KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 49(4) (2025), PAGES 653—659.

ON THE ZEROS OF APOLAR POLYNOMIALS
ISHFAQ NAZIR!, MOHAMMAD IBRAHIM MIR?, AND IRFAN AHMAD WANI!

ABSTRACT. The classical notion of apolarity is defined for two complex polynomials
of same degree. The main property of two apolar polynomials, f(z) and g(z) was
given by Grace’s theorem which states that “every circular domain containing all the
zeros of f(z) contains at least one zero of g(z) and vice-versa”. A. Aziz [1] dropped
the condition that f(z) and g(z) are of the same degree in case the circular domain
is a disk. In this paper, we extend the result of A. Aziz to every kind of circular
domain and hence an extension of Grace’s theorem for two arbitrary polynomials is
proved. This also allows us to generalise the results of Walsh, Szego, Takagi, Aziz
and several other results about apolar polynomials.

1. INTRODUCTION

Two polynomials

are called apolar if
Z(_l)y <n> ap—pb, = 0.

Circular domain is (open or closed) interior or exterior of any circle, or (open or
closed) half plane. As to the relative location of the zeros of two apolar polynomials
f(z) and g(z), we have the following fundamental result known as Grace’s Apolarity
theorem [3].
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Theorem 1.1. If f(z) and g(z) are apolar polynomials, then any circular domain C
which contains all zeros of one of the polynomials f(z) or g(z) contains at least one
zero of the other.

In case C' is a disk or complement of a disk, A. Aziz [2] proved the following
generalization of Theorem 1.1.

Theorem 1.2. Let f(z) = >0 0( )al,z and g(z) = YL, (T)byz”, where m < n.
Assume
= m
—1)” _,b, = 0.
Y

(a) If g(z) has all zeros in the disc |z| > r, then f(z) has at least one zero there.
(b) If f(z) has all zeros in the region |z| < r, then g(z) has at least one zero there.

Let f(2) = Yo _pa,2” and g(2) = >, _yb,2" = II,_1(z — z,) be two monic
polynomials (leading coefficient unity). Let ¢ be a zero of f. Then

ﬁl@ )= g(O) — F(O) = "z_jowu )

and so,

i 6= o)< (S al- o)

Hence, for each zero ¢ of f and any € > 0, there exists a § > 0 such that every monic
polynomial g(z) = >0'_, b, 2" satisfying |b, — a,| < ¢, for v =0,...,n — 1, has a zero
w with | — w| < e. Thus, each zero depends continously on the coefficients. This
property can be stated in the following theorem.

Theorem 1.3 (Continuity Theorem). Let

n k
f2)=> a"=[[(z—2)™, mi+ma+ - +my=n,
v=0 v=1
be a monic polynomial of degree n with distinct zeros zy, 252, ..., 21 of multiplicities
mi, My, ..., my. Then given a positive € < Minj<;cj<k 1z there exists 6 > 0 so
that any monic polynomial g(z) = Y1_, b,2" whose coeﬁiczents satisfy |b, — a,| < 0,
forv=1,2,...,n—1, has exactly m; zeros in the disc

z—z| <€, j=1,2,... k.

Remark 1.1. It f is not monic, then its zeros depend continuosly on 2* for v =
0,1,2,...,n—1. If a,, — 0 while other coefficients remain fixed, then at least one zero
tends to infinity.
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2. MAIN RESULTS

We first prove the following result, which extends Theorem 1.1 (Grace’s Theorem)
and Theorem 1.2 to polynomials of arbitrary degree and to every circular domain.

Theorem 2.1. Let f(z) = >0, (Z)a,,z” and g(z) = Y0t (:’:‘)byz”, where m < n,
such that

(2.1) i(—w@) by = 0.

v=0
Then every circular domain C which contains all zeros of one of the polynomials
f(2) or g(z) contains at least one zero of the other.

Proof. If m = n, then the result reduces to Theorem 1.1 (Grace’s Theorem). So,
assume that m < n, where n is degree of f(z) and m is degree of g(z).
For any € > 0, consider the polynomial

n

) =+ 3 (o0 =TT e -l

v=1

It is possible to choose the coefficients {b,(¢) : v =0,1,...,m}, so that b,(e)
approaches b, as € approaches to 0. In that case, the polynomials g.(z) and f(z) are
apolar.

As e — 0, m of the zeros {(i(¢€), (a(€),. .., u(€)} approach the finite zeros of g(2)
and (n —m) zeros tend to co. The classical Grace’s Theorem is valid for polynomials
ge(z) and f(z). Hence, by continuity theorem, it is also valid for polynomials g(z)
and f(z).

