52 + 1)

+|Ci(t2) — Ci(th)]

n
lma| - s>

+ |Ca(te) — Ca(th)| [ F(a;j—lﬁz 1)

[l ]| |Cs(t2) — Ca(ty)|[|ma]|b>
T(as 1 4+ 1) T(as + B2 + 1)

[Ca(tz) = Calty)|[fma "™
F(O{l + 61 + 1)

+

Therefore, the operator W is equicontinuous. Thus, W is relatively compact on B,..
Then by Arzela Ascoli theorem, the operator Wy is compact on B,.. In conclusion, all
terms of Krasnoselskii’s theorem have been applied perfectly. Hence, (1.1) and (1.2)
has at least one solution on B,.. O

4. ULAM-HYERS STABILITY

Definition 4.1. For some €1, €5 > 0, we consider the system of inequalities

(1) {\CCD& (D™ + A ()2 (1) — f(t, a7 (1) (1), By (1) < er. £ [0,1],
| DD 4 Xo())y* () — glt, 2% (), " (1), Wa* (1)) < &2, t€[0,1].

Then System (1.1)—(1.2) is Ulam-Hyers stable if there exist Cy,Cy > 0, such that
there is a unique solution (z,y) of Problem (1.1)—(1.2), with

||(Zl§'*,y*) - (I’,y)” S 0181 + 0252-
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Remark. (z*,y*) is a solution of system of inequalities (4.1) if we can find py, p2 €
(C’[O, 1];R> such that |p(t)| < €1, |p2(t)] < g9, t €0, 1] and

(4.9) D(ED™ + M (8)2* () = f(t, 2 (), 5" (1), Py (1) + pa(t), £ €[0,1],
' DR(°D + Xo(t))y* (t) = g(t, (1), y" (1), Vo™ (1)) + p2(t), ¢ € [0,1].
)

Theorem 4.1. If (Hy), (H2) and r11 + 192 < 1 are satisfied, then Problem (1.1)-(1.2)
ts Ulam-Hyers stable.

Proof. Let (z,y) be unique solution of System (1.1)-(1.2) and (z*,y*) be a solution
of (4.1). Then we can find py, ps € (C’[O, 1]; R) such that

DD + M(1)a*(t) = f(t,27(t),y"(t), Py*(t)) + pu(t), ¢ €[0,1],
DR(°D + Xo(1))y* (t) = g(t, 27 (), 5" (t), Vo™ (1)) + p2(t), t €0, 1],

(13 {70 =0 ol@)=0, f”(l):;%y(si),

yO) =0, yb) =0, y(1)=> salu,),

O<ar <by <81 <89 << <U <Up <o < Uy < 1.

By Lemma 2.3, we can obtain

V0 =g = 0 (0.7 (). 0 0)) + () s

/Ot(t ) (s)2 (s)ds
- I'(an)

['(c) [(ag + B2)

% (g05,07(9). 47 (), V" () + () ) ds

x (fs,27(5), 57 (5), By (s)) + pa(s)) ds
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[0 5 (g5, (5), 7 (), W) + () s
- [ + )

] [Aal (CLl - 5>C¥171>\1<S)1‘*(5)d8 B f()al (al i S)“l‘i’ﬁl*l

+ Bs(t)

['(a1) ['(ay + 1) (pl(S)

/obl(bl — 5)*2 7 Xy (s)y"(s)ds
['(az)

[0 s (gl (), 7 (5), W (5) + o)) s
N I'oo + 52) ] ’
[ gl 9,579 W ) 4 a(9)ds
vt = (oo + 52) B ['(az)

[0 9 oy o)
[(a)

+ Bu(t)

+ F(5.27(5), 47 (5), 2y (5)) ) ds

« /0 (= $) g ()y" (5)ds + Ci (1)

m

S0 [ ) (s

Jj=1

1
D(on) T T+ B

>0y [ = ) (.07 (), 57 (), 07 () + ()

