KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 49(4) (2025), PAGES 639-652.

ALL EVEN (UNITARY) PERFECT POLYNOMIALS OVER F,
WITH ONLY MERSENNE PRIMES AS ODD DIVISORS

LUIS H. GALLARDO! AND OLIVIER RAHAVANDRAINY!

ABSTRACT. We address an arithmetic problem in the ring Fo[z]. We prove that
the only (unitary) perfect polynomials over Fy that are products of z, x 4+ 1 and
of Mersenne primes are precisely the nine (resp. nine “classes”) known ones. This
follows from a new result about the factorization of M2+ + 1, for a Mersenne
prime M and for a positive integer h.

1. INTRODUCTION

Let A € Fylz] be a nonzero binary polynomial. Let o(A) denote the sum of all
divisors of A (including 1 and A). If 0(A) = A, then one says that A is a one-ring [5]
or in other words, A is perfect [4]. In addition to polynomials of the form (22 + )% 1,
with some positive integer n, E. F. Canaday [5] discovered eleven non-splitting perfect
polynomials (see Notation): T1,...,Ty and Cy, Cy. The T}’s are divisible only by
z, ¥ + 1 and by irreducible polynomials of the form U, := z%(z + 1)* + 1, for some
positive integers a, b. The last two C} and C; are divisible by z* + x + 1 which is not
of the form U, ;. The parallel with the integer case is then natural to be considered.
We know that all perfect numbers are of the form 2”(2™ — 1), where m is a prime
number and 2™ — 1 is a Mersenne prime number. So, we may consider the following
notions. We say that a binary polynomial is even if it has a linear factor [6]. It is odd,
otherwise. We also define a Mersenne prime (polynomial) over Fy as an irreducible
polynomial of the above form U, [9]. The name comes as an analogue of the integral
Mersenne primes, taking x%(x + 1)° as an analogue of the prime power 2%+°.
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Note that the notion of Mersenne prime polynomial is only useful over Fy, whereas
one may consider the “parity” of a polynomial over any finite field.

Unitary perfect polynomials are defined and studied in several directions by J. T.
B. Beard Jr. et al. [1,2,4]. As over the integers, for A € Fy[x], a divisor D of A is
unitary if ged(D, A/D) = 1. Let 0*(A) denote the sum of all unitary divisors of A
(including 1 and A). If 0*(A) = A, then A is unitary perfect.

We say that a (unitary) perfect polynomial is indecomposable if it is not a product
of two coprime nonconstant (unitary) perfect polynomials.

Any unitary perfect polynomial is even (Lemma 3.4). The known ones, which are
only divisible by Mersenne primes (as odd factors), belong to the equivalence classes
(see Lemma 3.5) of By, ..., By (see Notation). The other ones (which are divisible
by non-Mersenne primes) belong to several different (perhaps, infinitely many) classes
(see [2] and [11]).

Since a few moments, we would like to continue this investigation (with more or
less success). In particular, we want to find all non-splitting (unitary) perfect binary
polynomials which are only divisible by x, © + 1 and by Mersenne primes. Some
results are obtained [7, Theorems 1.1 and 1.3] but they are not complete. The main
obstacle is the fact that we cannot understand how M*'*! +1 = (M + 1)o(M?")
factors over [y, for a Mersenne prime M and a positive integer h. We have formulated
[9] a conjecture about that (Conjecture 4.1). The further we make progress on that
conjecture, the better we reach our goal. Conjecture 4.1 is already proved under some
conditions on M and h [9, Theorem 1.4]. In this paper, we continue working toward
its proof with some new conditions on M and h, where the sets M and A defined
below intersect. We get Proposition 1.1 which in turn, allows us to obtain Theorems
1.1 and 1.2.

The study of Mersenne primes have some interest. For example, we have established
9, Theorem 1.3] that if ged(a,b) = 1, then U, = x%(x +1)® + 1 has exactly the same
number of irreducible divisors as the trinomial %t + 2® + 1. In particular, they are
both irreducible or both not irreducible. So, they would be useful in the domain of
error-correcting codes.

It is convenient to fix some notation.

