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A STUDY OF FUNCTIONS ON THE TORUS AND
MULTI-PERIODIC FUNCTIONS

DHAOU LASSOUED!

ABSTRACT. In this paper, we are concerned with functions defined on the cube
Q™ = [—7,w|™ and functions defined on the torus T™. Especially, the harmonic
analysis of Sobolev-type spaces is carefully studied. We analyze in particular peri-
odic distributions and distributions on the torus. We introduce a space similar to
H}, for which we prove a Poincaré-Wirtinger inequality. We prove that the usual
Rellich-Kondrachov result does not hold for these last space because of the lack of
compactness. A result of absolute continuity and density of regular functions is then
established and a theorem of traces is obtained.

1. INTRODUCTION

Functions which repeat themselves after a fixed length of their arguments, so-called
period, are called the periodic functions. Common examples of the periodic functions
are the trigonometric sine and cosine functions with period each. Geometrically,
a periodic function is the one whose graph displays a translational symmetry. In
particular, a function is periodic with period if the graph remains invariant under
translation in the direction by a distance.

Periodic functions appear in many practical problems. In most of the cases, they
are more complicated than the ordinary sine and cosine functions. Indeed, periodic
functions are a vital part of all scientific, engineering, technological and mathematical
processes. In all branches of mathematics, they have well-defined analogues. These
functions are used in modeling many dynamical, physical, and biological processes.
They have wide-range applications in different fields of science, mathematics and
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engineering to study and characterize phenomena like conduction of heat, mechanical
vibrations, electric circuits and electromagnetic waves etc.

Based on the periodic functions, there exist their periodic extensions. In fact,
periodic extensions of the periodic functions are another class of the functions which
are used in modeling more complex physical, biological and more advanced systems.
Most of the studies on the periodic functions and their extensions have been limited to
a single period. Their transformation to the functions called the periodic extension are
the half-wave rectification, full-wave rectifications in electrical engineering. The graph
of such a function is obtained by periodic repetition of its graph in any interval of the
length of its period. We call these periodic extensions as the multiperiodic functions.
Multiperiodic functions are commonly used to model complex dynamic systems in
applied and pure sciences such as population dynamics and weather forecasting.

Historically, the Fourier transform was first introduced by Joseph Fourier in his
study of the heat equation. In this context, Fourier showed how a periodic function
could be decomposed into a sum of sines and cosines which represent the frequencies of
the function. From a modern point of view, the Fourier transform is a transformation
which accepts a function and returns a new function, defined via the frequency data
of the original function. As a bridge between the physical domain and the frequency
domain, the Fourier transform seems to be the main tool of use in harmonic analysis.

Moreover, Sobolev spaces are the main tools in the modern theory of partial differen-
tial equations. They give a very natural functional analytical framework for the study
of existence, regularity and qualitative properties of the boundary value problems.
Indeed, Sobolev spaces are ubiquitous in harmonic analysis and Partial differential
equations, where they appear naturally in problems about regularity of solutions or
well-posedness. Tightly connected to these problems are certain embedding theorems
that relate the norms of Lebesgue and Sobolev spaces for appropriate indices. The
appeal of Sobolev spaces is due to the simplicity of their definition which captures
both the regularity and size of a distribution. On the other hand, an efficient tool
when dealing with Sobolev spaces and partial differential equations is the Poincaré-
Wirtinger inequality that provides norm equivalences under appropriate assumptions.
These inequalities usually provide Sobolev embeddings and compactness results (see
Adams [1]).

Besides, the Rellich-Kondrachov compactness theorem, which gives compact em-
beddings of Sobolev spaces [2, Theorem 6.2], is fundamental for the study of elliptic
boundary value problems.

On the other hand, due to its geometric and topological structure, the torus has
shown an interesting means to study periodicity /quasi-periodicity of solutions in many
applications. The interest of considering spaces of functions on the torus is because
these can be identified with periodic functions, so it is natural to look for solutions
of partial differential equations with periodic border conditions in these spaces. Now,
boundary conditions are understood in the sense of the trace, which is related to the
trace method and the trace spaces in the theory of interpolation.
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In this paper, we aim to study the functions defined on the cube [—m,7|™ and
those defined on the torus T™. That means the behaviours of multiperiodic functions
and functions on the torus are analyzed. We give a complete harmonic analysis of
Sobolev-type spaces. The distributions on the torus and the periodic distributions
are studied. Namely, we introduce a space similar to the classical space H} and
we prove that on this introduced space, a Poincaré-Wirtinger inequality holds true
while the known Rellich-Kondrachov is no longer valid due to the lack of compactness.
We finally get a result on absolute continuity and density of regular functions and a
theorem of traces.

2. NOTATIONS AND PRELIMINARY RESULTS

Throughout this manuscript, we denote by N* or by Z, the set of all positive
integers and by 7Z the set of all integers. The set of real numbers is denoted by R and
that of all complex numbers is denoted by C.

We shall fix an integer m > 2 and a vector w € R™ whose components are linearly
independent on Z and are strictly positive. We denote also by @™ the cube of
dimension m, that is, Q™ := [—m, 7]™. The notation T™ shall be deserved for the
torus of dimension m, that is T™ := R™/(27Z)™.

For a vector = (z1,...,x,) € R™, we denote by x_; the vector of R™~! defined by
x_j = (z1,...,%j-1,%j41, ..., Tm). The couples (z_;, x;) and (z;,z_;) denote both =.

For z,y € K™, we denote by z -y and by |z| respectively the usual inner product
of x and y and its associated euclidean norm:

Ty = Z:cjyj, |z| = VT - .
j=1

The notation e, : R™ — C, for v € R, is reserved for the function defined for all
x € R™ by e,(x) := exp(iv - x).

We shall denote by Z(uy, ..., u,) (u; belongs to a linear space F' over R) [9, p. 81],
Z-modulus generated by uy, ... u,, that is,

Ziun, ... up) = {ékjuj (k) € ZP}.

We denote by 7,(u), for a given function v : R™ — E and a given p € R™, the
translated function of u defined on R™ by 7,(u)(z) := u(z + p).

If the space E is a topological space, we use the standard notation, for a given
subset A C E, int(A) the interior of the set A.

Let us consider a linear normed space X over R of finite dimension m.

2.1. First notions. We give here the following definition that can be found for
example in [4, p. 55] or in [15, p. 64].
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Definition 2.1. A function F' : X — [ is said to be periodic if there exists a non
zero p € X such that for all x € X, we have F(x 4+ p) = F(x). Such a vector p, as
well as 0, is called a period of F.

The set of all periods of a given function is an abelian subgroup of (X, +), which
becomes also a closed set if the function is continuous. We denote by Per(F') the set
of periods of a function F'.

Proposition 2.1. Let F': X — E be a periodic function, Y be a normed linear space of
dimension m and L be a linear isomorphism from'Y into X. Let us define the function
G:=FoL:Y —E. Then, G is a periodic function, and Per(G) = L™'(Per(F)).

Proof. Take p one period of F andy € Y. We have G(z2+L7'(p)) = FoL(2+L7'(p)) =
F(L(z) +p) = F(L(2)) = G(z), which shows that G is a periodic function and that
L=Y(Per(F)) C Per(G). The converse inclusion can be obtained by interchanging F
and G. O

2.2. Lecture in a basis. We consider the canonical basis of X = R™, denoted by
(ej)1<j<m- We denote (€})1<j<m its dual basis and x the isomoprhism from X into
(R™)* defined by:

*

x(z) = (ej(z))1<j<m-
We denote also:

m
X_l(.Tl, Ce ,.me) = leel
i=1

We shall now analyze the link between the function £ and the function f := Foy™!
defined on R™.

Definition 2.2. The function f is said to be 2m-periodic in each variable if for all
j=1,...,m, x_; € R™ ! and for all z; € R, we have f(z_;,z; + 27) = f(z_;, z;),
which is also equivalent to say that for all £ € Z™, and for any € R™, we have
f(x+27k) = f(z).

Therefore, we have the following.

Proposition 2.2. The following assertions are equivalent.
(a) F is periodic and Per(F) D 2nZ{e1, ..., €m).
(b) f is 2w-periodic in each variable.

Proof. We refer to Proposition 2.3 which is more general. 0

2.3. Change of basis effects. Let actually take another basis of R™, (b;)1<j<m. We
denote by (b})1<j<m its dual basis and by x; the isomorphism from X into (R™)*
defined for all z € R™ as:

x1(z) = (03 (7)) 1<j<m-
Keeping the same previous notations, we set f; := F o Xl_l'

Proposition 2.3. The following assertions are equivalent.
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(a) F is periodic and Per(F) D 2mb;.
(b) For all z_; € R™ Y, fi(x_;,-) is 2m-periodic from R into E.

Proof. (a) = (b) Let us fix arbitrarily z_; € R™*,

Then, for all z; € R, we have:

fitz_j,xj+2m)=Fox;'(z_j,v;+2n)=F <27rbj + Z%@)

i=1
=F <Z~”%bz> =Foxi (1-j,7;) = fi (1-5,75).
i=1
Therefore, (a) implies (b).
(b) = (a) Now, we fix an arbitrary = € R™. We have
F(z + 2mb;) = Foxi' (07 (2),0}(x) + 27)
= fi (b2(2), b3 (2) + 27) = fo (b7 (2), b5 (2))
= Fox;' (b;(2),b5(x)) = F ().
This completes the proof. O
Notation 2.1. We introduce Q™ C X as:

QM = {Z:Eiei cforalle=1,...,m, z; € [—7@”]}'

i=1

We have x(Q™) = [—m, 71]™. We denote by K™ := x1(Q™).

2.4. Change of basis and integrals. We keep the previous notations, by assuming
in addition that both basis are orthonormal.
We set, for y_; € R™ 1,

K(y-1) ={y €R: (y1,y-1) € K™}
and
Di={y s eR": K(y_y) #0}.

The theorem of change of variables consecutively with change of basis under the
integrals allow us to get the following.

Proposition 2.4. For any continuous function f : R™ — E, we have:

/[—m}m ey = </K(y_1> fl(y)dyl) dye - dbim.

Proof. The functions f, f; and F' are continuous. By Fubini’s theorem, we have:

/><1(Qm) fily)dy = /D </K(y_1)f1(y)dyl> dys - - dypm.
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Besides, since the isomorphisms y and x; are orthogonal, their determinant is in
absolute value equal to 1, which gives the following identities by applying the change
of variables formula:

/X1(Qm) fily)dy = /m F(z)dz = /X(Qm) f(z)da.

