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SOME REMARKS ON THE RANDIC ENERGY OF GRAPHS
S. B. BOZKURT ALTINDAG!, I. MILOVANOVIC?, AND E. MILOVANOVI(?

ABSTRACT. Let G be a graph of order n. The Randi¢ energy of G is defined as
RE (G) = Z?zl |pi|, where p1 > po > -+ > p, are the Randi¢ eigenvalues of G. In
this study, we present improved bounds for RE(G) as well as a relationship between
(ordinary) graph energy and RE(G).

1. INTRODUCTION

Let G = (V,E), V = {vy,vq,...,v,}, be a simple connected graph of order n and
size m, with vertex degree sequence A =dy > dy > -+ > d,, = 6, d; = d(v;). Denote
by D = diag(dy,ds,...,d,) the diagonal matrix of its vertex degrees. If vertices v;
and v; are adjacent in G, it will be denoted as 7 ~ j.

Let A = (a;;), be the (0,1) adjacency matrix of G. The eigenvalues of matrix
A, N > Ay > - > )\, are the (ordinary) eigenvalues of G [4]. Some well known
properties of these eigenvalues are [4]:

n

Shi=tr(A) =0, Y N=tr(4*)=> d;=2m, ][]l =detA
=1 =1 =1 i=1
Denote with [Xf| > |A5| > -+ > |\%| the non-increasing arrangement of the absolute
values of eigenvalues of G. The notion of (ordinary) graph energy was introduced in
[12]. Tt is defined to be

=> [Nl =2 N
=1 =1
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The Randi¢ matrix of G [2] is defined as
R=R(G)=D'?AD'2

The eigenvalues of matrix R, p; > py > -+ > p,, form the Randi¢ spectrum of G.
Some properties of Randié¢ eigenvalues are (see, e.g., [2]):

ipi =tr(R) =0, ipf = tr(R?) = 2R_,(Q),

i=1
where R_;(G) is a vertex—degree based graph invariant introduced in [3] defined as

RAG) =Y dildj.

i~j

It is known as general Randi¢ index R_;, as well as modified second Zagreb index
24].
| I]n [14] it was proven that the following identity is valid
det A
i di
The other two vertex—degree based topological indices that are of interest for the
present paper are the first Zagreb index [17]

MY(G) = Y = Y (d + dy),

i~vg

(1.1) det R =

and the inverse degree index [9] defined as

"1 1 1
ID(G) = — = —+ —=].
-5 -Z(z+)
Denote with |pf| > |p5] > -+ > |p%| the non-increasing arrangement of the absolute
values of Randi¢ eigenvalues of G. The Randi¢ energy of G is defined as [2]

RE(G)=>_1lpil =>_lpil.
i=1 i=1

More on its mathematical properties can be found in [1-3,5,7,14,20,22].
In this paper, we obtain improved bounds for RE(G) as well as a relationship
between E(G) and RE(G).
2. PRELIMINARIES

In this section we recall some results from spectral graph theory and analytical
inequalities that are of interest for the present paper.

Lemma 2.1 ([20]). The Randié¢ spectral radius is p; = 1.

Remark 2.1. In [14] it was observed that when G = K, then p; = 0. Therefore, if G
has at least one edge, then p; = 1.
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Let G1V G4 denote the complete product of two graphs GG; and Gs. This graph is
obtained from Gy U G by joining every vertex of G with every vertex of Gb.

Lemma 2.2 ([8]). Let G be a connected graph of order n with mazimum vertex degree
A =n—1. Then |ps| = |ps| = -+ = |pal if and only if G = K,,, or G = K, \/r Ka,
withn =2r +1 (r > 2).

Lemma 2.3 ([20]). Let G be a connected graph of order n. Then
(2.1) RE(G) < 1+ /(n—1)(2R_,(G) — 1).

Remark 2.2. The inequality (2.1) was also proved in [19,21], as well as in [5] as a
special case of one more general result. In [8] it was proved that when A =n — 1,
equality in (2.1) holds if and only if G = K,,, or G = K;\Vr K,, with n = 2r + 1
(r >2).