J=1

e gl (6),7(5), U (5)) )

[ + B2) ()

[la—gm e 2 ) 9 e (s)ds
X |: F(Oq) N I‘(a2)

n

;%AW&—@W&IQ@ﬁwmm$wf@»+m@ws
I + B2)

L2
[0 ) (5,0 (5), 7 (5), By () + pas)) s

__ 1
(o + 1)
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Ct([@rwwlk®f®% 1
+Gl) I'(az)  T(o2+ fBo)
xAﬁm—ﬁw%*@@ﬁ@MMwa@»+m@w4
- /Oal(al — 5)* I\ (s)z*(s)ds 1
+Gb) I'(ar) T(on+B1)

X /Oal(al — S)O‘l*ﬁl’l(f(s,x*(s),y*(s), dy*(s)) + pl(s))dsl :

Using, |p1(t)| < e; and |pa(t)] < €9, t € [0, 1], we have

x*(t) — M /Ot(t — 3)a1+51*1f(3, ;1;'*(3)’ y*(s), @y*(g))ds

‘[@—sfﬁﬂﬂﬂﬁ@Ms+Bﬂw

['(a)

A?1-$m4hwmw@@

n

Z%’

1 & 5 as—1 . i=1
T(an) ;%/0 (s; —s) Xo(s)y™(s)ds + Mo + )

S; aotfBa—1 * * * _ #
<5i - S) B 9(87 Z (S)>y (S>7 Wz (5))d8 F(Oél + 61)

1
['(ag)

1 i 0; /0“3' (uj — )™ A (s)2*(s)ds
X /0 (1 —8) " No(s)y*(s)ds — =t

X

S—

1

X (1= s)M T (s, 0 (5), 57 (5), Ry (s))ds

S—

+ By (t)

()
320 [ = ) () (), Y (s
" Do + 51) (ot )

x[u—ﬁw%*@@ﬁ@mm@wﬁ@»+m@w%

/Oal(al — 5)M I\ (s)x*(s)ds 1

T 5a(0) [(on) T'(ay + 61) /o (ar =)t
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/obl(bl — 5)*2 7 Xy (s)y"(s)ds
['(az)

X f(s,27(s),y"(s), Py"(s))ds

+ B4 (t)

1 " az+f2—1 * * "
_ M/o (by — 5)22H 2L g(s, 2% (s), y*(s), Ua (s))ds]‘

€1 * * _o1+01 * < a1+p61
< 1+ By + B3a;'"""' + B oju;
F(Oé1+51+1)< 1+ b3a; 2; 77 )

€2 * N az+p2 *pao+P2
B, +B i85 2 B;b ,
+F(a2+62—|—1)( 5 T 1;7% + 5,0y )

1
NGy

1 ‘ az+B2—1 * * *
S € 9 (), (), 0 () s

_ /1<1 —8)*2 7\ (s)y*(s)ds
(t—s)* 1>‘2(S)y*<8)d5 + Oy (b) [ 0 Fa)

1 & 8
oo [y =5 N ()2 (s)ds +
j=1 70

B 1
(aq) = [(ay + 1)

X Z 5 /Ouj (uj — 8) 7 f (s, 2%(s), 7 (s), Py*(s))

1 ! ag+p2—1 * * *
_ F(O@+52)/0 (1= )22 g(s,27(s),y"(5), Wa*(s))ds

/01(1—s)a1_1)\1(s)x*(3)ds Z%/ si = 8)™ 7 Na(s)y" (s)ds
() N [(a)

2 o= 9 g, (9,79, B ()

‘y*(t) -

t

X

S—

=

+ Cy(t)

X

a2+62

1 ! a1+p1—1 * % N
B w/o (1= s) M f (s, 2% (s), 4" (5), Py (8))ds]

1

T(az) /obl(b1 — 5) 7 N (s)y* (s)ds — 1

+ Gl (s 1 )