Notation.

e The set of integers (resp. of nonnegative integers, of positive integers) is denoted
by Z (resp. N, N*).

e For S,T € Fy[z] and for m € N*, S™ | T (resp. S™||T") means that S divides
T (resp. S™ | T but S™ 4 T'). We also denote by S the polynomial defined
as S(z) = S(z + 1) and by val,(S) (resp. val,1(S)) the valuation of S, at =
(resp. at z + 1).

e We put

My=1+z(z+1), My=1+z(z+1)? Mz=1+uz(zx+1)>
L =*(x+ )M, Ty=a*(x+1PMs, =T, T,=T;,
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v+ 1) MzM; =Ty, Ty =2a%x+1)°MyMs, Ty =T,
Ty =a*(x + D) MoyMoM,, Ty = T,
Oy =2*(z+1
By =2*(x +1)°M7, By =2*(x +1)*M,, Bs=2a"(x+1)'Ms,
+1

)

)

IMP(z* +x+1), Cy=0Cy,

)

) MoMy, Bs=a2°(z+1)°M?Ms, Bg=2°(z+1)°MsMs,
)

By =2 (x + 1)° My My Ms.
e The following sets play important roles:
M ={M,, Ma, My, M3, M3},
P={T",.... Ty}, P.={DB,...,Bo},
Ay ={p € N" : p is a Mersenne prime},
Ay ={p € N* : p is prime and ord,(2) = 0 mod 8},
A=A UA,,
where ord,(2) denotes the order of 2 in I, \ {0}. In particular, A contains all Fermat
primes greater than 5.
Throughout this paper, we always suppose that any (unitary) perfect polynomial

is indecomposable. We have often used Maple software for computations. Our main
results are the following.

Proposition 1.1. Let h € N* and let M € Fylz| be a Mersenne prime. Then in the
following cases, a(M*") is divisible by a non-Mersenne prime:

(i) M € {My, M3, M3} or (M € {My, My} and h > 2);

(i) M € M and 2h + 1 is divisible by a prime number p lying in A\ {7}.
Theorem 1.1. Let A = 2%(x + 1) [L;e; P" € Fy[x] be such that each P; is a Mersenne
prime and a,b, h; € N*. Then, A is perfect if and only if A € P.

Theorem 1.2. Let A = 2%(x + 1) [Lie; P € Fy[x] be such that each P; is a Mersenne
prime and a,b, h; € N*. Then, A is unitary perfect if and only if A = B*", for some
n €N and B € P,.

We first prove the two theorems before the proposition.
2. PROOF OF THEOREM 1.1

Sufficiencies are obtained by direct computations. For the necessities, we shall apply
Lemma 2.3 and Proposition 2.1. We fix: A = 2%z + 1) [[;c; P = A1 Ay, where
a,b, h; € N, P, is a Mersenne prime, A; = z%(x + l)prieM Pi}” and Ay = [Ip,gn Pjhj.

Lemma 2.1. If A is perfect, then o(x®), o((z + 1)) and each o(P,"), with i € I, are
only divisible by x, x + 1 or by Mersenne primes.
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Proof. Since ¢ is multiplicative, o(A) = o(2%)o((z 4+ 1)°) [Lie; o(B"). Any divisor of
o(z%), o((x +1)°) and o(P™) divides o(A) = A. O

Lemma 2.2 ([4], Lemma 2). A polynomial S is perfect if and only if for any irreducible
polynomial P and for any my, my € N*, we have

(P™]|S, P™||o(S)) = my = ma.
The following example will be useful for Proposition 2.1.

Ezample 2.1. Sy = 23 (z + 1)2M;? My* M, ? M5 is not perfect because z'3||S; and
27 (Sh).

Lemma 2.3 ([7], Theorem 1.1). If h; =2™ — 1 for any i € I, then A € P.
We get from Theorem 8 in [5] and from Proposition 1.1.

Lemma 2.4. (i) If h € N* and if o(z*) is only divisible by Mersenne primes,
then 2h € {2,4,6} and all its divisors lie in M. More precisely, o(z?) = M; =
o((x+1)%), o(z?) = M3, o((x+ 1)) = M3 and o(2°%) = MyM, = o((z + 1)9).

(ii) Let M € M and h € N* be such that o(M?") is only divisible by Mersenne
primes, then 2h =2, M € { M, My} and o(M?) € { M, M, M, Ms}.

We dress from Lemma 2.4, the following tables of all the forms of a, b, P; and h;
which satisfy Lemma 2.1, if P, € M and if h; # 2™ — 1.