We deduce the result then by comparison of these inequalities and by using x(Q™) =
[—7, m]™. O

Lemma 2.1. For ally 4 € D, K(y_1) is a closed interval of R with diameter equal

to 2m\/m.

Proof. Let us fix y_1 € D. K(y_1) is closed convex set of R, because it is the reciprocal
image of the convex set K™ via the affine application ¢(y1) = (y1,y-1). We deduce
that K(y_1) is a closed interval. Since K(y_1) C x1(Q™), we have:

diam[K (y-1)] < diam[x,(Q™)].

Since x; is orthogonal, we know, due to the formula of change of variable for the
integrals, that:

diam[y:(Q™)] = diam[Q™].
Now, if z,y € Q™, we have:

m

v —y* =D (i — y:)* < m(2m)?,

i=1

the upper bound is reached (for example) for x = (—7,...,—7) and y = (7,..., 7).
We conclude that:

diam[Q™] = 27v/m,

which completes the proof of the lemma. O

2.5. Change of basis and derivation. (¢;); denotes the canonical basis of X, and
we denote by (b;); another orthonormal basis such that by = w/|w|.

Let U : R™ — E be a function which is 27-periodic in each variable, F' := U o x
and V := Foy;"

Definition 2.3 ([8, p. 251]). Let € R™ and ¢ be a function defined on an open
set U of R™ containing = and with values in E. The function ¢ admits a directional
derivative (called also Géteauz-variation) in the direction v if

¢(x + Ov) — ¢(x)
0

has a limit when 6 tends to 0.
This limit, denoted by D¢(x,v), is called directional derivative (or also Gateauz-
variation) of ¢ in the direction v.
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Definition 2.4. We define the Percival derivation operator (cf. [11,12]) for U differ-
entiable in the direction of w by:

d,U(z) := DU (z,w).
Remark 2.1. When U is in addition Fréchet-differentiable in x, we have
T oU
d, = i— ().
Ur) =Ygy ()

The link between the notions of derivation is analyzed in the following proposition.

Proposition 2.5. Let U be differentiable in the direction of w. Then, V is differen-
tiable with the respect to the first variable, and we have the relation

oV
d,U(xq,...,2p) = |w|a—yl(y1, e Um)-

Proof. Since w = |w|by, we have:
DF(z,w) = |w|DF(z, by).

Besides, we have DF(z,w) = d,U(z) and DF(z,by) = g—;/l(yl, .+, Ym). This achieves
the proof of the proposition. O

3. FuncTIONS ON THE TORUS AND FUNCTIONS ON Q™

3.1. Functions defined on the torus. We give here a (non-geometric) definition of
the functions defined on the torus T™ and we study how to extend a function defined
on Q™ into a function defined on the torus. Here, the torus is not seen as a geometric
object, but as a notation to specify the periodicity with respect to each variable of
the functions involved.
For "regular” functions, we therefore set, when k € NU {4o00}:
e C*(T™,E) is the space of functions of C*(R™, E) which are 2r-periodic in each
variable;
e C*(T™,E) is the space of continuous functions, k times continuously differen-
tiable in the direction of w and 27-periodic in each variable;
e C*(T™,E) is the space of functions of C*(T™ E) which vanish on an open
neighborhood of 0Q™;
o CF(T™ E) is the space of functions of C%(T"™, E) which vanish on an open
neighborhood of 9Q™.

For the functions of Lebesgue spaces, we shall first define the notion of periodicity.

Definition 3.1. For a function u (strongly) measurable from R into E, we call that
u admits the vector p as a period if : 7,u = u. We call u is periodic if it has a non
zero period and we denote

L(T™,E) := {u € L°(R™, E) : 27Z{(e;);) € Per(u)}.

The space L°(R™,E) denotes here the space of measurable functions.
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For the other Lebesgue spaces L%, we set, when a € [1, +o0]:

L*¥(T™ E) :={u e L}, (R™ E) : 2nZ{(e;);)) € Per(u)}.

loc

We endow this space with the norm:

1/a
fullee = (| lu@)zar)

if «v is finite, and when a = oo with the norm:

|u||oo = esssup |ulg ;= inf {a : |ulg < @ a.e.}.
These spaces are Banach spaces. We remind that we note sup instead of esssup.
Notation 3.1. In the sequel, we use the notation || - || instead of || - || 2.

Remark 3.1. For a given function u € L'(T™,E), the integral [p. u(z)dz denotes
Jom u(z)dz. The relation between this integral and the integral with respect to the
Haar measure on the torus is:

1
/m u(z)dpm(z) = G /1rm u(z)dz.
Moreover, we equip the space L?(T™, H) with the following inner product
(u;v) ::/ u(z) g v(z)de.

L?(T™ H) is then a Hilbert space.
We immediately have the following result.

Proposition 3.1. For all p € R™, the following assertions hold.

1. For all k € NU {+oc}, 7,(C*(T™ E)) C C*(T™, E).
2. For all a € [1,4+00], 7,(L*(T™, E)) C L*(T™ E).

3.2. Extension theorems. The extension of functions defined on @™ into functions
defined on the torus can be done using the following lemma.

Lemma 3.1. The following statements hold true.

1. For all x € R™, there exists k € Z™, such that v — 2wk € Q™.
2. The boundary of Q™ is given by

o™ = {p € Q™ : there exists j € {1,--- ,m}, p; € {_ﬂ-?ﬂ-}}

and is Lebesgue-negligible in Q™ and in R™.
3. If f is 2mw-periodic in each variable, f satisfies the following condition at the
boundary:
(CF) Foralli € {1,...,m} and for allz_; € R™7, f(z_;, —7) = f(x_;,7),
which can also be written as: for all £, € Q™, [for alli e {1,...,m},& = ¢
or (& € {—m, 7} and (; € {—m,7})], this implies that f(&) = f({).
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Proof. 3. Results from the definition of periodicity.

For the assertion 1, given z € R™, we set for each j =1,...,m,
T+
-5(%%),
J 2T

where E denotes the integer function. We verify that £ € Z™ and for all j =1,...,m,
we have —m < x; — 2mk; < 7, and so x — 27k € Q™.

Let us now prove 2. We shall show that Int Q™ = (—m, 7).

Firstly, we have Int Q™ D (—m, m)™ because (—m, )™ is an open set of R™ contained
in Q™. If the inclusion is strict, there is a p € Int Q™ and a j, such that p;, € {—=n,7}.
Without loss of generality, we assume that p;, = 7.

The sequence ((pj + %)1§J‘Sm)n converges to p, but none of its elements are in Q™.

Therefore, p ¢ Int Q™.
This ends the proof of this lemma. O

Let us start with the study of the extension in the case of Lebesgue spaces.

Proposition 3.2. The map J : L*(T™,E) — LY(Q™,E) defined by: (u) = u,, is
an isometric isomorphism of Banach spaces (and even Hilbert if « =2 and E = H).

Proof. § is obviously an isometric linear map.

We shall now prove that it is bijective.

Surjectivity. Let us take a function f € L*(Q™,E). Even if it means modifying f
on the boundary of @™ (which is Lebesgue-negligible), we can assume that f is zero
on 0Q™.

Let x € R™. If there exists k,[ in Z™, distinct, for which we simultaneously have
x— 27k € Q™ and z — 27wl € Q™ ans so for all i such that k; # [;, we have (k; =0
and [; = 27) or (k; = 27 and [; = 0).

Therefore, by (CF), f(x — 27k) = f(z — 2nl), and it is then possible to define
f(z) = f(z — 2mk) where k is arbitrarily chosen in Z™ so that z — 2k € Q™.

Let us show now that the function f previously defined is periodic. If p € Z™
and x € R™ are given, let us take £ € Z™ such that: = — 27k € Q™. We have
(z + 2mp) — 27m(k + p) € Q™. Hence, f(x + 27p) = f((z + 27p) — 27(k + p)) =
f(x - 27k) = f(a). )

Finally, it remains to verify that it belongs to L®. The restriction of f to each
Q™ + 2rk, where k € Z™ has the form of = — f(z + 27k), and hence f € L2 (R™, E),
which shows that f € L*(T™, E) and verifies J(f) = f.

Injectivity. Let f € L*(Q™,E) and f; and f; be two functions such that J(f1) =
d(f2) = f. We may suppose that the two functions f; are equal on Q™.

Let x € R™. There exists k € Z™ such that x — 27k € Q™. We have then
fi(z) = fi(z = 27k) = folx — 27k) = fo(z).

The proposition is finally proved. U

We analyze now the case of continuous functions. We have precisely to study what
is happening on the border.



306 D. LASSOUED

Lemma 3.2. Let k and [ be two different elements of Z™ and let p € (Q™ + 2wk) N
(Q™ + 2xl). Then,

p € 0(Q™ 4 2wk) NI(Q™ + 2wl) = (0Q™ + 27k) N (Q™ + 2xl).

Proof. There exist £, € Q™ such that p = £ + 27k = ( + 2wl. Since k # [, there
exists j such that &; # ;. Besides, as & + 2nk; = (; + 2nl; and |§; — (;| < 27, we have
|k; — 1;] < 1.

First case. k; = [;. Then, & = (.

Second case. k; =1; £ 1. Then, & = (; £ 2w, that is, since &, € Q™, one of the
two is equal to —7 and the other one is equal to 7.

Therefore, we have shown that i € {1,...,m}, & = (; or &,(; € {—m; 7} and there
exists j such that &; # (;. Finally, p € (0Q™ + 27k) N (0Q™ + 27l) and the lemma is
proven. 0

Proposition 3.3. Let f € C°(Q™,E). The following statements are equivalent.

1. There exists a unique f € C°(T™ ) such that ﬁQm =f.
2. f satisfies (CF).

Proof. The implication [1. implies 2.] is obvious.

We have to show the implication [2. implies 1.].

Existence. For x € Q" +27k, we set fi(z) = f(z—27k). When (Q™+27k)N(Q™+
27l) # (), with k # [, we have (Q™ + 27k) N (Q™ + 2xl) = (0Q™ + 27k) N (0Q™ + 27l)
in virtue of the lemma.

Hence, thanks to (CF), we have fi(z) = fi(x). Let us introduce Ay := Q™ + 27k.
The family (Ag)x forms a recovery of R™ such that if Ay N A, # 0, fr(x) = fi(x). We
can define the function f as f(z) = fi(x) if £ € A. Since each fj, is continuous and
as the recovery (Ay)y is closed and locally finite, we know that f is continuous (cf.
[13, p. 20]). Its periodicity is obvious. Therefore, the existence is shown.