This completes the proof. 0

Remark 2.1. Theorem 2.1 says that zeros of two polynomials having different degrees
and satisfying condition (2.1) cannot be separated by the boundary of a circular
domain which is either a circle or a straight line.

The following special case of Theorem 2.1 is a generalisation of the result due to
Takagi [8].
Corollary 2.1. Let f(z) = >0, (Z)ayz” and g(z) = X%, (Tlf)buz”, where m < n,
satisfying condition (2.1), then any convex region Cy enclosing all the zeros of f(z)
must have at least one point in common with any convex region Co enclosing all the

zeros of g(z).

Proof. Assume that two convex regions C; and C have no point in common. Then
one can separate them by means of the boundary of a circle or straight line. This
would contradict Theorem 2.1. Hence, '} must have at least one point in common

From Corollary 2.1, we also deduce the following result for polynomials having
only real zeros.
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Corollary 2.2. Let f(z) = >0 _, (Z)ayz” and g(z) = X%, (T)byz”, where m < n,
satisfying condition (2.1), having only real zeros, then any interval I containing the
zeros of f(z) must have at least one point in common with any interval Iy containing

the zeros of g(z).

3. APPLICATIONS OF THEOREM 2.1

As an application, we prove the following result, which is generalisation of Szego’s
Convolution Theorem [5, p. 108].

Theorem 3.1. Let f(z) =Y, (Z)al,z”, be a polynomial of degree n, satisfying the
following relation

m

m
Z <V>an_,,ly =0, m<n,

v=0
then every circular domain that contains all the zeros of
i 14 m v
o) =30 (2o
v=0 v
contains at least one zero of f(z).

Proof. Under the given hypothesis, the polynomials f(z) and g(z) satisfy the condition
(2.1), by Theorem 2.1, f(z) has at least one zero in every circular domain that contains
all the zeros of g(z). This completes the proof. O

Next, we obtain the following coincidence theorem, which is in fact, a generalisation
of Walsh’s Coincidence Theorem [9] and Aziz’s result [2, Theorem 2] involving convex
circular domain.

Theorem 3.2. Let ¢(z1,29,...,2,) be a symmetric n-linear form of total degree m,
m <nin zy,2,...,z, and let C' be the convex circular domain containing n points
Wi, Wa, ..., Ww,. Then in C there exists at least one point w such that

d(w,w, ..., w) = o(wy,we, ..., wy,).

Proof. We write

so that

(3.1) <”>an = (=1)"S(n, v)a,

14

where S(n, ) are the symmetric functions consisting of the sum of all possible products
of 21, 20,..., 2, taken v at a time.

Let ¢(w,w,...,w) = ¢g, then the difference ¢(z1, 29, ...,2,) — ¢o is linear, sym-
metric and of total degree m < n in the variables 21, 2o, ..., 2,, by the well-known
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theorem of algebra, any function linear and symmetric in the variables z1, 2o, ..., 2,
may be expressed as a linear combination of the elementary symmetric functions
S(n,v), v =0,1,...,m, that is, we may find constants b, so that

¢(21, 22, - -5 2n) — @0 = by + S(n, 1)by + S(n,2)bg + - -+ + S(n, m)by,

1
= <b0an - <n> blanfl +-+ <_1)m<n>anmbm> ’
an, 1 m
by using (3.1).

We define the polynomial g(z) by

g(z) = io (”;) ((Z)) b2’ = G20, 20, .., 2n) — o

Then the relation

¢(w17w27-~7wn)_¢0:0

shows that the polynomials f(z) and g(z) satisfy the condition of Theorem 2.1. Since
all the zeros of f(z) lie in C, at least one zero of g(z) lies in C i.e, there exists one
point w in C such that

o(w,w, ..., w) = d(wy,ws,...,wy,).
This completes the proof. 0
Szego [7] used Grace’s Theorem to obtain following interesting result about the
zeros of the polynomial h(z) = >0 _, (Z) a,b,z” (obtained by certain composition of

two given polynomials f(z) and g(z)) of degree n.

Theorem 3.3. Let f(z) = Y0 (Z)al,z” and g(z) = ¥0_, (Z)b,,z”. Let C be the

v=0
circular domain containing all the zeros of g(z).Then each zero v of

W) =3 (") a,b,2"
v=0 v
is of the form v = —af, a € C, f(8) = 0.

By applying Theorem 2.1, we have obtained following generalisation of Theorem
3.3 and Aziz’s result [1, Theorem 2].