TABLE 1. Some o(2%) and o((x + 1)°)

a o(z®) b o((z+1)?)
3-2" — 1| (z+ 1) 1M™ 3-2m — 1|22 1M
5-20 — 1| (x4 1)1 Ms* 5.9m — 1|22 100

— 2m

7o — 1| (+ DALY ML Y| 72m — 1 | 22 MY T,

TABLE 2. Some o(P;")

By | h o(P")
My | 3-2% — 1| (14 My)?" M *" M;
My [3-2m — 1| (14 My)? " IM,*" Mz™

2™

Corollary 2.1. Suppose that A, is perfect. Then, neither My nor My divides o(P;™)
if P; € M. Moreover, My divides A, whenever My divides Ay and their exponents (in
Ay) are equal.
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Proof. The first statement follows from Lemma 2.4 (ii). Now, if M, divides A; =
o(A;), then M, divides o(2%) o((z + 1)) [Ipeno(P).  Hence, M, divides
o(x*)o((z + 1)b). Table 1 shows that a or b is of the form 72" — 1, where n € N.
So, M, divides o(A;) = A;. It suffices to consider two cases. If a = 7-2" — 1 and
b=7-2"—1, then My||A; and M, e||A1, with ¢ =2"4+2" If a =7-2" — 1 and
b=3-2"—1lorb=>5-2"—1, then My'||4; and BT, ‘|| Ay, with ¢ = 27, 0

Lemma 2.5. If P is a Mersenne prime divisor of o(Ay), then P, P € {M;, My, M3}.

Proof. One has 0(A;) = o(2%)o((x 4+ 1)°) [Ipepc o(P). If P divides o(z%)o((x +1)"),
then P € M, by Lemma 2.4 (i). If P divides o(P/") with P, € M, then P, € { My, My},
h; = 2 or h; is of the form 3-2"% — 1 and P, P € {M;, M3} (see Table 2). O

Lemma 2.6. If A is perfect, then A = A;.

Proof. We claim that Ay = 1. Let P; € M and @); € M. Then, P; divides neither
o(z%), o((z +1)*) nor o(Q!"). Thus gcd(Pjhj,a(Al)) = 1. Observe that Pjhj divides
o(Ay) because Pjhj divides A = 0(A) = 0(A;)o(As). Hence, Ay divides o(Az). So,
Ag is perfect and it is equal to 1, A being indecomposable. 0J

Proposition 2.1. If A; is perfect, then h; = 2" — 1 for any P; € M.

Proof. We refer to Table 2.

(i) Suppose that P; & {Ms, My}. If h; is even, then 0'(1Djhj) is divisible by a non-
Mersenne prime. It contradicts Lemma 2.1. If hj = 2"u; — 1 with u; > 3 odd, then
cr(Pjhj) _ (1+Pj)2nj’1(1+Pj+- . _+P]yrl)2".7“ Since 1+ P;+- - -+P;”71 _ U(Pjujfl)
is divisible by a non-Mersenne prime, we also get a contradiction to Lemma 2.1.

(ii) If P; € {My, M} and h; is even or it is of the form 2" u; — 1, with u; > 3 odd
and n; > 1, then Corollary 2.1 implies that there exists ¢ € N* such that MQZHAl and
M, eHAl. Recall that o(Ms?) = M Ms and o (M, 2) = M, M;. We proceed as in the
proof of Corollary 2.1. It suffices to distinguish four cases which give contradictions.

eCasel: a=7-2"—1and b=7-2"—1. One has ¢ = 2" + 2™ and neither M,
nor Ms divides o(z?) o((x + 1)).

If h; is even, then hj = 2 = {. So, n = m = 0, M;*||c(A;) = A;. Tt contradicts the
part (i) of our proof.

If hj = 2™u; — 1 with u; > 3 odd and n; > 1, then u; = 3 and M2 || Az.

e(Case2:a=7-2"—-1land b=5-2" — 1.

One has ¢ = 2" and M; { o(2®)o((z + 1)°). If h; is even, then 2" = ¢ = h; = 2. So,
n =1and M*|A;. If h; = 2"u; — 1, with u; > 3 odd and n; > 1, then u; = 3 and
2" ={=h;=3-2"% —1. It is impossible.

e Case3d: a="T7-2"—-1,b=3-2" —1 and h; is even.

As above, 2" = ( = h; = 2, M;*" divides o((z + 1)®) and M;*" ™" divides
o(A)) = Ay, So, n = 1 and M;*""?||A;. Thus, the part (i) implies that m = 0.
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Hence, A; = Sy = 2'3(x + 1)2M3My*M, >M;M; which is not perfect (see Example
2.1).

eCased: a=7-2"-1,b=3-2"—1, hj = 2"%u; — 1, u; > 3 odd, n; > 1.