Uniqueness. Two solutions take the same values on ™, and so that, they are
equal on R™, by periodicity. O

Proposition 3.4. For all function [ € CHQ™ E), there exists a unique f €
CH(T™,E) such that f,.. = f.

Proof. Uniqueness is acquired by Proposition 3.3. Moreover, Proposition 3.3 gives
us, for all j < k, a unique f; € C° (Tm,Lgym ((Rm)j;E)) such that fj‘Qm = fU). Let
f = fo. We aim to prove that this function belongs to CH(T™ E).

Let x € R™ and [ € Z™ such that z € Q™ + 2wl. We can distinguish two cases.

First case. = € Int (Q™ + 27l). In this case, near to z, f = for_ gy is of class C*
as composition of a map from C* and an application from C*.

Second case. z € 0 (Q™ + 2nl). Let A :={\ € Z™:x € 0Q™ + 2w A}. Ais anon

empty finite set and since A € A, we have supp (j]QmHM) = supp(f) + 27\ and since
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x & supp <f|Qm+2M), we can consider

7= min d(z;supp(f) + 27A),

which is a strictly positive real and obtain then that B(z;r), f = 0. Therefore, it
belongs to C* at the neighborhood of x.
This completes the proof. O

3.3. Some other properties of the spaces of functions defined on the torus.
Proposition 3.5. Each function of C°(T™,E) is uniformly continuous on R™.

Proof. Let r be a fixed positive real. The set K = {z € R™ :d(x,Q™) <r} is
compact, so that due to Lemma of Heine: for all € > 0, there exists § > 0 such that
for all z,z € K, if |x — 2| < J, then |f(z) — f(2)|r < €.

We fix an arbitrary € > 0 and a § given by the previous inequality. We put
d" := min{r;d}. Let x,z be such that |x — z| < ¢§'. There exists k € Z™ such that
xr — 27k € Q™ and so z — 27k € K.

So, we have: |f(z) — f(2)|g = |f(z — 27k) — f(z — 27k)|g < &, which is exactly the

uniform continuity. 0

We shall prove now some density theorems. For this aim, we introduce the convo-
lution product.

Proposition 3.6. Let j € NU {+o0}, u € CI(T™,A) and v € L*(T™,B) with
a € [1,4+00]. So, uxv e CI(T™,C).
Proof. Since v € L*(T™, B), we get v € L},.(R™, B) and the convolution product u*v
is given by:
uxv(z) = / u(z) ov(z — x)dx.
Rm™m
Moreover, it is well defined on R™ and u * v € C?(R™, €).

Let us verify that 27Z™ C Per(u * v), which will complete the demonstration.
Let p € 2nZ™. p is a period of v, and

uxv(z+p) = /Rm w(x)v(z+p—z)dr = / u(z)v(z — x)dr = uxv(z).

m

This is what had to be demonstrated. 0]
Proposition 3.7. Let j € NU {+o0}. C/(T™ E) and CI(T™, E) are dense in
L*(T™ E).

Proof. Tt suffices to prove this result on CJ(T™ E).

Indeed, we recall that C°(Int(Q™), E) is dense in L*(Q™, E) (the proof in Brezis’s
book [3, p. 71] can be adapted to Banach spaces). Fixing u € L?(T™, E), we denote
by w its restriction to Q™. Hence, for a given ¢ > 0, there exists w € C°(Int(Q™), E)

such that
| ua) = ulw)de < <.
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Moreover, using Proposition 3.4, we can extend in a unique way w to an element

z € CX(T™ E). We get
L V@) —u@)de = | () —u@)fde < <
which completes the proof of our proposition. 0

Lemma 3.3. Let f € LY(T™,E) and 8 € R™. So, we have
/ f(x+ p)dz —/Q f(z)dx.

Proof. We will prove the result by induction on m.
For m = 1, we have successively

/_1f<t+ﬁ>dt=/;_:”f=/6:f+/_1f+/:+ﬂf
:_/_i_wf+/_7;f+/_i_ﬂf(t+2w)dt:/_Zf.

This is the desired result.
Now, suppose the result is true for 1 and m — 1. We have

/Qm fla+ B)dz = /_7; l/{_m]ml flay+ B oo + 5_1)dx_1] dzr.

From the result at rank m — 1, the right side is

/7; VM e f(x1 + B, x_l)dx_ll .

Due to Fubini’s theorem then from the result to row 1, this integral is equal to
Jom f(z)dr, which means that the proposition is proven. O

Proposition 3.8. Let consider u € L*(T™ E). The function from R™ into L*(T™ E)
defined by B — Tzu is uniformly continuous.

Proof. Let us fix an € > 0, and a function v € C(T™, E) such that ||u — v|| < ¢/3.

Since v is uniformly continuous on R™, 3 +— 73 is uniformly continuous from R™
into C°(T™,E). Hence, we can find n > 0 such that if v and 3 are in R™ such that
[y = B <, then

9
sup (e +9) = vle + e < 35w

Let choose v and 3. We then get
[u(- 4+ 8) —u(- + N <llul- + 8) = v(- + B + [lo(- + 5) = v(- )|l
+ lo(- +7) —ul-+ )|l
<2fju = vl + [[o(- + B) = v(- + I,

using Lemma 3.3. This last term being less than e, the proof is achieved. O
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4. CONSTRUCTION OF SOBOLEV-TYPE SPACES

We aim to present the construction of Sobolev type spaces adapted to our problems.
We will start by introducing a notion of weak derivative of Percival for the elements
of L?>(T™,E) as infinite generator of a (semi-)group of contractions. The domain of
this unbounded operator is the Sobolev type space that we build. We shall explain
the relation between distributions on the torus and 27-periodic distributions in each
variable, and we shall show that the different ways of introducing the weak derivative
of Percival coincide.

4.1. Construction and first properties of the space H'!(T™, E). Due to Propo-
sition 3.1, for each v € L?*(T™,E) and all 8 € R™, we have t5u € L*(T™, E).
Thus, we can define, for all t € RT, T'(¢) from L*(T™, E) into L*(T™, E) by setting

T(t)u := 1y,u, for allt € R, for all u € L*(T™, RY).
It can be easily verified that T'(¢) is a linear isometry of L*(T™, E).

Proposition 4.1. The following statements hold.
(1) Forall s,t e RT, T(s+1t)=T(t)oT(s).
(2) T(0) =id.
(3) For allu € L*(T™ E), [t — T(t)u] € CO(RT, L*(T™, E)).
Proof. (1) We have for all s, > 0,
T(t+ s)u= Tt = u(- + (s + t)w) = Tu(- + tw) = T(s)[T(t)u]
=[T(s) o T(1)](u).
(2) is obvious.

(3) [t = tw] is continuous, which implies that this assertion is a consequence of
Proposition 3.8. 0

Hence, following [7, p. 614], the family (7'(t));cr+ is a strongly continuous semi-
group of L(L?(T™ E); L*(T™, E)).
We denote by V,, the infinitesimal generator of this semi-group, and by H(T™, E)
its domain. So, we have
1 (mm { 2 mmm . T(Hu—u
HY(T™ E) = {ue LXT™E): lim

exists in L*(T™, E)}
t—0+
and for v € H!(T™ E), this limit is denoted by V u.
We obtain from the theory of strongly continuous semi-groups, cf. [7].

Proposition 4.2. The following assertions are true.
1. HL(T™, E) is a linear subspace of L*(T™,E) and V,, is a linear operator from
HL(T™ E) into L*(T™,E).
2. Ifu e H:(T™ E) and if t € RY, then 1,u € H:(T™ E) and
d

£<Ttw'u/) = vw<Tth) = Ttw(un).
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3. Ifue HY(T™E) and if 0 < s <t < 400, then

t
Tiol — Tepll = / Trw(Vu)dr.
S

4. Ift e R" and if g € LY(R,R) is continuous in t, then

o1 gtk
}llli% E/t g(S)TswUdS = g(t)Tth-

5. HL(T™ E) is dense in L*(T™,E) and V., is of closed graph in L*(T™ E) x
L3(T™,E).

Remark 4.1. The integrals considered in the previous proposition are integrals of
continuous functions with values in the Banach space L*(T™, E).

The space H.(T™,E) is endowed with the norm

lullmsemmy = v/l + Va2,
which we denote also by ||ul1,, if there is no ambiguity on E.
If in addition E = H is a Hilbert space, the space H!(T™,H) is equipped with the
following bi-linear form

(u; v) gy eom ) = (w3 v) + (Vou; Vo).
Again, if there is no ambiguity on H, we shall denote (u;v),, instead of (u;v) 1 (rm .-

Proposition 4.3. Equipped with the bi-linear form (-,-)1,, H.(T™ H) is a Hilbert
space.

Proof. We have only to prove the completeness of this space. Now, if (u,), is a Cauchy
sequence in H} (T™,H), each of the sequences (u,), and (V,u,), is also of Cauchy
in the complete space L?(T™,H), hence, they converge. We denote by u and v their
respective limits. Since V,, is of closed graph, we deduce that v = V,u, and then the
sequence (u,), converges in H!(T™ H). O

We now verify that we correctly recover the usual notion for regular functions.

Proposition 4.4. If u € CY(T™ E), then u € H.(T™ E), and V, u(z) = v/(z) - w
for Lebesque-almost all x.

Proof. Since v’ is continuous on T™, it is uniformly continuous, and so if we give
and € > 0, there exists n > 0 such that: for all £,¢ € R™, if |£ — (| < n, we have
() — w(©)ls < .

Let us fix a such n, x € R™ and let t € (0,7/|w|). By the mean inequality applied
to the function y — u(y) — u'(x) - y between x and = + tw, we get

u(z + tw) — u(z) — o' (z) - ()]s < ‘i‘w.
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We divide by ¢, and we integrate the square of the inequality on Q™. It comes, for all
t € (0,n/|wl)

Tioth — U
t“’f —'(") wH < 5(27T)m/2,
which completes the proof of our proposition. O

4.2. Convolution and density theorems. We call a regularizing sequence a se-
quence (p;);>o of functions of C°(R™, R) verifying

1. for all z € R™, for all j € N, p;(z) > 0;

2. forall j €N, [pmp; =1;

3. for all j € N, supp(p;) C Int(Q™) and lim;_, -, diam[supp(p;)] = 0.