Lemma 2.4 ([1]). Let G be a connected bipartite graph of order n > 2. Then
(2.2) RE(G) < 2+/(n—2)(2R_,(G) — 2).

Remark 2.3. The inequality (2.2) was also proved in [21]. In [8] it was proven that
equality in (2.2) holds if and only if G = K, ,, p + ¢ = n, for odd n.

Lemma 2.5 ([11]). Let G be a connected bipartite graph of order n > 3 with Randié¢

eigenvalues py = 1 > py > -+ > ppq > pp, = —1 and let p = maxoci<n—1{|pil}-
Then, for any real k, p > k > \/%, holds
(2.3) RE(G) <2+ k+\/(n—3)(2R_,(G) — 2 — k2).

FEquality holds if G is a complete bipartite graph, in which case k = 0.
Remark 2.4. In [18, Theorem 3.4] it was claimed that when
1 2R_41(G) —1

(2.4) <> o
then
(2.5) RE(G) <1+ i + \/(n _9) <2R_1(G) - A12>

which would mean that (2.5) is stronger than (2.1). However, if (2.4) is true, then
A > n — 1, which is not possible. Therefore, the inequality (2.5) is not correct.

Lemma 2.6 ([6,18]). Let G be a connected graph of order n. Then
| det A|> =

n
1 d;

(2.6) RE(G)>1+(n—1) (

The following analytical inequality would be used in proofs of theorems in the
present paper.
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Lemma 2.7 ([23]). Let p = (p;), i = 1,2,...,n, be a sequence of positive real
numbers and a = (a;) and b= (b;), i = 1,2,...,n, two similarly ordered sequences of
non-negative real numbers. Then

(2.7) Zpi Zpi&ibz’ > Zpiai Zpibi-
=1 =1 i=1 i=1
When a = (a;) andb = (b;), 1 = 1,2, ...,n, are of different monotonicity, then opposite
inequality is valid. Equality holds if and only if ay = --- =a, orby =--- =b,.
3. MAIN RESULTS

In the next theorem we establish a lower bound on RE(G).

Theorem 3.1. Let G be a connected graph of order n. Then, for any real k, |p3| >

k> \/2EUGL holds

(3.1) RE(G)21+k+(n—2)<|detA|>H.

k1lizy ds
FEquality holds if and only if G is a graph with the property p1 = |pi| = 1, |p}| = k,

and |pf| = \/w, fori=3,4,...,n.

Proof. Using arithmetic-geometric mean inequality (see, e.g., [23]), Lemma 2.1 and
(1.1) we obtain

RE(G) =>_lpi| =1+ 1p3| + >_1p]]
=1 1=3

1
det R\ "2
>1 4 |pk] + (n —2) (' = ‘)
|P2’
1
| det A >"—2
(3.2) P3| + ( ) Ea
Let us consider the following function defined by
1
| det A| \ "2
f(k‘)zxﬂn—?)(n :
ZEHZ‘:1 d;

_1
Observe that f is increasing for x > <W> "' Considering Lemmas 2.1 and 2.3
i=1 "t

together with (1.1), for any real k, |pj| > k > \/%, we have that

1 1
2R_1(G)—1 _ RE(G)—1 X, |p] n 1 ([ det A\ 7T
s >k > > == > | I ¥ = .
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Then, we deduce that f(|p3|) > f(k). Combining this with (3.2), the inequality (3.1)
is obtained. The equality in (3.1) holds if and only if

ol =k and [pz| = - = |ppl.
Since Y7, |pf|* = 2R_1(G) — 1, the above conditions imply that |p}| = --- = |p}| =

2R_1(G)—1—k? .
\/ﬁ . This completes the proof. 0

Corollary 3.1. Let G be a connected graph of order n. Then

2R_1(G) — 1 | det A "
. > -7 — ]
(3.3) RE(G) > 1+ T t=2) \/m "
n—1 i=1""
If the maximum vertex degree A is equal to n — 1, the equality in (3.3) holds if and
only if G = K, or G = K1V r Ky, withn=2r+1 (r >2).