One has u; =3 and 2" = ¢ = h; = 3-2" — 1. It is impossible. O

Lemma 2.6, Proposition 2.1 and Lemma 2.3 imply the following result.

Corollary 2.2. If A is perfect, then A = A, € P.

3. PROOF OF THEOREM 1.2

As in Section 2, we fix A = 2%(z 4+ 1) [1,e; P = A1 Ay, where a,b,h; €N, P, is a
Mersenne prime, A; = 3%(z + 1)"[Ip.cy P and Ay = I1p,en P;”.

Sufficiencies are obtained by direct computations. For the necessities, we shall
apply Lemma 3.6 and Proposition 3.1. The latter is proved (by similar arguments) as
Lemma 2.6 and Proposition 2.1.

Lemma 3.1. If A is unitary perfect, then o*(z%), o*((xz+1)%), o*(P,), for anyi € I,
are only divisible by x, x + 1 or by Mersenne primes.

Proof. Since o* is multiplicative, 0*(A) = o*(2*)o*((z + 1)®) [L;e; o* (P,"), any divisor
of o*(2%), o*((z + 1)), o*(P") divides 0*(A) = A. O

Lemma 3.2 ([4], Lemma 2). A polynomial S is unitary perfect if and only if for any
irreducible polynomial P and for any mq, mq € N*, we have
P™|S, P20 (S) = my = ma.
We shall need the example below to prove Proposition 3.1.
Ezample 3.1. Since z'*||Sy and x'°||0*(S;), the polynomial
Sy = ' (x + 1)T M >My* M, > M3 My
is not unitary perfect.

Lemma 3.3. Let S € Fy[z]| be an irreducible polynomial. Then, for any n,u € N with
u odd, o*(S?") = (14 9)* (a(S*71))*".

Lemma 3.4. Let C' € Fy[z]\ {0,1} be u.p. Then C is even, C and C* are also u.p,
for any r € N.

Proof. If D is a divisor of C, then D divides C' and D? divides C?". Thus, ¢*(C) =
0*(C) = C and ¢*(C*) = (¢*(C))* = C?. It remains to prove that C is even.
Consider an irreducible divisor P of C' and k € N* such that P*||C. The polynomial
1 + P is even and divides 1 + P* = ¢*(P*). So, 1 + P divides 0*(C) = C. O

Definition 3.1. We denote by ~ the relation on Fy[x] defined as: S ~ T if there
exists ¢ € Z such that S = T2,
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Lemma 3.5 ([3], Section 2). The relation ~ is an equivalence relation on Fs|x].
Each equivalence class contains a unique polynomial B which is not a square, with

val,(B) < valy1(B).

Lemma 3.6 ([7], Theorem 1.3). If h; = 2" for any i € I, then A (or A) is of the
form B?", where B € P,,.

The following tables, obtained from Lemmas 2.1, 2.4 and 3.3, are useful to prove
Proposition 3.1.

TABLE 3. Some ¢*(z%) and o*((z + 1))

a |o*(z%) b [ o*((x+ 1))
3-2" [ (z 4+ 1) M” 3-2m | ¥ M
5.27 | (z+ 1) MY 5.9m | 22"
7o (x4 )M ML T 7o | 22 M

TABLE 4. Some o*(P;")

P, |hi |o"(B")
My [ 3-2% | (14 My)?" My*" Ms
m 3. 9oni (1 _i_m)QniMl% M32"i

2"’1‘

Proposition 3.1. (i) If A is u.p, then A = A;.

(ii) If Ay is u.p, then h; = 2" for any P; € M.

(iii) If A is u.p, then A or A is of the form B*", where B € P,.

Proof. The proof of (i) is analogous to that of Lemma 2.6. The statement (iii) follows
from (i), (ii) and Lemma 3.6. We only sketch the proof of (ii). Set h; = 2™u;, where
u; is odd and n; > 0. Suppose that P; & {My, My}. If u; > 3, then U(P;”_l) and
thus a*(Pjhj ) are divisible by a non-Mersenne prime. It contradicts Lemma 2.1. Now,
if P; € {My, My} and if w; > 3, then u; = 3 and (a or b is of the form 7-2"). Recall
that o*(My®) = (1 + My)MM; and o*(Ms °) = (1 + My)M; M. We consider two
cases. The first gives non unitary perfect polynomials whereas the second leads to a
contradiction.

e Case 1: a=T7-2"and b=7-2", with n,m > 0.