X /Obl(bl — 5)2 Pl g(s 2% (), y* (s), Wa*(s))ds | + Cu(t)

L)
1

X /Oal(al —5)* I\ (s)z*(s)ds — Tloy 73
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X /Oal(al = 8) AT (s,2%(s), 57 (), %*(8))618]

€1 * a1+p61 * * O<1+51
C d; U +C5 + Cla
—r<a1+51+1>< ZZ )

€2 % * = as+B2 x72+[2
1+C C. iS5 b .
+F(a2+62+1)<+ 1T 2;751 + C30; )

By (Hy), we get

|z (t) — x(t)|
< °1
"o+ +1)
€2 % * - as+B2 x7 o+ B2
+ B>+ B iS; o + Bib
F(ag—l—ﬁg+1)<2 1;7 401 >
1

+ W/O (t — S)Oél—h@l_l’f(s,.CE*(S),y*(S), @y*(s))

|/\1| t ap—1 %
_ f(s,x(s),y(s),q)y(s))‘ds + T /0 (t—s) x*(s)ds

<1 +BI + B;«&?l-i-ﬁl —I—B;Z(Sju?l+’81>

Jj=1

A
F(Oél)

P‘ﬂZ%/ s;i — 8)*2 7 Hy*(s) — y(s)|ds .
['(as) i C(ag + 52)
D R e A ONOR 24 )

— g(s,2(s), y(s), Va(s))|ds

+[B1(?)]

[ s s) = ats)lds

_|_

1 ! a1+p1—1 * * *
~ Fa 9 0.7 (0). 2 (9)
|A2| / — 5) Y y*(s) — y(s)|ds
_f(SwT(S)vy() ‘dS +|BQ F(Ckg)
|>\1| m Uy a1 —1|,..% -
2 /0 (1= 5)"* o () = a(s)lds + 325,

[ = 9 5,2 (5), 7 (5), By () = F5, (), (), @y(s)) | ds
(o + 1)
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v /01(1 — 3)0‘2+52_1‘g(s7x*(3), Y (s), Yz (s))

[(oz + f2)
Il [ (@ =) () = (o) s

+ |B3<t)| F(Oél)

— g(s,(s), y(s), Wa(s))|ds

1 a1 a1+B1—1 * * *
e [ e (9,00, 00 (0)

— f(s,2(5), y(s), By(s))|ds| + | Ba(t)|

ol [ sy
[(az) e h )

X |g(s,2%(5), 5" (s), Wa™(s)) — g(s,2(s), y(s), ws))!ds] |

< £1
T+ +1)

€2 * * . az+B2 *102+02
+ B;+ B is; o2+ Byb
F(Ckg—i-ﬁg—i-l)(z 1;7 4¥1 >

o (nx* o+l yu).

(1 + BT + B;a?l—l—ﬁl + B;Zéju;q-l-ﬂl)
j=1

So, (1 —r1)[|z* — z|| < ©1e1 + Oge9 + 11|y — y||, where

1+ Bf + Bsai™™™ + By Y djus™™
O, = = )
[on + 61+ 1)

B; + BTZ%S?Q-F& + BZb?@-&-ﬁz

(__) — =1
2 F(Oé2+52+1)

In the same fashion, we have, (1 — ri2)||y* — y|| < Ose1 + Oue9 + r12||2* — ||, where

Cr Y 65u5 ™ + C5 + Cia* ™
O; =——
’ I'(or + 1+ 1) ,
L+ Cf + 5 Y ysi ™ 4 opi

@ — =1
! [(ag + 2+ 1) 7
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382
then, we get
N O1(1 —712) + 71103 O3(1 —112) + 71104
2" —zf| < ! €5
(1 —7"11)(1—7“12) — T’ (1—7“11)(1—7’12) — 711712
and
O3(1 —1r11) + 71201 O4(1 —r11) + 71209
1 €2,
(1 - 7”11)(1 - 7“12) — 11712