Proposition 4.5. Let u € HL(T™ E) and p € CHR™ K) such that supp(p) C
Int(Q™). We have (d,p) *u = px (V,u).

Proof. First step. Let ¢t > 0. We firstly remark that

/m p(z) {Ttwut_u] (z — x)dx = /m u(z — ) [W—p} (x)da.

t

Second step. Let us prove that, as ¢ tends to 0, [gmp(z) [W} (z — x)dx tends

to p*x (Vyu)(2). Indeed, since [zm p =1, the difference between this integral and
p* (Vyu)(z) is equal to

/ p(x) [Wt_u - un} (z —x)dx = / p(x) {Wt_u — un} (z —x)dx,
1/2
which is dominated by (if we denote by I = { Jom pﬂ )
Tioll — U 2 1/2 Tioll — U
][/ %—un (z —x)dx §]tw—ku‘
™ E

and this last term tends to 0 as ¢ tends to 0.

Third step. We aim to prove that, if ¢ tends to 0, [pm u(z — 2)[™£=2](z)dx tends
to (d,p) *u. Since supp(p) C Int Q™, there exists a real r > 0 such that if ¢ < r, then
supp(Ti,p) C Int Q™.

Since supp(p’) is compact, p’ is uniformly continuous so by using the mean inequality,
for all € > 0, there exists ¢’ < r such that if t € (0;¢'), we have

L (@) = dple)| < el

We integrate R™ this inequality multiplied before by u(z — z), and we get, taking into

account supp [W} Q™

/ (Ttwpt_p(x) - dwp(x)) u(z — x)dx
m E

Hence, the result of this step is valid.

< /m elwl - Ju(z — 2)g.



312 D. LASSOUED

Fourth step. Conclusion, we take the limit in the inequality of the first step to
end the proof. O

Proposition 4.6. Let (p;); reqularizing sequence and w € L*(T™,E). Then,

Jim o+ u—ull =0,

Proof. Since p; is positive and with support contained in @™, we have for all z € R™

oy (e < [ py(a)lulz — 2)leds < ¢ | i@z = x)lde.

where the last inequality is obtained using the inequality of Cauchy-Schwarz. Hence,
increasing to the square, integrating over T™ then using Fubini’s theorem, we get

logeu=ul? < [ i@ ([, 1uz — o)tz do.

But, due to Lemma 3.3, the inside integral is equal to ||ul|?, and so that we get

loj *w —ull® < fJull®

As C%(Int Q™, E) is dense in L*(Q™, E), we know that C°(T™, E) is dense in L?(T™, E)
and so that for a given ¢ > 0, there is ¢ € CO(T™,E) such that ||u — ¢|| < e. Also,
we have ||p; xu — p; * || <e. We deduce then

o *u—ul <2+ |[p; ¢ — ol

It remains to show that ||p; * ¢ — ¢|| < ¢ for j large enough. The uniform continuity
of ¢ allows us to find an 1 > 0 such that if | — (| < n, then |p(&) — @(Q)|g < e. Let
J be large enough in order to get z € supp(p;) implies |z| < 7. Consider then an
arbitrary z € R™. So, from

pixp(2) = o(2) = [ pi(@) (o(z = 2) - o(2) d,

m

as the integral only relates to supp(p;), we deduce

1pj * (2) — ¢(2)|e < e/ pi(2)dz < e,

supp(p;)

For j large enough, we obtain finally ||p; * u — u|| < 3¢, which achieves the proof. [
Proposition 4.7. Let u € L*(T™,E) and p € C}(R™,K). Then

d,(p*u) = (dyp) *u.
Proof. Thanks to (cf. [17, p. 122]), we know that

8(*)_ 0 §

We multiply by w; and add up over ¢ to get the result. O
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Proposition 4.8. C'(T™ E) is dense in HL(T™, E).

More precisely, if u € H(T™,E), then the sequence (pj*u); tends to u in H:(T™,E)
for every regularizing sequence (p;);.
Proof. By Proposition 3.6, we have p; x u € C*(T™ E) and p; * (V,u) € C*(T™E).
Now, by Proposition 4.6, we have

lim ||pj*u—u||=0 and jll}g_noo lpj * (Vou) — (Vou)|| = 0.

Jj—+oo
But, due to Propositions 4.5 and 4.7, we get p; * (V,u) = V,(p; * u) and finally
limj_>+oo ||pj *u—uHLw =0. ]
Proposition 4.9. The following assertions are true.

1. For all f € CY(T™,E), [ym O.f(x)dz = 0.
2. For allu € HX(T™ E), Jrm Vou(x)dr = 0.

Proof. 1. By periodicity, we have for all ¢

of B
/Tm B (x)dx =0,

from which we deduce the assertion 1. by linearity.
2. By density, we can find, for all ¢ > 0, a function f € C'(T™,E) such that

If = ulliw <e
Therefore, ||d,f — Vyul| <€, and so that ||duf — Voul pigm gy < £(27)™. Hence,

using 1, it can be seen that | [im Vu(z)dz|z < e(2m)™. O

Proposition 4.10. Let ¢ € CY(T™, A) and u € HL(T™, B). Then, ¢-u € HL(T™, Q)
and we have V(¢ o u) = (dyp) o u+ ¢ o (Vyu).

Proof. First case. (A,B) = (E',E) (or (E,E’) which can be treated in the same

manner).
First step in this first case. We show that
. TiwP — @
lim % BxE Troll — (dwtp) “B'xE UH =0.

Let us fix an € > 0. Thanks to the uniform continuity ¢’, there exists to > 0 such
that if |t| < tg, for all z € R™ and for all ¢ € [z, z + tw], |¢'(§) — ¢/ (z)|r < e|lw|7 .
Besides, using the mean inequality, we have
p(r +tw) — p(z)
t

< sup [@'(§) — ¢ (@) e |wlu(z + tw) k.
£€lmizttw]

s (e + 1) — (dp(2)) -z ule + )

Therefore, if |t| < to, this term is less than e|u(z + tw)|p. Taking the square and
integrating, due to Lemma 3.3, we deduce

‘ |:Ttw()0 - 80 _ d
t

w@:| ‘E'xXE Ttwu‘ S SHUH
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Thus, we have shown that

. TtwP — @ B
a i |22 — ] =0
Moreover, we have
() -wrxe (i — w)|> < (2)" |[duplZ It — 2

and by Proposition 3.8, this term tends to 0 as t — 0.
Due to this result, we deduce that
Tiwp — P
t

Tt —
# - dww] ‘B xE TtwU

‘E'XE Tl — (dw@) ‘E'XE UH

< ] + [[(dup) “rxe (Trou — ).

The inequality (4.1) allows to deduce the result.
Second step of first case. We prove that

Tioh — U
lim || -5 xE ———— — @ ErxE Vol ’ =0.
t—0 t
In fact, the term considered is less than
TeoUl — U
(@) gl |25 — T

which tends to 0 as ¢t — 0.
Conclusion. We get
Tro (P "E/xE U) — @ BIxE U
t

- (dwgp) E'xE U — @ "E'xE (un)

[T — ¢ Tilh — U
B t t
and so that it results from the two first steps that the right hand side member tends

to 0 when ¢ tends to 0, and the assertion 1. is consequently proven.

Second case. (A, B) = (K,E) (or (E,K) which is the same).

Let ¢ € E' and ¢.(z) := @¢(x)e. Then, ¢, € HL(T™ E’) and by assertion 1, we
obtain

‘W xE Tl — (dup) ‘mxE U} + [90 B/ xE — @ ExE Vol ,

Vol(pe) ‘mxe u] = du(pe) wxe v+ (v€) wxe (Vou).
But, since e is constant, we have V[(pe) w«ru] = (Vop)ewxru and d,(ve) = (d,p)e.

Therefore, we obtain e ‘gyg [Vu(p - u)] = € mxr [(dop)u] + € -wxr [¢ - (Vou)]. Since
the relation is true for all e € E’, we conclude that
V(e u) = (dop)u+ ¢ - (Vou). O

Proposition 4.11. We have the following integration formula by parts. For all
o € CYT™, A) and v € HL(T™, B), we have

[ oo (Ve == [ (dup)ou
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Proof. Using the previous proposition, we know that ¢ o u € H1(T™, €) and that we
have

Volpou) = (dyp)ou+ o (Vyu).
Integrating this equality, as in Proposition 4.9, the integral of the left hand side is
zero, we have

[, oo+ [ (dp)ou=0.
and so that the proof is completed. 0]

4.3. The space H} ,(T™ E).

Definition 4.1. We define the space H}(T™ E) as the closure of C}(T™, E) in
H(T™ E).

Proposition 4.12. Endowed with the norm of HL(T™ E), H. ((T™,E) is complete.
If in addition the space E = H is a Hilbert space, Hio(']l‘m, E) is a Hilbert space.

Proof. HJ ,(T™, ) is a closed linear subspace of the complete space H}(T™, E). There-
fore, it is a complete space. 0

Proposition 4.13. H} ((T™ E) is also the closure of C} ,(T™,E) in H}(T™, E).

Proof. Let H be the closure of C}(T™,E) in H}(T™,E).

The inclusion H C H, o(T™ E) is a consequence of C}(T™ E) C C! (T™, E).

For the converse sens, we shall prove that the injection of C}(T™, E) in C.(T™,E)
is dense for the norm of H}(T™,E). Let take ¢ € C.(T™,E) and (pn), a regularizing

sequence. Since ¢ € HL(T™ E), from the Proposition 3.7 applied on ¢ and p,, we
get if 1, 1= p, * , we have 1, € C1(T™,E) and

lim ||¢n — ¢|l1w =0.

n—-+4o0o
Besides, we have
supp(¢) C supp(y) + supp(pn),
and as lim,,_, , o, diam(supp(p,)) = 0, for n large enough, we have supp(v,,) C Int Q™.
We deduce that 1, € C}(T™,E) for n large enough, which ends the proof. O

Proposition 4.14. For all u € H(}J,O(TW,]H[), we have the inequality of Poincaré-
Wirtinger
|w]
IVeul| = ——=|lu].

m/m
Moreover, the map u— ||Vyul| is a norm H} o(T™ H) equivalent to HL(T™, H).
We denote || - ||14,0 the norm given in proposition, which means that for all u €
H i,O(va H)v
[ull1w0 = [[Veull-
The proof of this proposition is based essentially on the verification of the inequality
indicated for the regular functions, which is the main purpose of the following lemma.
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Lemma 4.1. We denote o = % Then, for all uw € C}(T™, H), we have
[dwull = alful]

Proof of the Proposition 4.14. Assume for the moment that Lemma 4.1 holds. Let
u € H) o(T™ H). Consider a sequence (uy), with values in C}(T™,H) tending to u
and for which we apply the lemma. Hence, for all n, we have

IVeunl| = aflun-

But, since
|IVou — Viu,| =0,

lim |ju—u,||=0 and lim
n—+o0o n—+oo

we can take the limit to obtain
[Voull > aful].