One has M,*||A; and M, £||A1, with ¢ = 2" 4+ 2™. Neither M; nor Mj; divides
o(z*) o((x+1)?). Thus, 3:2"% = h; = ¢ =2"+2™. So,n=m+1and n; =morm =
n+ 1 and n; = n. Therefore, (M;?)?", M5*>" and Ms Y divide o (MI)o* (3 ™)
and they divide 0*(A;) = A;. Thus, 4; = S or Ay = S, " where Sy = 2! (z +
1) M2 My* My * My ;5. Tn both cases, A; is not unitary perfect because Sy is not u.p
(Example 3.1).
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eCase2: a=7-2"and b=5-2" or b=3-2™, with n,m > 0.
One has ¢ = 2". So, we get the contradiction 3 -2" = h; = { = 2", O

4. PROOF OF PROPOSITION 1.1

That proposition partially solves [9, Conjecture 1.1], which we recall here.

Conjecture 4.1 ([9], Conjecture 1.1). Let h € N* and let M € [Fy[x] be a Mersenne
prime. Then, o(M?") is always divisible by a non-Mersenne prime, except for M €
{MQ,Mg} and h = 1.

We mainly prove it by contradiction (to Corollary 4.1). Lemma 4.1 states that
o(M?") is square-free, for any h € N*. Recall that we set M = 2%z + 1) + 1,
Usp = o(a(M?*)) and
(4.1) o(M*)=T[ P;, Pj=1+2%(x+1)% irreducible, P, # P; if i # j.

jed
By Lemma 4.3, if there exists a prime divisor p of 2k + 1 such that o(MP™!) is
divisible by a non-Mersenne prime, then o(M?") is also divisible by a non-Mersenne.

Therefore, it suffices to consider that 2h + 1 = p is a prime number, except for p = 3
with M € {My, My} (see Section 4.1).

4.1. Useful facts. For S € Fy[z]\{0, 1}, of degree s, we denote by «;(S) the coefficient
of 570 in S, 0 <1 < s. One has a(S) = 1.

Lemma 4.1 (][9], Lemmas 4.6 and 4.8). The polynomial o(M?") is square-free and
M £ M,.

Lemma 4.2 ([9], Theorem 1.4). Let h € N* be such that p =2h + 1 is prime and let
M be a Mersenne prime such that M & {My, My} and w(o(M?")) = 2. Then, o(M?")
is divisible by a non-Mersenne prime.

The lemma below generalizes Lemma 4.10 in [9] (with an analogous proof).
Lemma 4.3. If k is a divisor (prime or not) of 2h+1, then o(M*1) divides o(M*").
We sometimes apply Lemmas 4.4 and 4.5 without explicit mentions.

Lemma 4.4. Let S € Fy[z]| be such that s = deg(S) > 1 and I, t,r,ry,...,1x € N be
such thatry > --->r, t < k,r1 —r, <1 <r <s. Then

(i) ay[(x™ + -+ 2™)S] = u(S) + (1) (S) + -+ - + U (1) ()

(i) ay(o(S)) = au(S) if any divisor of S has degree at least r + 1.

Proof. The equality in (i) (resp. in (ii)) follows from the definition of «; (resp. from
the fact o(S) = S+ T, where deg(T) < deg(S) —r — 1). O

Corollary 4.1. (i) The integers u = >_;c;a; and v =3 ,c;b; are both even.
(ii) The polynomial Uy, splits (over Fy) and it is a square.
(iii) The polynomial o(M?") is reducible.
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Proof. (i) See [9, Corollary 4.9]. For (ii), one has Uy, = o(a(M>")) = o([1jes F;),
from Assumption (4.1). Hence, Uy, = [1je;y 2% (z + 1) = 2*(x + 1)*, where u and v
are both even.

(iii) If o(M?") = Q is irreducible, then Uy, = 1 + @ is not a square. O

Lemma 4.5. One has oy(o(M?*")) = (M) if Il < a+b—1 and ay(c(M?*")) =
ay(M?h + M?h=1) ifa+b<1<2(a+b)— 1.

Proof. Since o(M?") = M?" + M?"' + T, with deg(T) < (a + b)(2h — 2) = 2h(a +
b) — 2(a +b), Lemma 4.4 (ii) implies that oy(o(M?")) = ay(M?") if | < a+b—1 and
a(oc(M*)) = ay(M* + M* Y if a+b <1< 2(a+b)— 1. O

Lemma 4.6. Denote by Ny(m) the number of irreducible polynomials over Fo, of
degree m > 1. Then

(i) No(m) > %’“”*1);
(ii) w(m) < No(m) if m > 4, where ¢ is the Euler totient function,
(iii) for each m > 4, there exists an irreducible polynomial of degree m, which is
not a Mersenne prime.