Theorem 3.4. Let f(z) = >, (Z)a,,z” and g(z) = X%, (T)byz”, where m < n
and let C' be the circular domain containing all the zeros of g(z). Then each zero v of
h(z)=> <m> a,b,z"
v=0 v

is of the form v = —ap, a € C, f(5) =0.
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Proof. Let w be any zero of h(z), then

(3.2) hw) =3 (7:) ayb,w” = 0.

v=0
Equation (3.2) shows that the polynomials

2" f <—zw> =<g> (—D)"aw™ + -+ ( i 2) asw?z"2

P T
— awz +
n—1 n
_(m m m me1 m m
g(z) = <O>b0+ <1>blz+ + (m— 1>bm_1z + <m>bmz

satisfy conditions of Theorem 2.1. Since all the zeros of ¢g(z) lie in C, then at least
one zero of 2" f (’7“’) lie in C. If 5y, Ba, ..., B, are the zeros of f(z), then the zeros

~———m 3
IS
=)
N
3

and

of 2" f (_7“’) are _6—11”, ;—;”, e /_3—:’ One of these zeros must be «, where « is suitably
chosen point in C, that is, w = —af3,, for some v. This completes the proof. O

Following application of Theorem 2.1 is generalisation of of Aziz’s result [2, Theo-
rem 5).

Theorem 3.5. From the two given polynomials

f(z) = Zn: (Z)a,,z” = a, ﬁ(z - )

v=0 v=1
and
m m , m
9(z) = a2’ =b, [[(z - 5)
v=0 v v=1
of degree n and m, m < n, form the third polynomial
h(z)=> (n— ) an_,g™(2).
v=0

If all the zeros of f(z) lie in circular domain C, then every zero of h(z) has the form
w = a+ B, where « is suitably point in C' and B is zero of g(z).

Proof. Let w be any zero of h(z). Then

m

(3.3) h(w) =" (n — v)la,—,g" (w) = 0.

v=0

Equation (3.3) shows that the polynomials

f(z)= z:al,z” and g(w—z) = i(—l)

v=0
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of degree n and m respectively, m < n, satisfy all the conditions of Theorem 2.1.
Since all the zeros of f(2) lie in C, g(w — z) has at least one zero in C. But the zeros

of g(w — z) are of the form w — S, w — Pa,...,w — 5,,. One of these zeros must be

some «, where o € C, that is, we must have w = a + (3, for some v. This completes

the proof. O
REFERENCES

[1] A. Aziz, On the zeros of composite polynomials, Pacific J. Math. 103 (1982), 1-7. https://doi.
org/10.2298/FIL1103001A

[2] A. Aziz, On the location of the zeros of certain composite polynomials, Pacific J. Math. 118
(1985), 17-26. https://doi.org/10.46793/KgIMat2003.443S

[3] J. H. Grace, The zeros of a polynomial, Math. Proc. Cambridge Philos. Soc. 11 (1902), 352-357.

[4] M. Marden, Geometry of Polynomials, 2nd Edition, Math. Surveys Monographs 3, American
Mathematical Society, 1966.

[5] Q. I. Rahman and G. Schmeisser, Analytic Theory of Polynomials, Oxford University Press,
Oxford, 2002.

[6] T. Sheil-Small, Complex Polynomials, Cambridge University Press, Cambridge, 2002.

G. Szego, Bemerkungen zu einem Satz von J. H. Grace uber die Wurzeln algebraischer Gleichun-

gen, Math. Z. 13 (1922), 28-55.

T. Takagi, Note on algebraic equations, Proc. Phys-Math. Soc. Japan 3 (1921), 175-179.

[9] J. L. Walsh, On the location of roots of certain types of polynomials, Trans. Amer. Math. Soc. 24
(1922), 163-180.

=

=)

1ScHOOL OF CHEMICAL ENGINEERING AND PHYSICAL SCIENCES,
LOVELY PROFESSIONAL UNIVERSITY,
JALANDHAR PUNJAB

2DEPARTMENT OF MATHEMATICS,

UNIVERSITY OF KASHMIR, SOUTH CAMPUS, ANANTNAG-192101
JAMMU AND KASHMIR, INDIA.

Email address: ishfaqnazir02@gmail.com

Email address: ibrahimmath800gmail.com

Email address: irfanmushtag62@gmail.com


https://doi.org/10.2298/FIL1103001A
https://doi.org/10.2298/FIL1103001A
https://doi.org/10.46793/KgJMat2003.443S

	1. Introduction
	2. Main Results
	3. Applications of Theorem 2.1
	References