From this inequality, we get for all u € H] ((T"™, H)

V1+a?

lulliwo < flullhe < ———Ilulliwo

which means the equivalence of the norms. This completes the proof of proposition.
O

Now, let us prove the lemma.

Proof of Lemma 4.1. We use the results and notations of Section 2.1. Let u €
CHT™,H) be a fixed function and v = u oy o x;'. So, we have

2
dy = f? [ (/ o
H D K(y—l)

ov
Vel =l [ | 5-) ()

Take y_1 € D. We set [a,b] :== K(y_1) (we remind that K(y_;) is a closed interval,
cf. Lemma 2.1). We put also ¢(y1) = v(y1,- ., Ym). We notice that ¢ € C!([a,d], H)
and that

2

dyl) dy-1.
H

, ov
() = @(yl,m,ym)-

1
/K(yl)

But, since ¢(a) = 0, we have

It comes then

ov

2 b
- dy, = '(4)|2 dt.
8y1(y)H Y1 /a\sO()\H

t / /

e(s) m'(s) 01l 22 ((a,b1, ) -1 l| 22 [a b1,

pt)ff = [ BT s < PP A,

where we have used the inequality of Cauchy-Schwarz and dominated each integral
(of positive functions) by the integral on the integer segment. By integration on [a, b],

we deduce that
b—a, ,
ol L2 (fa,,m) < 5 1" || 2((a,5),10) 5
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and since b — a = diam K (y_1) < 2m/m, we get

el 2o m < TVml|@'|| L2 (fae)m-

Going back to v, we obtain
2

a’U 1 2
-—W)| dy = / v(Y)|w dy,
/K(yn 8y1( ) . mm? Ji(y_1) o)l
or, taking into account u
|w]
lduull > [Jull
m/m

This ends the proof of the lemma. O

Remark 4.2. The fact that a constant non zero function does not verify the relation
of Poincaré-Wirtinger shows that H_ ((T™, H) is different of HJ(T™,H).

Notation 4.1. We denote by apw (m) (or apy if there is no ambiguity on m), the best
Poincaré-Wirtinger constant, that is to say
[Voul

(@8] m) .=
pw (m) weHY (T En {0} ||u

=sup {a > 0:for all u € H. ((T™ H), [|[Voull > a||u||}

We have then, for all m,
Oépw<m> > |w| .
T omy/m

Proposition 4.15. The canonical injection of H} o(T™, H) in L*(T™,H) is not com-
pact.

Remark 4.3. In other words, the space HS)’O('IFT”,H) does not verify a result of the
type Rellich-Kondrachov. This lack of compactness makes it more difficult to obtain
existence theorems in this space or in usual Sobolev’s space Hj ().

Proof. Given the characterization of strong compacts, i.e., for the topology of the
norm of L?(Int Q™) (cf. [3, p. 74]), to deny Rellich-Kondrachov, it suffices to remark
that: there exists ¢ > 0, there exists 2 CC Int Q™, there exists Jy > 0, such that
for all 0 € (0;d0), we can find h € R™, and u € ABy1 _(pm ), such that |h[ < 6 and
[ Thu — ul| > e. ’
Before moving forward with the proof, let us make three remarks.
e [t suffices to construct a counterexample with H = R.
e Of course, this does not contradict the continuity of translations in L? because
u depends on 9.
e The fundamental idea to remember is that the absence of compactness is due
to the absence of control of the derivatives which are not in the direction of w.
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We therefore take the case of H = R. Let (b;) be an orthonormal basis such that
by = |‘0‘J’—| We put A C IntQ™, L;, j =1,...,m, m strictly positive reals such that if

i=1
and
TK := U To KK,
aE[O,%Ll]

we have TK C Int Q™. We can then find an open set ) containing 7K and so that
the closure is contained in Int @™ (which means Q@ CC Int Q™). We set 8§y := 2L,
and [ = %Ll.

First step. In this step (which we only do if m > 3), we just have to treat the

case where m = 2.
Let ¢ € C°(R™2,RT) be not identically zero, such that supp(¢) C [T723[0, L;]. We

denote
— 2
7. /]R &
which is a strictly positive real.
We shall look for v = w0 x o 7' having the form
U(ylv s 7ym) - UQ(ylayQ)gb(y?n s 7ym)

If supp(v) C K and if h = 0by with § € (0,dp), we have ||(T,v — v)xall = ||V — ||,
and using Fubini’s theorem we obtain the following identities

17nu = ull® = 702 — valZ2p)I
and
IVoull® = w1 0rvall72 (27,
and finally,
7wt = u* = |w|? 1702 — vl 2y
[Veull? 1010217 2 72y

We see from the previous equality that it is enough to build v, which amounts to
doing the proof in the case m = 2.
Second step. We shall now construct vs.
Let us fix § € (0,0¢). For 4,5 € {0,1,2}, we denote
Ly Ly ¢
Aii=A4+1—0b — - —b,.
J +1 3 1 +J 3 5 2
For all A € R*, we define the function Py on [0,[] by

A z\ 2
Pi\(z) = 253902X[07z/2] () + A (1 -2 (1 - l) ) Xii/2.0 ().



A STUDY OF FUNCTIONS ON THE TORUS AND MULTI-PERIODIC FUNCTIONS 319

So, we introduce fy as fa(x) = Px(x)xjoy(x) + Axp2n(z) + Pa(3l — 2)xp0,1(x). The
function fy is continuous and it is C! piecewise. We calculate

A
I £lle =25

We set finally, va(y1,92) = fya/s(y1)X10,6(¥2) + f1(1)X15,25) (¥2) + Fa—yays (Y1) X (26,36 (Y2)-
So, we have

R ey N (EUC
and
9 4.1 4 170
||81U2||L2(T2) =2 [2 /CO(Ao,o;A1,o;A0,1;A1,1) Wd * co(Ao,1341,1540,2;A2,2) ﬁdy BT
Finally, we have
I7sp,v2 = vallf2(ry _ 207
H5’1U2”%2(T2) BRYE
hence we can take in the case arbitrary m
_ ! \/7
€= m 7
This achieves the proof. [l

5. FOURIER ANALYSIS AND COMPARISON OF THE DIFFERENT NOTIONS OF
DERIVATION

Remark 5.1. For convenience, we assume that K = C. In the real case, this consists
in working in the complexification of [E, then in obtaining the Fourier coefficients of
opposite indices.

We denote, for u € L?(T™, E) and v € Z™, a(u;v) the element of E

(271)m /Qm e—y(z)u(z)dr.

a(u;v) =

We also denote

ur~ > aluyv)e,.
veZL™

We recall the following.

Remind 5.1. The map u +— (a(u;v)),ezn is an isometric isomorphism from L?(T™, H)
into (2(Z™; H).

Remark 5.2. The function e, is of class C*(T™, E) and
d,e, =i(v-w)e,.
Proposition 5.1. Let u € H.(T™ E) and v € Z™. We have

a(Vou;v) =i(v-w)al(u;v).
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Proof. Fix v € Z™. The application a(-;v) is linear continuous from L*(T™ E) into
E, hence

a(Twt; v) — alu; v)
" :
By Lemma 3.3, we have a(ry,u;v) = e, (tw)a(u; v). O

a(Vyu;v) = %%

Proposition 5.2. Let u € L*(T™, H) such that
> (v-w)?la(u;v) | < +oo.

vezm™

Then, u € HL(T™ H) and Vou ~ ¥, i(v - w)a(u;v)e,.

Proof. We know (cf. (5.1)) that there exists v € L*(T™,H) such that v ~ >, i(v -
w)a(u;v)e,. For k € N* then form the trigonometric polynomial Py(z) =
Si<k a(u;v)ey(x). Thus, imy, o [[u — Pl = 0 and lim o0 [[v — Vo Pe|| = 0.
Since (Py; V,, Py) is in the graph V,, which is closed, so that we deduce that v = V,,u
and then v € H} (T™, H). O

Proposition 5.3. Let u and v be two elements of L*(T™ H) such that: for all

p e CHT™, C),
/ (dw@) 'HU—_—/ Y mHY,
’I[‘rn 'Irm

or equivalently, for all p € C1(T™ H),

/mu~Hdwg0:—/va~Hgo,

then uw € HL(T™, H) and V,u = v.
Likewise, let u and v be two elements of L*(T™, C) such that: for all p € C*(T™,C),

| @opyu=—[ v
L, uldee) == [ v

then u € HL(T™,C) and V, u = v.

or for all ¢ € C1(T™, H),

Remark 5.3. This way of defining the derivative of an element of L?(T™, H) is analogous
to that of Sobolev. Also, we will say that v is the weak derivative of Sobolev. This
proposition thus shows that this weak derivative, when it exists, coincides with the
notion already introduced. We will show the reciprocal later.

Proof of Proposition 5.3. Taking ¢ = e,, we obtain that a(v;v) = —i(v - w)a(u;v).
Since v € L*(T™, H), we deduce that ((v - w)a(u;v)), € *(Z™;H), and Proposition
5.2 allows us to conclude.

Let h € H non zeros. Let ¢ € CY(T™,C). We apply the hypothesis with the
functions @y (z) := p(x)h. We get the result.

It is a special case with H := C. O
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6. LINK WITH PERIODIC DISTRIBUTIONS AND DISTRIBUTIONS ON THE TORUS

6.1. Preliminary on vector-valued distributions. We denote by D(R™, K) the
vector space of class functions C*° from R™ into K which vanish outside of a compact.

The space of distribution with values into E is by definition £(D(R™,K),E). We
will note it D'(R™, E).

Proposition 6.1. Fach function f € LT (R™ E) defines a vector valued distribution
Ty, for all ¢ € D(R™,K) by

(Ty; ) == /m o(x) f(z)d.