* <
ly™ =yl < (1 =7r1)(1 = 7ri2) = r1ari2

which implies that
(92(1 —T12) + 7“11@4)52
' (1 =7r11)(1 = 712) — r1aria
(@4(1 —711) +7"12@2)€2
(1 —=7ri)(1—7r12) — Tl
U

« N O1(1 —712) + 71103
o=l 4y -yl <
H H H H (1 - 7"11)(1 - 7“12) — T2
(93(1 —rn) + 7’12@1)51
(1 - 7’11)(1 - 7’12) — T2

Hence, System (1.1)—(1.2) is Ulam-Hyers stable.

5. EXAMPLES

Example 5.1. Consider the following system of fractional integro-differential Langevin

equations:
(5.1)
t t2 w(t) +yt)  [itrsPy(s)ds
CD”<qf ) t) = 0 telo,1
TP 0 )20 = 3 VR TE - te0d)
' t 5 4 ( )dS
i ep " (sm(:c(t)) + cos(y(t)) + 0103) o
8( 8+10>Mw_‘ [ x0T , telo],
2(0) =0, () =0, 2(1) = 5o (ul55) +u(d) +y(55)).
1
y(O) =0, y(ﬁ) =0, y<1) - m( (25) —i—l’ 12 + (% )
Whereﬁ1=1727041=$752=1§3,0622%, )\12)\22101Waﬂd
£ (x(t) +y)
t = t
Pt 2) =gaoe (T 4 20),
1 ' 2(t)
o(t,2.9,2) —W(smu(t)) + cos(y(t)) + 20,
Dy (1) / ts3y(s)ds), W / B st(s)d
o0 =ges [ #'5Py()ds), Walt) = oo [ st als)ds,
al:ﬁ7bl:ﬁa’yl:72:73:m751:%732:47078 :30751_52_(153
uy = %, U = le, Uz = % Clearly, 50 = m, 0= m and O'ik = m,

4000’
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1

= 10000° Furthermore, we have

03

ri +rip~0.175 < 1.
Thus, by Theorem 3.1, System (5.1) has a unique solution.
Example 5.2. Consider the following problem:

(5.2) |
i (CDS L )x(t) t( (t) —;y(t) N 133/0 t453y<8)ds> o
2 x 104 6 x %04 ; » 4l
DR (DF 4 g 0 = o) v + g [, Ot 0.1
2 x 10 4 % 10% 4
o(0) =0, () =0, (1) = g (v(d) + v + ()
V0 =0, y(ss) = 0. (1) = g5 (o) + ) +a(55)
Whereﬁl—%7al—g’ﬁ2:§ 042:%7)‘12)\2:201Wand

f(t,{L‘,y,Z) = ! (x(t);y ! +Z(t))7 g(t,x,y,z) i (ﬁ(t)+y(t)+?>’

60000 ~ 40000
1 t 1 t
cbt:—/t” d,\l/t:—/t54 ds,
_ 1 _ 1 o 1 1 1 e e 1
al_%a bl_%7’71_72_73_6000781_%7 82_%7 83_@751_52_53_50007
o 9 1
U1—@;U2—@71U3—E- ) ) .
Clearly, 0o = 5555, Ao = 7550 a0 07 = 1350080 9% = 7000

After calculating, we obtain R ~ 0.0526 < 1. So, by Theorem 3.2, Problem (5.2)
has a least one solution.

6. CONCLUSION

In this paper, we suggested a new coupled fractional Langevin equation. More
precisely, we have improved the existence and uniqueness results for a coupled system
of nonlinear fractional Langevin equations via variable coefficient supplemented with
multipoint boundary conditions by the application of the Banach contraction principle
and Krasnoselskii’s fixed point theorem. Further, we have established Ulam stability
to the solution of mentioned system. Finally, we have presented two examples to
demonstrate our results.
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