Proof. (i) See [10, Exercise 3.27, page 142].

(ii) If m € {4,5}, then direct computations give p(4) = 2, No(4) = 3 and ¢(5) =
4, Ny(b) = 6. Now, suppose that m > 6. Consider the function f(z) = 2
1) — 2%, for x > 6. The derivative of f is a positive function. So, f(z) > f(6) > 0 and
x < %ﬁm*l) Thus, ¢(m) <m < %ﬂm*l) < Ny(m).

(iii) We remark that if 1 + 2°(x + 1)¢ is a Mersenne prime, then ged(c,d) = 1. So,
ged(e, ¢+ d) = 1. Therefore, the set M, of Mersenne primes of degree m is a subset
of {z¢(x +1)" ¢+ 1:1<c<m, ged(c,m) = 1}. Thus,

#My < #{c: 1< c<m, ged(e,m) = 1} = p(m).
Hence, there exist at least No(m) — ¢(m) irreducible non-Mersenne polynomials, with
Na(m) — @(m) = 1, by (ii). m
Lemma 4.7. For any j € J, ord,(2) divides a; + b; = deg(F;).

Proof. Set d = ged,cj(a; + b;). By Lemma 4.13 in [9], p divides 2¢ — 1. Thus, ord,(2)
divides d. O

Lemma 4.8 ([10], Chapter 2 and 3). Let ¢ = 2" — 1 be a Mersenne prime number.
Then, any irreducible polynomial P of degree r is primitive. In particular, each root
B of P is a primitive element of the field For, so that 3 is of order q in For \ {0}.

Lemma 4.9. Let P; = 1+2%(x+1)% be a prime divisor of o(MP~1), where 2%+ —1 =
pi is a prime number. Then, p; = p and o(MP™) is divisible by any irreducible
polynomial of degree a; + b;. Furthermore, at least one of those divisors is not a
Mersenne prime if a; + b; > 4.
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Proof. The polynomial P; is primitive. If « is a root of P;, then (M? 4 1)(a) = 0 and
M(a) = o for some 1 <r <p; — 1. Thus, 1 = M(a)? = a'?, with ord(a) = p;. So,
p; divides rp and p; = p. Any irreducible polynomial S of degree a; + b; is primitive.
Let B be a root of S. One has ord(5) = p; = p, S(B) = 0 and M () = p*, for some
1 <s<p;—1. Thus, M(B)P = P* =1 and S divides MP? + 1 = 2%(x + 1)’a(MP~1).
The third statement follows from Lemma 4.6 (iii). O

Corollary 4.2. For anyi € J, a; +b; <3 or 2%+% — 1 s not prime.

Lemma 4.10. Let P,Q € Fy[z] be such that deg(P) =r, 2" —1 is prime, Pt Q(Q+1)
but P| QP + 1. Then 2" — 1 =p.

Proof. The polynomial P is primitive. If § is a root of P, then ord() = 2" — 1.
Moreover, Q(3) & {0,1} because P 1 Q(Q + 1). Thus, Q(8) = [ for some 1 < t <
2" — 2. Hence, 1 = Q(8)? = ™. So, 2" — 1 divides tp and 2" — 1 = p. O

Corollary 4.3. Let r € N* be such that 2" — 1 is a prime distinct from p. Then, no
irreducible polynomial of degree r divides o(MP~™1).

Proof. If P is a prime divisor of o(MP~1) with deg(P) = r, then P divides M? + 1
and by taking () = M in the above lemma, we get a contradiction. 0

In the following lemma and two corollaries, we suppose that p is a Mersenne prime
of the form 2™ — 1 (with m prime).

Lemma 4.11. Let P,Q € Fylz| be such that P is irreducible of degree m and P {
Q(Q +1). Then, P divides Q" + 1.

Proof. The polynomial P is primitive. If 5 is a root of P, then ord(5) =2™ —1 = p,
Q(3) ¢ {0, 1) because P4 Q(Q +1). Thus, Q(3) = 3 for some 1 < ¢ < p— 1. Hence,
Q(B)? = B = 1. So, P divides Q¥ + 1. ¢

Corollary 4.4. Any irreducible polynomial P # M (Mersenne or not), of degree m,
divides o(MP™1).