Proof. Since f € LY _(R™ E), we have f € L} (R™ E) which shows in particular that
for all p € D(R™, K), of € L'(R™ E) and so that [zm ¢f € E. Besides, we have for
all ¢ € E

le" & f| < ||| flE,
and so € ‘wxg f € L}, (R™ R) for all ¢ € E'. Due to [14, Proposition 19, p. 66|, we
deduce that f define a vector distribution. O

6.2. Periodification. The main reference here is [18].

Proposition 6.2. Let ¢ : R™ — E be a function with compact support. Then, for all

r € R™,
w(p)(@)= DY me()

Ae2nZ™
is well defined, the function w(p) : R™ — E is periodic, and 2rZ"™ C Per(w(y)).

Proof. Existence. We will verify that the sum defining w(y)(z) is finite.

Let z be fixed. Ty¢(x) # 0 implies z + A € supp(y) which gives A € (supp(yp) —
x) N 27Z™ and as this intersection is finite because the support of ¢ is bounded, we
deduce that the sum defining w(p) deals only with a finite number of terms, hence
the existence of w(yp).

Periodicity. This property is a direct consequence of the fact that 27Z™ is a
group. 0

The operator w extends to compactly supported distributions as follows. For
T e &(R™ E), we set for all p € D(R™,K)

(@) = (T;mp).
Proposition 6.3. w applies continuously D(R™, E) into E(R™,E) and &'(R™,E) in
D'(R™ E).

Proof. Let K be a fixed compact of R™. w applies continuously Dg(R™ E) into
E(R™ E), hence D(R™,E) into E(R™,E). The expression defining w for distributions
allows to conclude at the end of the proposition, since w is defined as being its
transpose (with an abuse of notations). O
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Proposition 6.4. The following statements are true.

1. For oll T € &'(R™ E), wT is periodic and more exactly we have for all A €
272™ w(n\T) = 1\(wT) = wT.

2. For all F € D'(T™ E) and ¢ € D(R™,K), we have w(F) = (wy).F.

3. Forall f € C*(T™,K) and T € &(R™ E), we have w(fT) = f.(=T).

Proof. We refer to [18, p. 62-63], where the proofs can be adapted without problems
to the Banach framework as arrival space.

The assertion 1. is immediate by transposition.

For the assertion 2., we have 7\(¢YF) = 7\(¢Y)7\(F) = A (¢) F as F is periodic. We
can conclude by passing to the sum.

The last assertion can be done as the second one. 0J

Proposition 6.5. The following statements hold true.
1. If p € CO(R™,E), then w(p) € C°(T™, E).
2. If p € CHR™E), then w(p) € CYT™,E) and moreover, we have for all
1=1,...,m

w (gi) = 87;(330) and  w(d,p) = d,@(p).

3. For all k € NU {400}, if p € CE(R™ E), then w(p) € C*(T™ E).

Proof. We notice that 3. is a consequence of 2. by iteration. We also notice that
supp(7ap) = supp(p) — A.

Let fix an x. We shall prove that on a ball centered in z, we can choose a fix finite
set of indexes A for which the terms of the sum are non zero. The assertions of the
proposition will follow immediately. Noticing K the compact supp(¢) — x, we remark
first that d(z;supp(map)) = d(\; K), and for some r > 0 being fixed, the set

Z :={\ € 2nZ™ : d(x;supp(map)) < 1}

is finite, and since Z = {\ € 27Z™ : Int B(x,r) Nsupp(map) # 0}, we have over
Int B(z,7),w(¢) = Yaez Tap. Proposition is then proved. O

Remark 6.1. Previously, we have extended some functions u : Int Q™ — E to functions
@ : T™ — E. Denoting by wug the extension of u to R™ by 0, we have & = w(uy).

6.3. Periodic distributions and distributions on the torus. Here also, the main
reference is [18] where the proofs can be adapted to the Banach framework. We begin
by a lemma of periodic partition of the unit.

Lemma 6.1. There exists a function 6 € D(R™ R) such that wf = 1.
Proof. See [18, p. 63]. O

Lemma 6.2 (Surjectivity Lemma). 1. For all f € C®(T™ E), there exists ¢ €
D(R™ E), such that f = w(p).
2. For all F € (C*)(T™,E), there exists T € &'(R™,E), such that F' = w(T).
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Proof. Taking into account (6.5), we can take ¢ = 0f and T'= 0F. O

Proposition 6.6. The spaces D'(T™ E) and (C*)'(T™,E), equipped with the same
dual topologies (strong ones or week ones), are algebraically and topologically isomor-
phic.

Given the importance of this proposition, we demonstrate it in details.

Proof. 1. w applies continuously D(R™, K) in E(R™, K), and so does apply D(R™, K)
in &(R™, K)ND'(T™, K) = C>°(T™, K). Its transpose, denoted as w’ and defined for
all L € (C*)(T™, E), and all ¢ € D(T™, E) by

(@ L; ¢) = (L; )1
applies then continuously (C°°)(T™,E) in D'(R™, E). But, @’ L is a periodic distri-
bution, and w? sends continuously (C*)(T™,E) to D'(T™, E).

2. Let 0 given by lemma of periodic partition of the unit. The application f + 6f
applies then continuously €(R™,K) in D(R™ K). Let © be the restriction of this
application to C*°(T™,K). © applies also continuously C*°(T™, K) in D(R™,K), and
so its transpose continuously applies D'(R™,E) in (C*)(T™,E). Its restriction to
D'(T™, E), again noted ©F, applies D’(T™, E) continuously in (C*)'(T™, E).

3. We check by a simple calculation that ’ and ©7 are reciprocal. O

Remark 6.2. From now on, we will systematically do this identification.

Remark 6.3. We can explain this correspondence.
1. Given F € D'(T™,E) and T any distribution with compact verifying w7 = F,
we have for all f € C°(T™ R) (F, f)rm = (T f).
2. If in addition F' is locally integrable, we can take 1" = xom F’, and
(F, f)m = /Q _F(x)f(z)d.
6.4. Link with the concepts previously introduced. We define Percival opera-
tors for the distributions.

Definition 6.1. We define the following.
1. The operator 9, on D'(T™,E) in the following way. If T € (C*)(T™,E), we
set for all p € C°(T™,K) (0.T;¢) = —(T;dy,p).
2. For T € D'(IntQ™,E), D,T, for all ¢ € C®(Int Q™ ,K) by (D,T;p) =
_<T; dw30>

Remark 6.4. The following assertions are true.

1. If ¢ € CY(T™ E), then ¢ € D'(T™,E) and 0, = dy,¢p.
2. If p € CH(Int Q™, E), then ¢ € D'(Int Q™,E) and D, = d, .

We now indicate a characterization of H!(T™,H) in terms of periodic distributions.
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Proposition 6.7. The following equality holds true
HL(T™H) = {u € L*(T™, H) : 0,u € L(T™, H)},
and if w € H:(T™ H), we have V,u = 9, u.

Proof. We shall suppose that K = C for sake of simplicity.
Inclusion H!(T™ H) D {u € L*(T™, H) : d,u € L*(T™ H)}.
Let u € L*(T™; H) such that d,u € L*(T™,H). We remark first that we have for
all p € C°(T™,K) the following relation on d,
go-@wu:—/ dyp - u.
Tm Tm

By Proposition 5.3, we deduce that u € H!(T™, H) and d,u = V, u.
Inclusion H}(T™ H) C {u € L*(T™ H) : d,u € L*(T™ H)} .
From 4. of Proposition 4.11, if w € H}(T™, H), we have for all ¢ € C°°(T™, K)

/ eV,u = —/ dyp - u.
Tm Tm

But, this means that V, u = d,u, and so d,u € L*(T™, H). O

Each function f € L}, .(R™ E) presents a distribution noted by T;. We denote
D; the distributional partial derivatives on D’(R™,E) and D,, the operator D, =
S w;D;. We recall that d,,u has been defined for u € H!(T™ E).

Proposition 6.8. Let u € H.(T™ E). Then, we have on D'(R™ E)
DT, = Tpy,u,
that is, Du is represented by O, u.
To begin with, we notice that Tj_,, is well defined because
d.u € L*(T™ E) C L} (R™E) C L,.(R™E).

Proof. Let ¢ € C*(R™,K) be a fixed function. There exist Aj,...,\, such that
supp(p) C Ui (@™ + X;). Let i € {1,...,m}. We have

0y Oy

(97:) = - o %U,

and since if i # 7, (Q™ + X;) N (Q™ + A;) is of zero measure, this integral is equal to

_Z/Qm+/\ axz __Z/ma(px—'ﬁ/\) (& + Ay)dz

:_Z/m&”f“ (a)dz

o (5752
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But, if z € Int Q™ and A isnot a A;, j =1,...,p, we have p(x + A) = 0 by definition
of A\;. Thus, the obtained integral is equal to

I
— w
Int Q™ ox;
Therefore, we finally obtain
(6.1) (DTig) == [ w(dp)u.
Int Q™

Moreover, arguing in the same way, we have the following identities

/ 00, u—Z/QmH w0, u—Z/tQm T,\<p8u—/IQO (ZT,\ )

— [ Q@) =~ [ wda (@)=~ [ @ (d)u
Int QM Int QM Int Q™
Thus, we have shown that
go@wu - = w (dw<90)) u.
Rm Int Qm

Comparing this equality with the equality (6.1), we finally see that for all ¢ €
C®(R™ R)
<DwTu7 S0> = / 2 &uua
Int Q™
which ends the proof of proposition. O

7. SOBOLEV SPACES ON Int Q™

Definition 7.1. We define
HL(Int Q™. E) := {u € L*(Int Q™. E) : Dyu € L*(Int Q™ E)} ,

which we endow with the norm

il 1=/ g 1+ 1D

We define an inner product on H!(Int Q™, H) by setting, for all u,v € H(Int Q™, H)
(u;v)y, = / w-g v+ Dyu-g Dyv.
Int Q™

Proposition 7.1. H!(Int Q™ E) is a Banach space (Hilbert space if E = H).

Proof. Let (uy), be a Cauchy sequence with values in H!(Int Q™,E). Then, the
two sequences (uy), and (D,u,), are of Cauchy with values in the complete space
L?(Int Q™,E), and so convergent to u and v respectively. Besides, the operator D, is
continuous, and so that we can say v = D, u, which proves that u € H!(Int Q™, E). O

Definition 7.2. We define H} ;(Int Q™,E) as being the closure of C}(Int @™, E) in
H(Int Q™, ).
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Remark 7.1. We can define also H!(R™, E).

The following two propositions explain the links between Sobolev spaces on the
torus and Sobolev spaces on the cube.

Proposition 7.2. The following assertions hold true.