Proof. The inequality (3.3) is obtained from (3.1) for k = «/%. Now, assume
that equality in (3.3) holds. Then

2R, (G) — 1

P3| = ] and  [p3[ =+ =[pg].
Since Y7, |pf| = 2R_1(G) — 1, we get
il = = sl =/ 2D =L
The above results state that |p5| = [p5| = -+ = |p%], that is |pa| = |p3| = -+ = |pul-
Then, by Lemma 2.2 if A = n — 1, the equality in (3.3) holds if and only if G = K,,,
or G=K;VrKy withn=2r+1(r>2). O

Remark 3.1. The lower bounds (3.1) and (3.3) are stronger than the lower bound
(2.6). Moreover, by Theorem 3.1, it is possible to derive stronger lower bound than

(3.3) using any real k such that |p5| > k > \/%.

In the next theorem we establish a relationship between Randi¢ energy and general
Randi¢ index R_;.

Theorem 3.2. Let G be a connected graph of order n > 3. Then, for any real k, such

that |p3| > k > \/21%%175:)71’ we have

(3.4) RE(G) < 1+k+\/(n—2)(2R_,(G) — 1 — k2).
FEquality holds if and only if G is a graph with the property p1 = |pi| = 1, |p3| = k
and |p;| = /2GR for i = 3,4, n.

Proof. By the Cauchy—Schwarz inequality (see, e.g., [23]), we have that

n n 172 s pn 1/2
S| < (Z 1) (Zw) |
1=3 7=3 1=3
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that is

RE(G) < |pi] + 5] +/(n — 2)(2R_1(G) — |pi[2 — |p32).

By Lemma 2.1, we have that p; = |pi| = 1. Considering this fact with the above
inequality, we get

(3.5) RE(G) <1+ |p3| +1/(n — 2)(2R_1(G) — 1 — | p3]2).

Now, observe the function

fx) =z +/(n—2)(2R_1(G) — 1 —a?), «>0.

1
with the property |pi| > k& > \/%, holds that f(|p5]) < f(k). From this
inequality and (3.5) we obtain (3.4).

The equality case for (3.4) can be proved similarly as in case of Theorem 3.1. [

This function is monotone decreasing for x > \/%. Therefore for any k& > 0

Remark 3.2. When k = \/2}227@71, from (3.4) the inequality (2.1) is obtained, which
means that inequality (3.4) is stronger than (2.1).

Remark 3.3. Recall that the Randi¢ spectrum of a bipartite graph is symmetric with
respect to the origin, that is, p; = —pn_i+1, for i = 1,2,... ,n [10]. In this case,
7] = pr =1 = |pn| = [p3]. On the other hand, p = [p3| = |pj|.

Having in mind the above remark, by a similar procedure as in Theorem 3.2, the
following result can be proven.

Theorem 3.3. Let G be a connected bipartite graph of order n > 5. Then, for any
real k such that |p5| > k > %, we have

(3.6) RE(G) <2+ 2k +/(n — 4)(2R_,(G) — 2 — 2k?).

*

FEquality holds if and only if G is a graph with the property p1 = |pi| = |p5| = 1,

5] = [pi| = k and |p;| = V2D fori =5, n.

Remark 3.4. When k = \/QR*;#, from (3.6) the inequality (2.2) is obtained. Fur-
thermore, the inequality (3.6) is stronger than (2.2) and (2.3).

Theorem 3.4. Let G be a connected graph of order n > 2. Then

(3.7) RE(G) <1+ W —1) (2R4(6) — 1= 3063l — o5)2)

Equality holds if and only if G is a graph with the property p1 = |pi| = 1 and

*_,’_ *
o] =+ = I ] = PR
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Proof. Based on the Lagrange’s identity (see e.g. [23]), we have that

(n—Dé\pﬂZ—(i!pﬂ) — S (el = 1)

2<i<j<n
>(|p3 = |o3])? Z(|pl|—|pn + (1o = 1o ])?)
=3

(3.8) >(losl = o) + 5 2 (Ip’él = |pnl)?

l\D\»—t

n_ 1 * *
=—5—(Ir3l = Ipn|)2-

Since

(n—1) En; lo;1” — (Z 3] > (n —1(2R1(G) — 1) = (RE(G) — 1)?,

from (3.8) the inequality (3.7) is obtained.