Proof. We may apply Lemma 4.11, with ) = M, because P does not divide
2%z + 1)°M = M(M + 1) = Q(Q + 1). So, P is odd and it divides MP + 1 =
(M +1) o(MPY) = 2%z + 1)° o(MPY). O

Corollary 4.5. The polynomial My (resp. My, My) divides o(MP~Y) if and only if
(M # M, and p=3) (resp. M # My and p =7, M # My and p =T7).

Proof. Apply Corollary 4.4 with m € {2, 3}. O

In order to carry on the proof (of Proposition 1.1), we distinguish three cases.

Case I: M € {M;, M3, Ms}.

Lemma 4.1 implies that M # M;. It suffices to suppose that M = Mjs. We refer to
Section 5.2 in [8]. Put D = M;MyM,. By [8, Lemma 5.4], we have to consider four
situations:
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(i) ged(o(M?"), D) = 1;

(i) o(M?") = M, B, with ged(B, D) = 1;

(iii) o(M?") = MyM,B, with ged(B, D) = 1;

(iv) o(M?") = DB, with ged(B, D) = 1, Where any irreducible divisor of B has
degree exceeding 5.

The following lemma contradicts the fact that Uy, is a square.
Lemma 4.12. One has az(Uy) = 1 or as(Usy,) = 1.

Proof. For (i), (iii) and (iv), use [8, Lemmas 5.9, 5.10, 5.15 and 5.17].

(ii) Since o(M?") = (22+x+1)B and Uy, = (2?+x)0(B), we obtain (by Lemmas 4.4
and 45) 0= Oél(M2h) = Q9 ( <M2h)) = Oél(B)+1, Oég(UQh) = Oég(U(B))+062(U(B)) =
Oég(B) + OéQ(B), 0= a3<M2h) = Oég(O'(MQh)) = Oég(B) + Oég(B) + Oél(B).

Thus, a3(Usp) = a3(B) + aa(B) = a1 (B) = 1. O

Case II: M € {M,, My} and h > 2.
It suffices to consider that M = Ms.

Lemma 4.13. (i) If h > 4, then M, divides o(M?") if and only if 3 divides 2h + 1.
(ii) If h > 4, then My divides o(M?") if and only if 7 divides 2h + 1.
(iii) If h > 4 and if 2h + 1 is divisible by a prime p € {3,7}, then any irreducible
divisor of o(M?") is of degree at least 4.

Proof. The assertion (iii) follows from (i) and (ii) which in turn, are obtained from
Corollaries 4.3 and 4.4. O

We consider three possibilities since o(MP™1) = o(M,y*) = M; M3 (product of two
Mersenne primes), if p = 3.
Case II-1: 2h + 1 is (divisible by) a prime p € {5, 7}.

Lemma 4.14. For p € {5,7}, some non-Mersenne prime divides o(MP™1).

Proof. Here, h € {2,3}. By direct computations, Uy = z3(z + 1)%(2® + x + 1) and
Us = 28%(x + 1)*(2® + 2 + 1)? which do not split (despite that Us is a square). O

Case II-2: 2h 4+ 1 = 3%, for some w > 2.

In this case, 9 divides 2h + 1 and o(M?®) divides o(M?") (by Lemma 4.3). But,
o(M¥) = (@®* +z+ 1)(a* + 22+ 1)@ + 2 + 1)(2"? + 2% + 27 + 2* + 1), where
294+ 2+ 1=1+z(xr+ 1)Mjz is not a Mersenne prime.

Case I1I-3: 2h + 1 is (divisible by) a prime p ¢ {3,5,7}. We may write p = 2h + 1
with h > 4.

Lemma 4.15. (i) Ifl € {1,2,3}, then ay(Uay) = ay(a(M>")).
(ii) If Il € {1,2}, then ay(a(M?")) = cy(M?").
(iii) The coefficients as(a(M?*)) and as(M?" + M?"=1) are equal.
Proof. (i) It follows from Lemma 4.13. For [ < 2, 6h — [ = deg(a(M?*)) -1 =

deg((M?") —1 > 3(2h — 1) = deg(M?"~') and for 3 <1 <5, 6h — 1 > 3(2h — 2)
deg(M?"=2). Hence, we get (ii) and (iii).
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Corollary 4.6. The coefficient az(Usp,) equals 1.

Proof. The previous lemma implies that az(Usp) = az(M?* + M?1) = ag[(2® +
(23 + 2)*2 + ... . The coefficient of x6"=¢ (resp. of z5"=%) in M?'~! is exactly
az(M?"=1) (vesp. ay(M?"71)). So, az(M?"71) =1 and oy (M?*~1) = 0. O

Case III: M ¢ M.