1. For allu € HL(T™ E), u,, ,m € H.(Int Q™ E).
2. For allu € H), ((T™ E), € H) o(Int Q™ ).

Proof. 1. Let u € HL(T™ E). We set w = uj, ,n and z = Vyup, ,n. Let ¢ €
C(Int @™, K). There exists ¢ € C°(T™,K) such that ¢y .. = ¢. We then
successively have

Jrogn 7= 0 Va) == [ (@dtu== [ (dp)w

This shows that 2 = D w and so w € H!(Int Q™ E).

2. Let u € H), ((T™, E). By 1, u),,, o € HL(Int Q™ E). Let (f;); be a sequence of
elements of C} (T™, E) converging to u in H}(T™, E). We denote by g; the restriction of
fi toInt Q™ and w = vy, ,m- We have then : |[w—g;ll., = ||u— f;]|1 . and so the term
in the left tends to 0 as j tends to infinity, which means that : w € H} o(Int Q™,E). O

ulInt Qm

Proposition 7.3. For allu € H} ,(Int Q™,E), there exists a unique @ € H} ,(T™, E)
such that U)gm = u. Moreover, Vi, = Dyu.

Proof. Let u € H, ((Int Q™,E) and (f;); be a sequence of C!(Int Q™ E) converging
to u in H} o(Int @™, ). So, there exists a sequence (Fj); of C(T™, E) such that the
restriction of F; to Int Q™ coincides with f;. The sequence (F}); is of Cauchy in
H! o(T™,E) and so converges to a function U. We denote v the restriction of U to
Int Q™, which is a function of H] ,(Int Q™,E) due to the previous proposition.

Besides, we have [|[v — fj[|. = HU F}||1,0- Since the right hand side term tends to
0 as j goes to 0o, the term of right so is, and then by uniqueness of the limit, we have
v = u, that is, u = U}, and so we obtain the existence of @.

Let us now prove the uniqueness. Let U; and U, be two candidates. We have

[on=vlt=[ -t ju-u=o,
™ Int Q™ Int Q™

which ends the proof. 0

Remark 7.2. The two preceding propositions show in particular that the application of
H, (T™, E) to H} o(Int @™, E) which associates to u the value u|mgm is an isometric
isomorphism. That allows to identify the two Hilbert spaces.

8. HIGHER ORDER SPACES

Let us quickly point out that we can of course define higher order Sobolev spaces.
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Definition 8.1. Let p € N*. We define the space HE(T™ E) as the space of u €
L*(T™,E) such that for all j < p, Viu € L*(T™, E). It is endowed by the norm

P ‘
ullpw = | D ([ Visulf?,
§=0

and is a Hilbert space when E = H.

Similarly, we define of course HE(Int @™, E). We can also define as well other spaces
built using L” where p # 2. Due to future needs, and since the study of H.(T™, E) is
already very detailed, we will not dwell more on these spaces.

9. ON THE ABSOLUTE CONTINUITY OF THE FUNCTIONS OF HP(T™, RY)

We suppose in this paragraph that E = RY.
Let v € H(T™ RY), and let g := wo x;*. Then, g € L} (R™ RY) and D,g €

loc

D'(R™ RY)N L3 (R™ RY). Let now C™ ! be a convex set with non empty interior

loc
of R™! and Z := x7(0 x Int(C™1)).
Fix an € > 0. We introduce
Qi =(n—e,n+1+e)xInt(C™ ),

this is an open convex subset of R™, g, and D (g, ) are into L*(€,,RY).
Set now

O, = {y_l e Int(C™ 1) : [yy = g(y1,y-1)] € AC((n—e,n+1+¢) ,RN)}.

Due to Necas [10, p. 61], for each integer n, O, is of full measure in Int(C™~!). Since
a countable union of negligible set is a negligible set, we deduce that N,, O, is also of
full measure Int(C™1). But

MOw = {y-1 € t(C™ ) : [y = g(y1,y-1)] € ACie (R, RY)}.

By remarking that u(tw + 370, y;05) = g(t|w|, y-1) and that x1' is a linear isometry,
we have then established the following.

Lemma 9.1. Let u € H(T™ R"Y). Then
== {6 €21 [t ultw+&)] € ACL(R,RY)}
is of full measure in =.
We shall now establish the following proposition.

Proposition 9.1. Let u € HP(T™ RY).
1. There exists =, of full measure in = such that if £ € E,, for Lebesque-almost
every t € R, the function t — u(tw + &) is differentiable, and
di 4
Slultw + 9l = (Viu)(tw+¢), je{0,...,p} [t u(tw+ )] € Hi (R, RY).
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2. If u € HP(T™ RY) N L(T™ RY), then there exists =, of full measure in =
such that if £ € 2,
[t = u(tw+&)] € HY,

P (R,RY) and Sup [u(tw + &)| < ||ull poo (1m Y-
€
Proof. First assertion when p = 1.
1. For y_; € ', the function y; — ¢(y1,y—_1) is locally absolutely continuous, and
so almost everywhere differentiable, and

0
Dig(y1,y-1) = (‘3ygl(y1’y_1)’

So, for almost every t € R, we have

0
Dig(tjw],y_1) = ajlwww,y_ﬁ-

Let to arbitrary such that these two members exist. By composition, t — g(t|w]|,y_1)
is differentiable in ¢, and we have in this point

d dg
%g(t|w|’y—1) = |W|8Th(t|w|ay—1)-

Besides, since we have

d n d
%u (tw + Zyjbj) = %Q(ﬂwla 971)7

=2

we deduce %u(tw + Z y;b;) exists t-almost everywhere, and then:
=2

d m m
au (tw + Zyjbj> = V,u (tw + Z yjbj) s
j=2

J=2

which we looked for.
2. We write & = Y27, y;b;. Since x; ' is a linear isometry and V,u € L, (R™, RY),

loc

Dig = Vouo ;' € L2 (R™ RYN). Thus, |Dyg|*> € LL.(R™ R) and so by Fubini’

loc loc

theorem, |Dyg(-,y_1)|*> € L. (R,R) whence Dig(-,y_1) € L (R,RY). From the
previous calculus, we get [t — Su(tw + §)] € L} (R, RY), and then [t — u(tw +&)] €
Hioo(R,RY).

First assertion for any p. We shall proceed by induction. Let p > 2, and assume
the assertion true for 1 and p — 1. By induction hypothesis for p — 1, there exists =,_;

of full measure in = such that for all £ € Z,_y, [t = u(tw + &)] € H..'(R,RY) and

loc
J

cczltj[U(thrf)] = (Viu)(tw+¢), je{0,- ,p—1}
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Since V2 'u € HL(T™,RY), by induction hypothesis for the rank 1, there exists =* of
full measure in = such that for all £ € =%, [t — (V2 u)(tw + &)] € HL.(R,RY) and :

9% )1 +-6)) = (V)1 +6), € {0,.p—1)

which gives the rank p as on the set =, := =, 1 N =" we have
d d [ dr! dar
—_— p—1 = — | — = —
ﬁKkuxm+fﬂ dtbw4muw+®4 dﬁm@w+9}

Second assertion. Using the same technique as in the proof of the previous lemma
and the positive version of Fubini’s theorem, we see that all

{¢ €2 fultw +&)| < lullo}
is of full measure in =, and so the assertion 2. results from the first one and taking into

account the fact that the intersection of two sets of full measures is of full measure,
too. 0

10. TRACES THEORY

10.1. Description of the boundary of ()™. The assertion 2. of Lemma 3.1 de-
scribes the border of the cube. We can decompose it into parts of dimensions k = 0
to m — 1. The part of dimension £ is :

{peoQ™:card{j: |pj| =7} =m—k}.

We denote F™ the part (open faces) of dimension m — 1. It corresponds to the regular
border of Q™ (cf. [5, p. 77] and [6, p. 95]). Denoting, for (i,j) € {1,...,m} x {1,2}
F; = (=, 7)1t x {(2j = 3)7} x (=7, )™,

we then have
Fr=F.
i,j
We introduce the following notations.

o R(OQ™) := 0Q™ + 2wZ™ (network generated by 0Q™).

o If p € I, we denote w(p) := 5(p)‘:j—‘ where £(p) is equal to 1 or -1 so that
w(p) is returning at p in Q™. F; being a relative open, this has a good sense
(If w and —w were simultaneously leaving (or returning) in p, w would be
tangent, which is contradicted by the freedom of its components). If p, g € Fj,
w(p) = w(q), we note w; ; the common vector.

e We define an involution p on Q™ by setting

p(=m ;) = (m,x—;) and p(7,z_;) = (-7 2_;).

We remark that p(Fj‘) = F?f_j and we call that these faces are opposite.
Remark 10.1. w(p(p)) = —w(p) and so w; 3_; = —w; ;.
Lemma 10.1. There exists 9 > 0 such that if v € (0,70], we have the following.
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o At least one of the intersections is empty

W W

(p,p + 7) N ROQ™), (p,p - 7) N R(OQ™).

jw] jw]
o If (p.p+w(p)) NROQ™) # 0, then (p(p), p(p) — Yw(p)) N R(OQ™) = 0.
o co{Fj; F} + ywij} N co{Fy_;; Fy ; + ywiz—j = 0, where co{A, B} =
{da+(1—=Xb:(\a,b) €[0,1] x Ax B}.
Proof. Let @ := ‘:‘j—‘
First step. Let

v(p) := sup {v >0:(p,p—7@)NROQ™) =0 or (p,p+ &) N ROQ™) = @}

and 7y, := inf,eqm y(p). It is clear that v(p) is the upper bound of a nonempty set
plus strictly positive reals, it is then into R, \ {0}. We will find a strictly positive
real lowering all the v(p), which shows that v, > 0.

For v(p), let us introduce

7;(p) :=sup {7 >0 (pj,pj —@;) N (m +27Z) =0
ot (p;,p; + @) N (1 + 20Z) = @}.

Since (p € R(0Q™)) if and only if exists j, p; € ™+ 27Z, we have y(p) > min; v;(p).
Let p € 3™ and assume without loss of generality that p; = 7. We calculate

(p) = 2 and if j > 2,

max {d(p;; ™+ 27Z); d(21 — pj; 7+ 27Z)} ST

|5 @yl

v5(p) =

We conclude that

™
> in —.
1(p) 2 min =

Therefore, we have proved that 7, > 0, and all 9 < v, satisfying the first condition.

Second step. We shall show that vy < 7 satisfies the second condition.