Equality in (3.8) holds if and only if [p5| = - -+ = [p},_| and |p]| — |p}| = [p5] — |9},
fori=3,...,n—1, which implies that equality in ( .7) holds if and only if p; = |pi]| =1
and |p3| = -+ =[p5 | =

Remark 3.5. Let us note that the inequality (3.7) is stronger than (2.1).

*+ >k
\pg\zlpnl‘ 0

The proof of the next theorem is analogous to that of Theorem 3.4, hence omitted.

Theorem 3.5. Let G be a connected bipartite graph of order n > 4. Then

(39) RE(G) <2+ wn -2) (2R4(G) — 2 201 - 3],

Equalzty holds if and only if G is a graph with the property p1 = |pi| = |p5| = 1 and
_ P31 +lp7 |
il = = |ph_1| = =5
Remark 3.6. Notice that the inequality (3.9) is stronger than (2.2).
We now give a relationship between E(G) and RE(G).

Theorem 3.6. Let G be a graph of order n > 2 and size m, without isolated vertices.
Then we have

(3.10) E(G)RE(G) < 2n/mR_1(G).

Equality holds if and only if G = §Ks, for even n.

Proof. For p; = 1, a; = |Af|, b; = |pf|, i = 1,2,...,n, the inequality (2.7) becomes

lelx‘llpzl>ZIA*|lez

=1 =1
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that is

(3.11) E(GRE(G) < n'Y_ X |pi]

On the other hand, having in mind Cauchy—Schwarz inequality, we have that

n n 172 , p 1/2
HZIAfIIPfISn<ZIAZ‘IQ> <Z|p;*|2) |
=1 =1 i=1

that is

(312 n >0 X 1] < 2nyfmB (6.
i=1

Now, from (3.11) and (3.12) we arrive at (3.10).

Equality in (3.11) holds if and only if |Aj| = --- = |\5|, or |pi| = -+ = |p}].
Equality in (3.12) holds if and only if |\f| = C|pf|, C = Const, for i = 1,2,... n.
Thus, equalities in both (3.11) and (3.12) hold if and only if |\j| = --- = |\}| and
lpi| = -+ = |pk|. Since G has no isolated vertices, equality in (3.10) holds if and only
if G = Ky, for even n. 0

Recall that the Sombor energy of a graph G, denoted by Eso(G), is introduced
as the sum of the absolute values of the eigenvalues of its Sombor matrix [13]. The
following relationship between graph energy and Sombor energy can be found in [15].

Theorem 3.7 ([15]). If G is a bipartite graph whose all cycles (if any) have size not
divisible by 4, then
Eso (G) < V2AE(G).

From Theorem 3.6 and Theorem 3.7, we directly have the following.

Corollary 3.2. If G is a bipartite graph whose all cycles (if any) have size not divisible

by 4, then
ESO (G) RE(G) S QATL\/ QmR_l(G)

Corollary 3.3. Let G be a graph of order n > 2 and size m, without isolated vertices.

Then we have
E(G) < nymR_1(G).

Proof. In [3] it was proven that RE(G) > 2. Considering this with inequality (3.10)
we obtain the required result. O

Corollary 3.4. Let G be a graph of order n > 2 and size m, without isolated vertices.
Then we have

(3.13) E(G) <n ;

where My(G) = X,.; did; is the second Zagreb index [16].
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Proof. In [3] it was also proven that

RE(G) > 2R_1(G).

From the above and inequality (3.10) we obtain

(3.14) E(G) <n

m

— YV Ra(G)

On the other hand, by the inequality between arithmetic and harmonic means (see,

e.g.

, [23]), we have that

MQ(G)R_l(G> Z m2.

Combining the above and inequality (3.14) we arrive at (3.13). O
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