Here, we have two possibilities.

III-1: the prime p is such that ord,(2) = 0 mod 8. Lemmas 4.16 and 4.7 imply
Corollary 4.7.

Lemma 4.16. There exists no Mersenne prime of degree multiple of 8.

Proof. If @ = 1+ z°(z + 1) with ¢; 4+ ¢o = 8k, then w(Q) is even by [9, Corollary

3.3]. So, @ is reducible. O
Corollary 4.7. If ord,(2) =0 mod 8, then o(M?*") is divisible by a non-Mersenne
prime.

Proof. Suppose that o(M?") = [ljes Pj, where each P; is a Mersenne prime. Then,
Lemma 4.7 implies that ord,(2) divides deg(P;), for any j € J. So, 8 divides deg(F;).
It contradicts Lemma 4.16. 0

I11-2: p is a Mersenne prime number with p # 7.

Set p = 2™ — 1, with m and p are both prime. Note that there are (at present) 51
known Mersenne prime numbers (OEIS Sequences A000043 and A000668). The first
five of them are: 3,7,31,127 and 8191.

Lemma 4.17. If p > 31 is a Mersenne prime number, then o(MP~') is divisible by
a non-Mersenne prime.

Proof. Here, a4+ b = deg(M) > 5 since M ¢ M. We get our result from Corollary 4.4
and Lemma 4.6 (iii). O

It remains then the case p = 3 (since p # 7, in this section). Lemma 4.2 has
already treated the case where w(o(M?)) = 2. So, we suppose that w(o(M?)) > 3.
Put o(M?) = M, ---M,, r > 3 and Uy = o(c(M?)). We shall prove that az(Uy) =1
(Corollary 4.9), a contradiction to the fact that Us is a square. Corollary 4.5 gives the
following lemma.

Lemma 4.18. (i) The trinomial 1 + z + 2* divides o(M?).
(ii) No irreducible polynomial of degree r > 3 such that 2" — 1 is prime, divides
a(M?).

Corollary 4.8. The polynomial o(M?) is of the form (1 + x + x?) B, where ged(1 +
x+ 2% B) =1 and any prime divisor of B has degree at least 4.

Lemma 4.19. If o(M?) = (1 + z + 2*) B with ged(1 + z + x2, B) = 1, then
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(i) a1(oc(M?)) = ai(B) + 1, as(c(M?)) = as(B) + a1(B) + 1;
(i) az(c(M?)) = az(B) + OCQ(B) + a1(B);
(iii) az(o(M?)) = 0.
Proof. We directly get (i) and (ii). For (iii), o(M?) =1+ M + M? = 2?*(z + 1)** +
2%z + 1) + 1. Moreover, 2a + 2b — 3 > a + b because a + b > 4 and 2?*(z + 1)? is a
square. So, az(c(M?)) = az(x®*(z + 1)%*) = 0. O

Lemma 4.20. Some coefficients of Uy and B satisfy:
Oél(UQ) = Oél(B) + 1, (IQ(UQ) = CMQ(B) + OZ1(B), OZ3(U2) = ag(B) + Oéz(B).

Proof. Corollary 4.8 implies that Uy = o(c(M?)) = o((1 +x + 2*)B) = o(1 + z +
2?)o(B) = (2% +x)o(B). Any irreducible divisor of B has degree more than 3. Hence,
ai(0(B)) = aq(B), for 1 <1< 3. One gets

a1 (Uz) =an(0(B)) + 1= an(B) + 1,

ay(Uz) =az(0(B)) + ai(o(B))
a3(Uz) =a3(0(B)) + az(o(B))

(

Corollary 4.9. The coefficient as(Us) equals 1.

(B> al(B)a
as(B) + as(B). 0

Proof. The polynomial Us is a square, so 0 = a1(Us) = a1 (B) + 1 and thus oy (B) = 1.
Lemma 4.19 (iii) implies that 0 = a3(c(M?)) = az(B) + az(B) + a;(B). Therefore,
O[g(UQ) :Oég(B)—f-Ozg(B) :al(B) =1. U

Remark 4.1. Our method fails for p = 7. Indeed, for many M, one has a3(Us) =
as(Us) = 0. So, we do not reach a contradiction. We should find a large enough odd
integer [ such that, oy(Us) = 0. But, this does not appear always possible.
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