In fact, the first condition being verified, if v < v and if (p, p + yw(p)) N R(OQ™)
is non empty, then (p(p), p(p) — yw(p)) N R(OQ™) is empty.

Third step. Let us fulfill the last condition.

We set Bj(7) := co{F}; Fj 4+ ywi;}. Bi(v) and Bj_;(v) are two parallel bands, of
width less than 7|w|; they don’t intersect if 2v|w| < 27. Setting 75 := ﬁ, we ensure
that

(v <) = (Bj(v) N By_;(v) = 0).
Thus, every v < 7 permits to fulfill the third condition.
We may then set 7o := min{v;; 72} to conclude. O

Notations 10.1. We introduce now the following notations:
o Ki:={pecF :(pp+wiy) NOQ™ = 0};
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o Li:=F K}

g

(] S; = f(]Z + wi,j[O,fy];

o K = ULJK}
o [ = U,L’JLé,
e S := Uz,JS;

Remark 10.2. The last condition of the lemma ensures that p(L}) C Fj_;

10.2. Integration on the cube boundary. For sake of simplicity, we introduce the
following notations.

Notations 10.2. For u € C°(0Q™,E) and (i,7) € N,,, x Ny, we put
o Ii(u) == /[7r - uw((2§ — 3)m, x_;)dx_;
do; = It (u) — I (u);
o [, udosi=I3(u) ~ L)

m
° udo, == ) w; / udo;.
/aczm . ; aQm

By density, these continuous linear forms extend to L'(Q™, E). We set finally, for
u € L*(0Q™ E)

2200 ) ::¢ S I(ul?).

1<ij<m
Lemma 10.2. Let f € CY(Q™, A) and g € C1(Q™,B) with € = K. We have the
following.

1. For alls

Qm 83:1 / fo 83:1 + f © gdoi.

/Qm(dwf)ogz—/meo(dwg)ju/anngdaw_

Proof. This is to use the Stokes formula for ™. This is allowed (cf. [16, p. 343] or
[6, Chap. XXIV, n. 14]), and we have then, applying this formula to the differential

form f.g \j.; dx;

/Qm seea) = [ fogdn,

and so that the first assertion is obtained by developing the derivative of product.
From there, the second assertion is immediate by linearity. 0J

10.3. Traces operators. We introduce the operator of traces Ty : C'(Q™ E) —
L*(0Q™,E), which canonically extends into an operator Ty : C1(T™ E) — L*(0Q™, E).
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10.3.1. An intermediate estimate.

Proposition 10.1. There ezists a constant C > 0 such that, for all u € C*(T™,E),
we have

1To(w)l[ 2 0gm 5) < Cllull -
To prove this proposition, we will start by proving the following lemma.

Lemma 10.3. There exists a constant Cy > 0 such that, for all u € C*(T™,E), we
have :

[ 1To(w) Edon < G [ [jul}+|doul2] .

Proof. Fix u, and let i, j be given.
We choose on F; a system of local coordinates (£,7), where £ € R™™! is tangent to
KJ’: and 7 is the coordinate following w; j, such that

Kic{(&0): ¢ R}

For the sake of simplicity, noting by w, := %’ we have for t € [0;7]

u(E,0) = [l mdn + e,
and so,
(€ 02 < 27 [ fuy(E )fEn + 2ule, O,
and thus,
u(€, 0% <29 [ Jug(é,m)lEdn + 2u(& D

We integrate over ¢ between 0 and ~, to obtain

(€ 0 <2 [ (+7un (€ mIE + ut, wIE) dn.

Integrate overt & on K} It comes

€0z < 2 [ [ (e + s m)2) e

Let A;; be the absolute value of the Jacobian for the transformation (£,7) —
(x1,...,2m). We have

2 72
i e e < 2 mae {1 T [ fult ¢ o

J
Multiply by w; and sum over (3, j).
Denoting A := n(n‘aic{wiAi,j} since each point of S is into at most 2m sets S}, we
17]

have

ZwiAi,j/. S QmA/,
i S;. S
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and finally we get

4 2
/K lu|zdo,, < ;mA max {1, |W|2} /S EES S

We can then take
4 2
Co := | —mA max {1, 72}
v |w]

Proof of Proposition 10.1. By periodicity of v and by Remark 10.2, we have
[ 1To(wldon < [ 1To(w)2do.

Since in addition

S Do) do = [ (To(u) o + [ [T (u) o,
the periodicity of v and the lemma allow to conclude with C' = Cyv/2.
10.3.2. Extension to HL(T™ E).

Proposition 10.2. The map Ty can be extended to a linear continuous map

Yo : Hy(T™, E) — L*(0Q™,E).
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Proof. By the previous proposition, the application T} is linear and continuous of
(CHT™ E); | - |lg(rm g)) into L?(0Q™, E) and since C'(T™, E) is dense in H}(T™, E),
Ty can be extended in a unique way to a linear continuous application v from

HL(T™ E) into L?*(0Q™, E).
Remark 10.3. T, extends
Jo : HL(Q™ E) — L*(0Q™,E),

which is linear and continuous.

O

10.4. Theorem of traces. The main purpose here is to prove the theorem of traces,

which gives
H}o(T™, E) = Ker .
Let u € L*(Q™,E). u can be canonically extended to
e i€ L*(T™ E);
® U= xgm.U.

Lemma 10.4. We have the following.
1. Ifu e L*(Q™,E), then u € L*(R™ E).
2. Ifue H Q™ E) and 5o(u) = 0, then, for all ¢ € C1(Q™,K), we have
@'ku:_/ (dw(p)u
Qm m

3. Ifue H(Q™ E) and (u) =0, then u € H.(R™ E) and V,u = V,u.
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Proof. 1. Since u is measurable, @ is obviously measurable. We have

~12 ~12 2
U </ U </ Ulg < +00
/| |]E— | ’E— ’ ‘u«: )

and so that @ € L?*(R™ E).
2. There exists (uy), with values into C'(Q™, E) converging to w.
Since 7 is linear continuous, we see that (o(u,)), is of Cauchy in L?(Q™,E) and
so converges, and that the limit is §o(u) = 0.
Stokes formula immediately gives that
od,u, = —/ (dwp)uny, +/ © - Fo(uy)doy,.
Qm Qm oQm

Taking the limit, we get the desired result.
3. Let p € C1(Q™,K). We have

¢-Voi=— [ (dup)t,
Rm Rm

due to derivation within the meaning of distributions; but the first term is

[ o= [ (Vo= [ o (Veu),

because of 2.
Thus, for all ¢ € C1(Q™,K), we have

Rm@-ku:/mgw(ku),

which gives the assertion 3. 0

Lemma 10.5. Let u € L2(Q™,E). We define for a > 1, i, : R™ — E by
Uo(x) == u(ax).
Then
1. @, € L*(R™,E);
. supp(t,) C Int Q™;

2

3. limg 1+ ||Ua — || L2@m &) = 0;

4. If in addition @ € HL(R™,E), then 4, € HL(R™ E) and
lim ||1~La — ’aHH}u(Rm,E) =0.

a—1t

Proof. 1. It is a consequence of the previous lemma.
2. Since supp() C Q™, it comes that

1
supp(ts) C an C Int Q™.

3. Suppose, first, that v is in addition continuous.
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There exists then in R the number M := sup |i(x)|g. Besides,
w€RM

[ = oy < [ V() = () B

For a fixed z, |t (z) — @(z)|% tends to 0 as « tends to 1, and this function is less than
the constant 4M?, which is integrable on Q™. Lebesgue’s dominated convergence
theorem allows us to conclude.

Now, let us move on to the general case. Let us fix € > 0. By density, there exists
¢ € C°(Q™,E) such that [|a — §|| 2w E) < €/3. Since ¢ is continuous, there exists
oo > 1 such that if o« € (1,a0), we have ||@q — @[/ r2m ) < /3. We have then if
ae (1,a)

tia — Ul L2@mEy < |@ — @llL2@m £) + [|Pa — Gllz2@mE) + |Pa — UallL2@mE) < €.
4. Due to Lemma 10.4, we know that @, € H.(R™ E). By 3, it suffices to show
that
li Uy, — U m oy = 0.
lim [0, (G — @) || 2 gy = 0
But, we have
||aw (ﬂa - ﬂ) ||L2(R77L’]E) S ||(awl~b)a - awaHL2(R7n’E) + ||(awl~t)a - aw(aa>||L2(RnL’]E).

Besides, by 3, the first term of the right hand side tends to 0. For the second, we may
write

1(0uwit)a — Ous(tia)|| L2@m g) = (@™ = 1|00 (@) || L2 5)
which is the product of a term tending to 0 by a term bounded at the neighborhood
to the right of 1, so the limit is 0, which ends the proof of the lemma. 0

Theorem 10.1 (Theorem of traces). We have H} ,(T™,E) = Ker .

Proof. We shall prove firstly that H} ,(T™,E) C Ker~,.
Let & € H}o(T™ E), u € H.((Q™, E) associated to and (¢,), be a sequence of
CH(T™,E) converging to u in H), o(T™,E). We have for all integers n

Yo(en) = To(pn) = 0,

and so by continuity of g, we have vy(u) = 0, and so that vo(@) = 0 and the inclusion
is therefore proven.

Conversely, we aim to prove that H} ;(T™, E) D Ker .

Let @ € Kernyg, u € H:(Q™, E) associated and € > 0. By Lemma 10.5, there exists
g > 1 such that ||t — || g1 @wm gy < /2. Let (pn)n be a regularizing sequence. Then,
for all n, p, * e, € C,,(R™, E).

Moreover, since supp(t,,) C Int Q™ and diam(supp p,) tends to 0 as n goes to
+00, we know that for n large enough, supp(p, * ta,) C Int @™. There exists a

€ C!,(Q™ E) such that || — ta, |10 < €/2. Finally, we get [l¢ — ul1. < e, which
proves that u € H), ((Q™,E), i.e., 4 € H, o(T™ E). O
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11. CONCLUSION

In this work, we have completely studied the relations between functions on the
torus and the functions defined on the m-dimensional cube @ = [—m, 7|™.

We have in particular presented the spaces derived from Percival’s formalism and
adapted to them the usual results. We have noticed that whether some results extend,
some do not: for example, the Rellich-Kondrachov theorem is no longer valid here.

This study has a number of direct and indirect applications in the search for
almost /quasi- periodic solutions of an ordinary differential equation and transforming
it to the search of periodic solutions in each variable of a partial differential equation.

Acknowledgements. The author would like to thank the referees for their comments
and suggestions on the manuscript.
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